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Abstract We present an algorithm for finding almost optimal partitions of the unit
interval [0, 1) according to given nonatomic measures 1, 42, . . ., 4n. This algorithm
is based on the idea of Riemann integral and the linear programming method. We
also discuss the number of cuts needed for finding the optimal partitions.
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1. Introduction Let pq, po,..., 1, denote nonatomic probability mea-

sures defined on a measurable space (X, B) and let I = {1,2,...,n} be a set of
numbered players. By a partition P = {4;};"; of this space among the play-
ers ¢ € I we mean a collection of B-measurable disjoint subsets Aq,..., A,
of X whose union is equal to X. Let & stand for the set of all measurable
partitions P = {A4;} ; of X and let @ = (au,...,a,) denote a vector with
positive coordinates satisfying » " | a; = 1.

DEFINITION 1.1 A partition P* = {Af}!' | € & is said to be a-optimal if

(A* (A
vo‘(ﬁ) := min [MZ( Z)] = sup min [,uz( z)] , (1)
i€l o pPewp 1€l (6%
where the number va(ﬁ) denotes the best value achievable for the vector
ﬁ
measure = (uy, 12, ..., ) of partitioning of X’ proportional to a.

The number vo‘(ﬁ) (or v in short) will be called the a-optimal value for
the problem of a-partitioning of a measurable space. We say that a par-
tition P¢ = {Af} | € & is equitable optimal if it is a-optimal for o =
(1/n,1/n,...,1/n).

The existence of a-optimal partition P* = {Af}" | follows from the theorem
of Dvoretzky et al. [7]:


http://dx.doi.org/10.14708/ma.v43i2.754

158 Optimal partition finding

THEOREM 1.2 If 1, po, - . ., Uy are nonatomic finite measures defined on the

— =
measurable space (X, B) then the range It (Z?) of the mapping : &P — R"™
defined by

- n
p(P) = (p1(A1), - pn(An)) , P ={Ai}i_, € 2,
is convexr and compact in R™.

The problem of a-optimal partitioning of a measurable space (X, B) can

be viewed as a problem of fair division of an object X' (e.g. a cake). Suppose
a group I = {1,2,...,n} of numbered players are interested in fair division of
a cake in such way, that each of them receive at least 1/n'" value of the cake
according to his own estimation. Here each measure u;, ¢« € I, represents
the individual evaluation of sets from B for the i-th player. A partition
P = {Ai}?zl of the cake X is called equitable fair, if p;(A;) > l forallz € I.
This problem can be generalized if we assume that players dgL not have the
same position in the game, but they have to divide the cake according to the
individual shares oy, @, ..., a,, where > .. a; = 1. In this case a partition
P ={A;}!" | is a—fair, if p;(A;) > oy for all i € 1.
There are known many algorithms of obtaining equitable partitions. A simple
method of realizing the fair division for two players is ” for one to cut, the other
to choose”. Banach and Knaster [11] found an extension of this procedure
to arbitrary n. Their result was modified by Dubins and Spanier [5]. In turn
Fink [9] gave an algorithm in which the number of players may be unknown.
Brams and Taylor [4] found an interesting method of getting an envy free
partition for which nobody would be better off with someone else’s piece of
cake.

Most of these procedures may be generalized so that the resulting al-
gorithms generate a-fair partition for arbitrary sequence ai,as,...,a, of
positive rationals summing to one.

In the fair division theory each player is interested in getting the biggest
possible piece of cake according to his own evaluation. It means that we
need to find the a-optimal value v® defined by (1) and effective methods of
finding a-optimal partitions. The first estimation of the number v was given
by Elton et al. [3] and further by Legut ( [12]). An interesting algorithm for
finding the bounds for the a-optimal value was found by Dall’Aglio and Di
Luca [1]. In the literature of the fair division field there are known only few
results concerning effective methods of finding optimal partitions. Legut and
Wilczynski [13] showed how to obtain a-optimal partitions for two players.
Dall’Aglio and Di Luca [2] found an algorithm for computing approximately
optimal partition by construction of some maximin allocation in games of
fair division.

The problem of a-optimal partitioning of a measurable space (X,B) is
also considered in the classification problem (cf. [10]). Assume that a X-
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valued random variable Y has an unknown distribution p which belongs to
a given set {u1,u2,. .., un} of nonatomic probability measures defined on
the space (X, B). After observing a single value y of Y it is to be decided
which is the true distribution of Y. A decision rule is a measurable partition
P = {A;}!" | of X with the understanding that if Y falls in A; then p = p;
is guessed. If the guess is correct and the true value of p is p; then the
gain equals «; 1 otherwise it is equal to zero. It is easy to see that the a-
optimal partition is the minimax solution of the problem of finding a partition
which maximizes the expected risk R associated with the classification over
all partitions P = {4;};" | € & and given by

— mi -1 ) —
R= Ilnel}l [o; uz(Az)] = min o 'P (Y € Ai | p=p)] -

2. A general form of a-optimal partitions Without loss of gen-
erality assume here and throughout the rest of the paper that (X,B) =
(10,1), Bo.1y), where By 1) is the Borel o-field on the unit interval [0,1).

A general form of the a-optimal partition could be helpful in some cases
for finding constructive methods of optimal partitioning of a measurable
space. Let S = {s = (s1,...,8,) € R, s; > 0,7 € I,> " s; = 1} be
(n — 1)-dimensional open simplex and S be the closure of S in R". We can
assume that all nonatomic measures pq, po, ..., u, are absolutely continu-
ous with respect to the same measure v (e.g. v = > | i;). Denote by
fi = du;/dv the Radon-Nikodym derivatives for all ¢ = 1,2,...,n, i.e.

wi(A) = / Jidv, for A € By 1y and i € 1.
A

For a = (a1,...,0,) €S, p= (p1,....,pn) € S and i € I define the following
measurable sets:

Bip)= () {zel0.1):pia; fi@) > pja; fi(o)}

J=Lj#

6{1’601 i_lfi()>pj lfj()}

Legut and Wilczynski [14] proved the following theorem using a minmax
theorem of Sion (cf. [3]):

THEOREM 2.1 For any o € S there exists a point p* € S and a corresponding
a-optimal partition P* = {A}" | satisfying
(i) Bi(p*) C A7 C Ci(p”),
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()m( D_miD) i)

Moreover, cmy partztzon P* = {A;}! | which satisfies (i) and (i) is a-
optimal.

The above theorem gives a general form of a-optimal partition but unfortu-
nately in general case of the densities f;, ¢ € I finding the numbers pj, ..., p};
is not easy.

Assume now that for all i,j € 1,7 # j and for any v € R

A({z 2 €0,1), fi(x) —vfi(z) =0}) =0, (2)

where A\ denotes the Lebesgue measure defined on measurable subsets of the

interval [0,1). Suppose we know the a-optimal value vo‘(ﬁ) for densities
satisfying (2) . Then we get from the Theorem 2

COROLLARY 2.2 Let the densities f;, 1 € I satisfy (2) for all i,j € I,i # j
and v* be the a-optimal value. Then a partition P* = {Af}" | is a-optimal
if and only if there exist numbers 7y, ...,Vn such that

A _pad3) ) ey

aq as o
where Af = (Vi) ;4 1z €[0,1) 1 vifi(w) > v;f5(2)}.

If the accurate number v® or at least its lower bound is known then the
Corollary 1 can be used in some cases to obtain a partition P* = {A}}}

satisfying
o; o

=1
min [
el
Example 1. Consider the example given by Dall’Aglio and Di Luca [1] for
the density functions

filz) =1, filz) =2z, fyz)=30z(1-2)", 2xec[0,1].

It is assumed here that o = (%, %, %) By using a subgradient algorithm

Dall’Aglio and Di Luca [1] achieved the lower bound for the a-optimal value
v®* > 1.48768

It follows from the Corollary 2 that the only way to get an almost a-optimal
partition is to divide the interval [0, 1) into subintervals

[07 t1)7 [tla t2)7 [t2a t3)1 [t3a 1)7
where the numbers 0 < £ < t5 < t3 < 1 satisfy

pa([0,t1) U [ta, t3)) > 0.495893,
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pa([ts; 1)) > 0.495893,
,u,g([tl,tg)) Z 0.495893.

At first we compute t3 from the equation:

1
pi2([ts, 1)) :/ 22 dx = 0.495893,

t3

and we get t3 = 0.710005. Hence we have
t1 +t3 —ta = 0.495893, and t9 —t; = 0.214112

To calculate the number ¢; we solve the equation

b t140.214112

/ 30z(1 — z)* dx = / 30z(1 — z)*dr = 0.495893  (3)
t1 t1

Because the number 1.48768 is only a lower bound for the v® we obtain two

solutions of the equation (3)

) =0.104532 and ? =0.110127

Finally we have two almost a-optimal partitions
A1 =1[0,0.104532) U [0.318644, 0.710005),
A = [0.710005, 1),
As = [0.104532,0.318644)
and
B; =[0,0.110127) U [0.324239,0.710005),
By = [0.710005, 1),
Bs =[0.0.110127,0.324239).
Od
The construction of an a-optimal partition can be simplified when the
densities f;, ¢ € I, have the monotone likelihood ratio property defined below
(cf. [15]). This property is often used in testing statistical hypothesis to find
the uniformly most powerful test.

DEFINITION 2.3 The family of densities f;, ¢ € I, is said to have monotone
likelihood ratio (MLR) if there exists a real-valued function t(x) such that
for any 1 < k < j < n the densities f and f; are distinct and the ratio

fr()
fi(z)

is a nondecreasing function of ¢(x).

The following well known result (cf. Hill and Tong (1989) [10], Theorem 1.6)
is an immediate consequence of above property.
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PROPOSITION 2.4 Assume that family f;, i € I has the MLR property with
respect to a given function t(x). Then for any o € S there exist numbers
—o00 =t§ <t} < ... <t} <t} =00 such that P* = {Af} | € & is an
a-optimal partition, where

Al ={z e Xt <tlx) <t} forall,iel

Example 2

Consider three nonatomic measures p, p2, 3 defined on the unit interval
[0,1] with the probability Lebesgue density functions fi(x) = 2z, fo(x) =
372, f3(z) = 42 and with the corresponding distribution functions Fy(z) =
22, Fy(x) = 2% and F3(z) = 2*. Clearly, the family fi, f2, f3 has the MLR
property with respect to the function t(x) = . Then for any o € S the a-
optimal partition has the form A} = [0,z7), A5 = [z{,23) and A} = (x9, 1],
where the numbers 0 < ¢ < 25 < 1 satisfy the following condition

Fi(zf) _ Fo(zy) — Fo(ef) 1 Fy(a5)
o1 Q2 a3 .

In the case, where ag = as = a3z = 1/3, we have z{ = 0.640496, z§ =
0.876334 and v = 1.230707.

3. Finding almost optimal partitions We show in this section how
to obtain almost a-optimal partition by approximation of the continuous
densities by simple and piecewise linear functions.

Assume we are given n simple functions h;(z) = >0, hijlla; a;,,)(T)
were {[a;,a;j4+1)}]L; is a partition of the interval [0, 1) such that

m
U aj,aj41), a1 =0, ame1 =1, aj41 > a5 j=1,2,...,m (4)

and h;j,i=1,...,n, j = 1,...,m are nonegative real numbers with
fol h;dx > 0 for i = 1,2, ...,n. Define measures vy, vs, ..., v, by

vi(A) = / hidx, forAe B,i=1,2,...n
A

These measures are not necessarily to be probabilistic but we can also define
=y ..

a-optimal partition P* = {Af}? ; and the a-optimal value v®(v) similarly

to (1). For any natural number k > n —1 denote by Z(k) the collection of

all partitions of the unit interval [0,1) which are obtained by using at most

k cuts.

Now we prove

PROPOSITION 3.1 Let a = (o, 9,...,a,) € S. Then for the measures
V1, V2, ..., Uy there exists an a-optimal partition Py = {Af}} , € P (mn—1).
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Proof. Define an nxm matrix H = [hj]pxm fori =1,2,...,n, j =1,2,...,m
Let a stochastic matrix X%, = Jnxm be a solution of the following linear
programming (LP) problem:

[affj
maxz (5)

with constraints

n
dag=1,j=12...,m
=1

zij >0, Vi=1,2,...,n; j=1,2,...m
Denote by vz p(H) the optimal value of the objective function z. We construct
a partition P4 = {A}}? ; of the interval [0, 1) such that
vi(A7)
Qv

=vrp(H) for i=1,2,...n.

For j = 1,2, ...,m we can find subpartitions {[bz, bg+1) »_, of intervals [a;j, a;y1)
with

n

laj, aj1) = (b, bl )
=1

where bz € [aj,aj+1) are numbers satisfying the following conditions

bl — b
LT g i=1,2,.m
a1 —a; Y
and b{ = aj,bfwrl = ajq1. If 2f; = 0 for some i = 1,2,...,n then bZ_H = bj
and we put [bZ, bZH) () in thls case. Define a partition PA = {A7}? | by
m . .
Ar=U0lol), i=1.2n
j=1
Hence we have
vi(Af) )
— Zhl] z+1 _b] szjhm aj+1 ’), 1=1,2,....n

Now we prove that the partition P4 = {Af}!" | is a—optimal. Suppose that
a partition Pp = {B;}}_; is a—optimal for the measures vy, 15, ..., v, and

min{yi(Bi)} > vi47) =vrp(H) for i=1,2,...,n.

7 (67 (67
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If v; ([aj,a;41)) > 0 we denote

vi (BiNlaj aj1)) _ vi(BiNlaj, aji1))

vi(laj, aj+1)) hij (ajp1 —aj)
otherwise we put y;; = 0. Now we show that Y = [y;;] is a stochastic
matrix. Simple functions h; are constant on intervals [a;, a;+1), then we have
vi(B; N [aj,aj+1)) = hijA(Bi N [aj,aj4+1)), where X is the Lebesgue measure.
Therefore we obtain

Yij = 1=1,2,...,n,5=12,....m

Z Zl/z (Bi N aj, aj+1)) Zn hijA (Bi N |aj, aji1))
Yij = = =
’ vi(laj, aj11)) ~  hij(aj41 —ay)
! ” A(B;N| ) =1
= N [a;,a; =
a1 — a; ;:1: J» Aj+1

Finally for ¢ = 1,2, ...,n we have

v (B vi (A}
d ‘ ) Zyl (BiNaj,ajy1)) Zyz] ij (aj+1 — aj) > d .l) =
o i3 %
1 m
= sz}'hij (aj41 — aj).
3 ,7:1
The above inequality contradicts that the stochastic matrix X%, = [xfj]nXm

is a solution of the linear programming problem (5). Thus constructed par-
tition Py = {A}" , is a—optimal. Moreover it is easy to verify that the
partition P4 can be obtained using at most m(n—1)+m —1=mn—1 cuts.
O

The above constructive method of finding a-optimal partition for simple func-
tions is based on an interesting method found by Demko and Hill [6] for op-
timal randomized solution of equitable distribution of indivisible objects.
Consider now measurable nonnegative bounded functions f;, ¢ € I defined on
the unit interval [0, 1) and corresponding finite measures vy, v, ..., v, defined
by

= [ ganforaen i=12.n
A

Assume that functions f;, i € I are piecewise linear (PWL). It means that
there exists a partition {[a;, a;+1)}7"; of the interval [0,1) satisfying (4) and
numbers ¢;;, d;; € R satisfying

fz(l') = T +d7;j,f01“ WS [aj,aj+1), 1=1,2,..,n,3=12,....m

For PWL functions given above define an n x m matrix A = [a;;]nxm by

aj+1
aij = vi([aj,a;41)) = / fidhi=1,2,...,n,j=1,2,....m (6)

J
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Let the stochastic matrix X% = [xfj]nxm be a solution of the following linear
programming problem:
max z (7)

with constraints

1 m
z=— g Tijaij, 1 =1,2,...,n;
Qg <
7j=1

n
inj =1, 5=1,2,....m;
=1

zij >0, Vi=1,2,...,n; j=1,2,...,m.

Denote by vrp(A) the optimal value of the objective function z.
Now we prove:

PROPOSITION 3.2 For given a = (a1, aa,...,qy,) € S there exists a partition
P*={A}" ;€ Z(m(2n —1) — 1) such that
vi(A7)

= ’ULP(A), 1= 1, 2, N

0%

Moreover each A; can be chosen to be a union of at most 2m intervals.

Before proving the above Proposition we need to show the following

LEMMA 3.3 Let g1,92, ..., gn be nonnegative linear functions defined on the
interval [a,b) such that

gi(x) =cx+d;, YVi=12..n.

for some numbers ¢;,d;, 1 = 1,...,n. Then for arbitrary nonnegative numbers
B1, B2 ey P with D7 Bi = 1 there exists a partition {B;}?_, of the interval
[a,b) such that

b b
B; a

where X\ denotes the Lebesque measure. Moreover for all i = 1,2,...,n each
set B; can be chosen as a union of at most two subintervals.

Proof. If 3; = 0 we put B; = (). Without loss of generality we may assume
that 8; > 0 for i = 1,2,..., k < n. Define by recursion two increasing finite
sequences of numbers {s;}%_, {t;}F_, as follows

s1=a, tp=0>,
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and

ﬁl(b - a) Bz(b - a)

5 s th—i = th—ip1 — 5

foralli=1,2,....,k—1. For : =1,2,...,k — 1 we define the set B; by

Si+1 = 8i +

B = [s4,8i41) U [th—i, th—it1)

and for ¢ = k we put By = [sg,tr). It is easy to verify that the partition
{B;}_, satisfies (8). The proof of Lemma 1 is complete. O

Proof of Proposition 3
For fixed 1 < j < m we make use of the Lemma 2 for g; = f;, i = 1,2,...,n,
la,b) = [aj,a;4+1) and B; = zj;, i = 1,2,...,n. As in proof of Lemma 2 we

construct a partition {A;;}7 ; of the subinterval [a;, aj;1) satisfying
/ fid\ = vi(Aij) = 235044, (9)

where [27;]nxm is a stochastic matrix being solution of the LP problem (5).
Define a partition P* = {Af}" | by

m
Al = UAij, 1 e 1. (10)
j=1
We have
Vl(Az) ]- = ]. n
= Aij) = — = vrp(A),i=1,2
o o ;VZ( Z]) o jz;x”az] ’ULP( )7 1 22, .M

Moreover it follows from the Lemma 2 that the partition P* = {Af}? ;| can
be obtained by at most m(2n — 1) — 1 cuts of the unit interval [0, 1).
Unfortunately the partition P* constructed in the proof of Proposition 3 does
not need to be the a—optimal, but it can be used to obtain almost aa—optimal
partitions by approximation of the densities { f;}?' ; by PWL functions.
Now using the idea of the Riemann integration we present a method
of obtaining almost a-optimal partition for arbitrary continuous densities

{fz ?:1-

DEFINITION 3.4 For a given ¢ > 0 and a = (aq,...,a,) € S a partition
P. = {AZ}" | is said to be € — a-optimal if the following inequality holds

o0 = mip |8 > sup i [42)]

el Q5
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Suppose we are given arbitrary continuous densities {f;}?'_; defined on the
unit interval [0,1). To get ¢ — c-optimal partitions for these functions we
can use approximation by simple functions. Increasing the number of subin-
tervals dividing [0,1) we get the desired accuracy. For any ¢ > 0 we can
find a partition {[a;,a;+1)}7L; of the interval [0,1) and two collections of
nonnegative simple functions

hi (z) = Z hl-LjI[anH)(a:) and h{ (z) = ZhinI[aj’aHl)(x)
j=1 j=

such that:

LRk <fi<hVforiel,

1 1
2. max{/ (Y —hf)dA} <e
i€l a5 Jo

Denote Hy, = [hfj]nxm and Hy = [h%]nxm For these matrices we can solve
suitable LP problems (cf. Proposition 1) and obtain the lower and upper
bounds for the number v®:

vrp(Hp) <0 <wvpp(Hy).

where (v,p(Hy) —vrp(Hp)) < €. Moreover, as in Proposition 1, we can also
construct a partition P. = {A5}7 , satisfying

(AS
min |:MZ(AZ):| > ULP(LU) — &
iel (67

Now we present an example illustrating described methods of finding
almost a— optimal partitions.
Example 3.
Consider three nonatomic measures p, p2, 3 defined on the unit interval
[0,1) with the density functions

3

A =g+ 3, hla)=50-a), fo) =g (1-a°)

The first function f; is convex while the functions fo and f3 are concave.
We find almost a-optimal partition and almost a-optimal value v® for o =

111
( ) by dividing equally the interval [0,1) into m = 12 subintervals

37373
{[j—l J>}
m 'm jl‘
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0.2 0.4 0.6 0.8 1.0

Figure 1: The density functions considered in Example 3, f; : tiny dashing,
f2 i large dashing, f3: continuous line.

For finding the lower bound of v® to get better estimation we use approxi-
mation of the functions f;, i = 1,2,3 by PWL functions g;, i = 1,2, 3.
Let g1 be any PWL function satisfying

g1 Sfl a'ndgl (2(]77]7:)+1> :fl (W>7 j:1727‘”7m

m

For ¢+ = 1,2 we put

gi(x) =m [fz- (;) e (J;llﬂ wHif; (9;11) —G-1f; (;) =12,

Define matrix Ay, = [aiLj]nXm by

1 20-1)+1
a1LJ = Efl <w> ) fOI'j: 17"'7m7

,_S(F)+()
b = 2m
For finding the upper bound we define a matrix Ay = [ag]nxm by

o n(5)+ 4 ()

g 2m

,fori=23and j=1,...,m.

, forj=1,....m,

1 2(9—1 1
a%z Efl <(]m)+)7 fori =2,3and j =1,...,m.

111

Solving the LP problem (5) for o = <3, 3'3

> and matrices Ay, Ay we get

vrp(AL) =1.32916 and vrp(Ay) = 1.33164.

,m
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Hence we have the following estimation of an a-optimal value v®

1.32916 < v* < 1.33164. (11)

We also obtain the stochastic matrix

0 00 0 0 00 0 06189 1 1 1
Xp=|1 11 066842 0 0 0 0 0 000
0 00 033158 1 1 1 1 038131 0 0 O

Now we are ready to construct the almost equitable optimal partition Pr, =
{AEA™ | by analysing the matrix Xp,. The first player receives the inter-

3 1 12
val [4, 1), the second player {O, 4) and the third [3, 3). The remain-
. i 11 23 . . .
ing two intervals 13 and 31 are divided using the method given

11
in the proof of the Lemma 2. The interval [4, 3) is to be divided among
the second and the third player according to the shares zf, = 0.66842 and
23
x§4 = 0.33158 respectively. Similarly we divide the interval {3, 4) among

the first and the third player according to the shares mfg = 0.61869 and
a?gg = 0.38131 respectively. Finally we obtain the almost equitable optimal
partition P, = {AF}7, as follows

AL =10.66667,0.69245) U [0.72422, 1),
Al =10,0.27785) U [0.30548,0.33333),
AL =10.27785,0.30548) U [0.33333,0.66667) U [0.69245, 0.72422).

Now we check the measures of obtained partition for each player
3.1 (AF) =1.32985, 3. ua(AL) =1,33068, 3. uz(AL) =1,33140.

Then it turns out that we have a little better improvement of the lower bound
for the a-optimal value v®

v® > 1.32985 > v p(AL) = 1.32916.

We can increase the accuracy of the estimation (11) of the number v® using
a larger number m in the LP problem. For m = 100 we get estimation

1.3336228 < v < 1.3336580. (12)

Looking at the form of the obtained almost equitable optimal partition P, =
{AZL}?:1 we could consider the hypothesis that the equitable optimal partition
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can be effected by using only two cuts 0 < t; < t3 < 1 of the unit interval
[0,1). Based on the estimation (12) assume that v = 1.333623. Similarly to
the methods given in Example 1 we solve the following equations to find t;
and t9

1
3| fi(z)dx = 1.333623,
to

and

t1
3 fo(x) dz = 1.333623.
0

We get the solutions ¢; = 0.305904 and t5 = 0.698531. I turns out that

to
3 fa(x)dr =1.333743

t1

and then we obtain much better partition
P; ={]0.698531, 1), ]0,0.305904), [0.305904, 0.698531) }

which is effected by using only two cuts.
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O uzyskaniu optymalnych podzialéw przestrzeni mierzalnej
Marco Dall’Aglio, Jerzy Legut, Maciej Wilczynski

Streszczenie W pracy zaprezentowano algorytm uzyskania prawie optymalnego
podzialu odcinka jednostkowego [0,1) wedlug danych probabilistycznych miar bez-
atomowych 1, p2, ..., un . Algorytm ten oparty jest na idei calki Riemanna oraz
wykorzystuje metode programowania liniowego. Ponadto autorzy podaja wystar-
czajaca liczbe cieé potrzebnych do uzyskania podziatéw optymalnych.

Klasyfikacja tematyczna AMS (2010): 91F10, 91B12, 91B32.

Slowa kluczowe: sprawiedliwy podzial, podziat tortu, optymalny podzial przestrzeni

mierzalnej.
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