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Abstract

In this paper, we prove that the lattice of all closure operators of a complete
Almost Distributive Lattice L with fixed maximal element m is dual atomistic.
We define the concept of a completely meet-irreducible element in a complete
ADL and derive a necessary and sufficient condition for a dual atom of ®(L) to
be complemented.
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1. Introduction:

In [17] Swamy and Rao introduced the concept of an Almost Distributive
Lattice (ADL) as a common abstraction of almost all the existing ring
theoretic generalizations of a Boolean algebra like p-rings [12], regular rings
[11], biregular rings [16], associate rings [10], p;-rings [13], triple systems
[15], baer rings [1], m-domain rings [14] and #-rings [2] on one hand and the
class of distributive lattices on the other. Thus, a study of any concept in
the class of ADLs will yield results in all the classes of algebras mentioned
above. In [17], they also observed that the set PI(L) of all principal ideals
of an ADL (L,V,A,0,m) with a maximal element m, forms a bounded
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distributive lattice. Through this distributive lattice PI(L), many existing
concepts of lattice theory were extended to the class of ADLs [3,4,5,18].

In mathematics, closure operators play important role in topology, al-
gebra and logic and in theoretical computer sciences, closure operators have
been widely used in the semantic area, notably in domain theory, in pro-
gram semantics and in the theory of semantics approximation by abstract
interpretation. In view of the rich applications of complete lattices and the
closure operators in different fields, we introduced the concept of a com-
plete ADL L in [6] and the concept of a closure operator of a complete
ADL in [7,8] and derived some important properties on closure operators.
In this paper, we define the concept of a completely meet irreducible el-
ement in a complete ADL (L, V, A,0,m) and establish a relation between
completely meet irreducible elements in a complete ADL L and dual atoms
of the lattice (®(L), <) of all closure operators of L. We derive necessary
and sufficient conditions for dual atoms in the lattice (®(L), <) to have
complements.

2. Preliminaries

DEFINITION 2.1. [17] An algebra (L,V,A,0) of type (2,2,0) is called an
Almost distributive lattice (ADL) if, for any a,b, ¢ € L, the following con-
ditions hold:

(1) an(®Ve)=(aAb)V(aNc). (4) (avb)Ab=b.
(2) (avb)Ahc=(aNc)V(bAc). (5) aV(and)=a.
3) (avb)Aha=a. (6) 0Na=0.

LEMMA 2.2. [17] If (L,V, A,0) is an ADL, for any a,b € L, define a < b if
and only if a = a AN'b or equivalently a vV b =0, then < is a partial ordering
on L and for any a,b,c € L, we have the following:
(I)avb=a<aNnb=1D

JaVb=b&saAb=a

) aVb=>bVa whenever a <b

) A is associative in L

JaAbAe=bAaAc

)(aVb)ANec=(bVa)Ac

Janb=0<bAa=0

yaV (bAc)=(aVDb)A(aVc)
yan(aVb)=a,(aANb)Vb=bandaV (bNa)=a
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(10)a<aVbandaAb<bd

(I11) aha=a andaVa=a

(12) 0Va=a andaN0=0

(13) Ifa<c,b<c¢, thenaNb=bAa andaVb=bVa
(14) avVb=(aVb)Va.

In the above Lemma, properties (5) and (6) are restricted commuta-
tivity of V and A respectively. From this we get that , for any a,b € L, the
interval [a,b] := {x € L | a <z < b} is a bounded distributive lattice.

THEOREM 2.3. [17] Let (L,V,A,0) be an ADL. Then, for any m € L, the
following are equivalent:

(1) m is maximal

(2) mVa=m forallz € L

(3) mAxz ==z for all x € L.

If (L,V,A,0) is an ADL and m is a fixed maximal element of L, then
we say that (L,V,A,0,m) is an ADL with a maximal element m.

DEFINITION 2.4. [17] A non empty subset I of an ADL L is said to be an
ideal of L, if aVb,aVx € forall a,b € I,z € L.

For any non empty subset S of L

si)ANz| s; € S,x € L,n is a positive integer}

(5] =A{(

.

i=1

is the smallest ideal of L containing S. In particular, for any a € L, (2] =
({z}] = {z At| t € L} and (z] is called the principal ideal generated by
x. The set I(L) of all ideals of L is closed under arbitrary intersection
and contains L. Thus (I(L),V,A) is a complete lattice where IV J =
{zvylzel,ye Jtand INJ =INJ for any I,J € I(L). Since, for
any z,y € L, (2] V (y] = (2 Vy] and (2] A (y] = (z A y], the set PI(L) of
all principal ideals of L is a sublattice of I(L). The lattice PI(L) plays a
very important role in the development of the theory of ADLs. One can
extended many existing concepts from the class of distributive lattices to
the class of ADLs though this class of principal ideals.
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DEFINITION 2.5. [6] An ADL L = (L, V, A,0,m) with a maximal element
m is called a complete ADL if PI(L) is a complete sublattice of I(L), or
equivalently, [0, m] is a complete distributive lattice.

DEFINITION 2.6. [7] Let L be a complete ADL with a maximal element m.
Then a mapping ¢ : L — L is said to be a closure operator of L if, for
any x,y € L, the following conditions hold:

1) é(z) <m

2) d(x) Nz ==x

3) If o <y, then ¢(x) < B(y)

4) ¢z Ny) = oy Aw)

5) 6(6(x)) = Ble).

A~ N N~ o~
D D D —

DEFINITION 2.7. [7] Let L be a complete ADL with a maximal element m,
and ¢ a closure operator of L. Then an element x € L said to be closed

under ¢, if ¢(x) = x. Clearly, m is closed under every closure operator
of L.

LEMMA 2.8. [7] Let L be a complete ADL with a mazimal element m, let
@ be a closure operator of L and {x, | « € J} a family of elements of L

closed under ¢ in L. Then )\ (x4) is also an element of L closed under ¢

a€cJ
in L.

If we define ¢t and w : L — L by t(z) = 2 Am and w(z) = m for all
x € L, then t,w are closure operators of L

THEOREM 2.9. [7] Let ®(L) be the set of all closure operators of L and for
any ¢ . € ®(L), define ¢ < 1 if and only if ¢(x) < Y(x) for all x € L.
Then (®(L), <) is a complete lattice in which the greatest element is w and
least element is t.

LEMMA 2.10. [7] Let L be a complete ADL with a mazximal element m, a €
L such that anm # m and define ¢, : L — L by ¢o(x) = aAm, if ahz =z
and ¢o(x) =m, if a Nx # x for all x € L, then ¢, is a closure operator
of L.
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THEOREM 2.11. [7] Let L be a complete ADL with a mazimal element
m and ®(L) be the set of all closure operators of L. Then we have the
following:
(1) If {po | @« € J} € ®(L) and v = \/ ¢, then, for any x € L,
acJ
Y(x) =z if and only if po(x) = x for aell a€J.
(2) If a € L such that a A m # m, then ¢, is a dual atom of ®(L).
(3) Ewvery dual atom of ®(L) is of the form ¢, for some b € L such that
b<m.
(4) For ¢1,09 € ®(L),d1 < ¢2 if and only if, for any x € L, ¢po(x) = x
implies ¢1(x) = x.

For all standard definitions and results in distributive lattices we refer
to Gratzer, G. [9].

3. Complemented Closure Operators

In this section, we deal with the dual atoms of the lattice (®(L), <), where
®(L) is the set of all closure operators of a complete ADL L. We define
the concept of a completely meet-irreducible element in L and we prove a
necessary and sufficient conditions for a dual atom ¢,(where a € L such
that a A m # m) to have a complement in the lattice (®(L), <).

We begin this section with the following Definition

DEFINITION 3.1. Let L be complete ADL with a maximal element m and
¢ a closure operator of L. Define Fy = {x € L | ¢(z) = z}. That is, Fy is
the set of elements of L closed under ¢.

LEMMA 3.2. Let L be a complete ADL with a mazimal element m, M (#
() C [0,m] such that Inf M' € M for all M' C M and for each x € L,
define ¢ : L — L by ¢(x) = Inf A, where A, ={y € M | yANz = x}.
Then ¢ is a closure operator of L.

Proor: Now, we prove that ¢ is a closure operator of L.

(1) Clearly, ¢(z) < m for all z € L.

(2) By our assumption, we get that ¢(z) € M for all x € L and hence
o(z) N = .
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(3) Let 21,2, € L such that 1 < x9. Let A, ={y e M |yAz = z}.
Suppose y € A;,. Then yAzs = x5 and hence yAx1 = yAzaAr1 = T2Ax1 =
x1. Hence y € A,,. Therefore A,, C A,,. Thus inf A, < inf A4,,. Hence
P(z1) < P(z2).

(4) Let z € Agny. Then zAz Ay = Ay and hence zAzAyAz =z AyAz.
Therefore z Ay Az =y Ax. Hence z € Aypy. Thus Appny C Ayss. By
symmetry, we get that Ayr, € Agny. Therefore Ayny = Ayr.. Hence
o(r Ny) = d(y Ax).

(5) Since ¢(z) Az = x,we get that z Am < ¢(x) and hence ¢(z) < ¢(¢p(z)).
We have, ¢(z) A p(x) = ¢(x), we get that ¢(x) € Ay,). Hence inf Ay, <
o¢(x). Therefore ¢(d(x)) < ¢(x). Thus ¢(p(x)) = ¢(x). Therefore ¢ is a

closure operator of L. O]
Now, we prove the following Theorem

THEOREM 3.3. Let L be a complete ADL with a maximal element m and
M (# 0) C [0,m]. Then there is a closure operator ¢ of L such that M = F,
if and only if Inf M’ € M for all M' C M.

PROOF: Suppose ¢ is a closure operator of L and M = Fy. Let M’ C M.
Suppose x = Inf M’. Since every element of M’ is closed under ¢ and
by Lemma 2.8, the infimum of closed elements under ¢ is again closed
under ¢, we get that « € M. Conversely, suppose that inf M’ € M for all
M’ C M. Now, we prove that there exists a closure operator ¢ of L such
that M = F,. For each € L, define ¢ : L — L by ¢(z) = Inf {y €
M |y Az =2z} Then by Lemma 3.2, we get that ¢ is a closure operator
of L. Let x € Fy. Then ¢(z) = 2. Now, {y e M | yAax =z} C M
implies that ¢(z) = Inf {y € M | y Az = 2} € M, by our assumption.
Thus ¢(z) € M. That is, z € M. Hence F, C M. Now, suppose z € M.
So that ¢(x) < x. Thus ¢(z) = ¢(z) Az = z. Therefore x € F,. Hence
M C F¢. Thus M = F,. O

LEMMA 3.4. Let L be a complete ADL with a mazimal element m.
Let ¢, € ®(L). Then ¢ <1 if and only if Fy, C Fy.

PROOF: Let ¢,¢ € ®(L). Suppose ¢ < 1p. Then ¢(x) < ¢(x) for each
x € L. Let x € Fy. Then ¢(z) = x and hence ¢(x) < z. So that
o(x) = ¢(x) Ao = x. Therefore x € F,. Thus Fy, C F,;. Conversely,
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suppose that Iy C Fy. Now, we prove that ¢ <. Let x € L such that
¥(x) = x. Then = € Fy. Hence z € Fy. Therefore ¢(x) = z. Thus ¢ < 1),
by Theorem 2.11(4). O

LEMMA 3.5. Let L be a complete ADL with a mazimal element m. Let
{¢a | € J} CO(L). Then Fy ¢o = () Fy,

acJd aeJ

PROOF: Let x € L. Then z € F'\/ ¢o & ( \/Jd)a)(x) =1 S ¢u(r) =2

aeJ aE
for all @ € J (by Theorem 2.11(1)) & z € Fy_ foralla € J& x e () Fy,.
acJ
Thus}7v ¢a:: rj Pga. C
aed acJ

DEFINITION 3.6. Let X be a complete lattice. An element a € X is said
to be dual atomistic, if it is the infimum of set of all dual atoms above it.

DEFINITION 3.7. A closure operator ¢ of a complete ADL L is called dual
atom if ¢ < 1 < w for any closure operator 1) of L, then either ¢ = ¢ or
P = w.

Now, we prove the following Theorem.

THEOREM 3.8. Let L be a complete ADL with a mazimal element m. Then
the lattice (®(L),V,A) is dual atomistic.

PROOF: Let ¢ € ®(L) and ¢ # w. Write Ay, = {z € L | ¥(z) =z and « #
m}. Choose y € L such that ¢(y) # m. Write z = ¢(y) .Then ¢(x) = x
and z # m. Therefore x € A,. Hence Ay # (). Also, by Lemma 2.11(2),

¢, is a dual atom of ®(L) for all z € A,. Now, we prove that ¢ = A ¢,.
TEAY

Let z € Ay and y € L such that ¢,(y) = y and hence y = z(x Am = x)
ory =m. If y =z, then ¢¥(y) = Y(x) = v = y(since x € Ay). If y = m,
then ¢(m) = m. That is, ¥(y) = y. Therefore ¢ < ¢, for all x € Ay.
Hence v < A ¢,. Let y € L such that ¢(y) = y. If y # m, then y € Ay.

TEAyY

Now, ( A ¢2)(y) < ¢y(y) =y Hence ( A 62)(y) =( A\ ¢2)(y) A

TEAy TEAy TEAy

y =y. Thus A ¢, < ¢. Therefore v = A ¢,. Let B = {¢ €
T€EAyY T€EAyY
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O(L) | ¢ isadual atom and ¢ < ¢}. Let C = {¢, | + € Ay}. Let
x € Ay. Then 9 < ¢, and ¢, is dual atom. Therefore ¢, € B and hence

CCB. Thusy < A ¢ < A ¢ = 1. Therefore p = A ¢. Thus ¢
¢EB TEAy PpEB

is the infimum of set of all dual atoms about it. Hence (®(L), <) is dual

atomistic. O

We note that, for any closure operator ¢ of a complete almost distribu-
tive lattice L and © € L, ¢(x) = ¢p(m A x) = ¢(x A m) by condition (4) of
Definition 2.6. Now, we prove the following Lemma.

LEMMA 3.9. Let L be a complete ADL with a mazimal element m and
a € L such that a Am #m. If ¢, is a complemented element of ®(L) and
if ¢!, is the complement of ¢q, then a Am < ¢l (a).

PROOF: Since ¢, € ®(L), we get that a A m < ¢, (a). Suppose ¢, (a) =
a A'm. Also, we have ¢,(a) = a A'm. Then, by Theorem 2.11(1), we get
that m = w(a) = (¢ V ¢,,)(a) = a Am, which is a contradiction. Therefore
aAm < ¢ (a) O

DEFINITION 3.10. Let L be a complete ADL with a maximal element m.
Let a € L such that a Am # m. Then a A'm is said to be meet-irreducible,
if a Am =>bAcAm, then either a A\m=0AmoraAm=cAm.

DEFINITION 3.11. Let L be a complete ADL with a maximal element m
and x € L such that x A m # m. Then x A m is said to be completely

meet-irreducible, if  Am = A (o A m), where {z, | « € J} C L, then
acJ
xr Am =z, Am for some o € J.

Now, we prove the following Theorem

THEOREM 3.12. Let L be a complete ADL with at least two elements and
let a € L such that a Am # m. Then ¢, is complemented element of ®(L)
if and only if a A m is completely meet-irreducible element of L.

PROOF: Let a € L such that a A m # m. Suppose ¢, € ®(L) is com-
plemented element of ®(L) and suppose ¢/, is the complement of ¢,. Let

{zo | @ € J} C L such that a Am = A (zo A m). We prove that
acJ
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aANm = x, Am for some o € J. We have a Am < x, Am for all o € J.
Suppose a Am < x4 Am for all @« € J. Then a A m # m. Hence, by
Lemma 3.9, we get that a Am < ¢/, (a). Now, 2o Am = t(xq Am) =t(z4)
= (pa A 9))(20) = Pa(Ta) N @l (24). Since a Axg Am =aAm <z, Am,
we get that ¢q(zo) = m. Hence, zo Am = m A ¢l (zo) = ¢ (xa). Now,
Pula) = ¢ (a Am) = ¢ ( /E\J(xa Am)) < /E\J%(xa Am) = /E\J(xa Am)
= a A'm. Hence ¢}, (a) = ¢/ (a) Aa Am = a A m, which is a contradiction.

Therefore, there exists o € J such that a Am = x4 A m. Thus a A m is
completely meet-irreducible. Conversely, assume that a A m is completely
meet-irreducible. Let B = {b € L | bAm # aAm}. Since m # aAm, we get

that m € B. Hence B # (). Let v = /\ ¢. Now, we prove that ¢ is a com-
beB
plement of ¢, in the lattice (®(L),V,A). Let « € L. If 2 Am = a Am, then

(Pa NY)(2) = o) ANY(x) = 2 AMAY(x) = cAY(x) = zAY(x) A'm (since
(x) <m)=v@)NeAm=xzAm=1t(z). If xt Am #aAm,then z € B
and hence § < 6, Now, (ba A)(@) = Ga(w) A (@) < $(z) < 6,()
= x Am. Hence (¢4, A ¥)(x) = (¢ AN )(x) Nz Am = x Am. Thus
(pa NY)(x) = & Am = t(z) for all © € L. Therefore ¢, A ¢ = t. Now, we
prove that ¢, V1 = w. Let b € B. Then a Am # bAm and a Am # m. So
that ¢p(a) # aAm for all b € B. Since aAm is completely meet-irreducible,

we get that ( A\ ¢p)(a) # a Am. Thus ¥(a) # a Am. Let x € Fy, N Fy.
beB
Then ¢,(x) = z and hence x = a Am or = m. Suppose z = a A'm. We

have z € Fy. So that ¢(z) = x and hence 1(a A m) = a A m. Therefore
Y(a) = a A'm. Which is not true. Hence x = m. Thus Fy, N Fy = {m}.
So that Fy, N Fy = F,, (since F,, = {z € L | w(z) = z} = {m}). Hence,
by Lemma 3.5, Fy, vy = Fy, and, by Lemma 3.4, ¢, V ¢ = w. Therefore v
is the complement of ¢, in the lattice (®(L),V,A) . O

THEOREM 3.13. If L is a complete ADL with at least two elements and
a € L such that a Am # m, then ¢, € ®(L) is complemented if and only if

aAm < A ¢p(a), where B={be L |bAm=*aAm}.
beB

PROOF: Let a € L such that a Am # m. Then, by Theorem 2.11(2), ¢, is

a dual atom of L. Suppose ¢, is complemented. Let ©» = A (¢p). Then
beB
from the proof of the Theorem 3.12, we get that 1) is a complement of ¢,

and ¢¥(a) > aAm.
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Hence ( A\ ¢u)(a) =¢(a) > a Am. Thus A (¢p(a)) > a Am. Conversely,
beB beB

assume the condition. Now, we prove that ¢, is complemented. It is

enough to prove that a A m is completely meet-irreducible element in L.

Let {aq | @« € J} C L such that aAm = A (x4 Am). We prove that there
aeJ
exists a € J such that a A m = x, A m. Suppose a A m # x, A m for all
a € J and hence aAm < zo Am for all @ € J. Therefore {z, |« € J} C B.
Now, anm < A (@nfa) = (A 6)(@) < (A G)@) = A (62, (@)
beB beB acJ acJ
= A (za Am) =aAm (since x, AmAaAm=aAm).
acJ
Thus a Am < A (xo Am) = a A m, which is a contradiction. Therefore
aclJ
there exists o € J such that a Am =z, A m. Hence a A m is completely

meet-irreducible. Therefore ¢, is complemented. O

THEOREM 3.14. If ¢¢ is a dual atom of ®(L), then there is at most one
complement of ¢q.

PROOF: Suppose 0 is not completely meet-irreducible, then by Theorem
3.12, we get that ¢g is not complemented. Suppose 0 is completely meet-
irreducible, then by the proof of the Theorem 3.12, ¢ is complemented.
Also p = A ¢p, where B = {b € L | bAm # 0} is the complement of
beB
¢o and ¥(0) # 0. Now, we prove that ¢y has at most one complement.
Suppose ¢, is another complement of ¢9. Let x € L — {0}. If « ¢ B,
then z Am = 0 and hence x = x Am Az = 0Axz = 0, which is a

contradiction. Therefore © € B. We have ¢y = A ¢y, so that ¢¥(z) = ( A

beB beB
o) (z) < ¢u(x) = 2 Am. Hence p(x) = ¢(z) Ax Am = 2 Am, by condition
(2) of Definition 2.6. We have z A m < ¢((x) for all z € L. If x = 0, then
0=0Am < ¢(0). If x # 0, then xAm < ¢ (z). Therefore ¢ (x) # 0 for all

x € L and hence ¢ (x) € L — {0} = B. Hence ¥(¢((x)) = ( /\ o) (90 ()

< ¢¢3(z)(¢6($)) = ¢p(z) A m = ¢y(z), since ¢y(z) A dp(z) = ¢0(9C) Since
x Am < ¢j(x) for all x € L, we get that ¢(x) < ¥(dy(x)) < ¢p(x) for all
x € L. Hence ¢ < ¢). Let a € L — {0}. Then a Am = t(a) = (¢po A ¢p)(a)
= ) A @) = m o). inee 07 2 a0 hat dn(a) = m = 640

Suppose ¢q(z) = x for x € L — {0} = B. Case (i) a A x
z = a Am. Hence ¢)(z) = ¢p(a Am) = ¢pa) = aAm =
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aAx # x. Then x = m. Hence ¢(x) = ¢p(m) = m = x. Thus we have
proved that ¢, (z) = x = ¢{(x) = z for all x € B. By Theorem 2.11(4),

we get that ¢f < ¢, for all z € B. Hence ¢, < A ¢, = 1. Therefore
zEB

@6 < 1. Thus ¢ = . O

LEMMA 3.15. Let L be a complete almost distributive lattice. Then, for
any ¢, ¥ € ®(L) and x € L we have

(1) (o V)(x) = ¢(o(x))

(i) (¢ V) () = ¢Y(d(v(2))).

PrROOF: Let ¢,9 € ®(L)
@V )(oV)(z) > )(Eb
(¥

ar

Vv
)

dx € L. Then (¢ V ¢)(x) > ¢(x) and hence
)(@()> $(6(x). Therefore (6 V 1)(x) >
2 6l6(e) and benee (0 916V 9)(0) >

O

v)
b((x)). Since (6 V
(6 V ) (6((@))> ¥(6

COROLLARY 3.16. Let L be a complete almost distributive lattice. Then,
for any ¢, i € ®(L) and x € L we have

(1) (o V) (@) = d(¥(z))

(i) (o V) (x) = d(¢(¢(x)))

Finally, we conclude with the following Theorem.

THEOREM 3.17. If ¢, € ®(L) is complemented, then there is at least one
complement of ¢, preceding ¢g.

PROOF: Let 0 # a A'm # m. Let ¢/, be a complement of ¢,. Let x € L.
Then (¢a A (¢ A $0))(2) = (64 A Pa A do)(x) = (EA ¢o)(x) = t(x). Hence
(¢a A (¢, A ¢o)) = t. Now, we prove that (¢, V (¢, A ¢o)) = w. Case
(i) a ANz = x. Then ¢4(x) = a A m. By above Lemma 3.15, we get
that (6 V (6, A 60))(@) > Gal(0h A 60)(6a(2))) = Gal(8) A d0)(a A m))
— 6a(64(a) A d0(a)) = Ba(S4(a) An) = da(6h(a) = m = w(w). Therefore
(o V (Pl A dp)) = w. Case (i) if a Az # x, then ¢o(x) = m. Again,
by above Lemma 3.15, we get that (¢q V (¢, A ¢0))(x) > (¢, A ¢o)(a(2))
= ¢, (m) A ¢po(m) = m Am = m = w(z). Therefore (¢, V (¢, A ¢o)) =

Thus (¢q V (¢, A ¢o)) = w. O
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