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Abstract The Ornstein-Uhlenbeck model is one of the most popular stochastic pro-

cesses. It has found many interesting applications including physical phenomena.

However, for many real data, the classical Ornstein-Uhlenbeck process cannot be

applied. It is related to the fact that for many phenomena the vectors of observa-

tions exhibit the so-called heavy-tailed behaviour. In such cases, the modi�cations

of the classical models need to be used. In this paper, we analyze the Ornstein-

Uhlenbeck process based on stable distribution. This distribution is one of the most

classical members of the heavy-tailed class of distributions. In the literature, one

can �nd various applications of stable processes. However, the heavy-tailed property

implies that the classical methods of estimation and statistical investigation cannot

be applied. In this paper, we propose a new method of estimation of the stable

Ornstein-Uhlenbeck process. This technique is based on the alternative measure of

dependence, called fractional lower order covariance, which replaces the classical co-

variance for in�nite-variance distribution. The proposed research is a continuation of

the authors' previous studies, where the measure called covariation was proposed as

the base for the estimation technique. We introduce the stable Ornstein-Uhlenbeck

process and remind its main properties. In the main part, we de�ne the new estima-

tor of the parameters for discrete representation of the Ornstein-Uhlenbeck process.

Its e�ectiveness is checked by Monte Carlo simulations.
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1. Introduction. Continuous time models are popular in various ap-
plications. They seem to be the most natural for modelling high-frequency
data, which appear for instance in �nance. One of the most famous examples
of continuous time models is the Ornstein-Uhlenbeck (O-U) process. It was
introduced by Uhlenbeck and Ornstein [40] and its classical version is related
to the ordinary Brownian motion. This process is considered as a stationary
solution for the classical Klein-Kramers dynamics [20]. One can �nd di�erent
applications of the Ornstein-Uhlenbeck process among which the most known
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are the economic studies. In �nance, it is known as the Vasiček model, [41],
which was one of the stochastic models used to describe the interest rate
data. The Ornstein-Uhlenbeck process exhibits the so-called mean reversion
feature which is very often visible in the economic phenomena. One can �nd
many other applications of the Ornstein-Uhlenbeck process, like physical and
biological phenomena [7, 9, 37].

However, the analysis of real-life data shows that the classical Ornstein-
Uhlenbeck process very often cannot be directly applied. This is related to the
fact that many real phenomena exhibit non-Gaussian behaviour and the dis-
tribution of the data belongs rather to the heavy-tailed family of distributions.
The probability distribution is called heavy-tailed if its tail (1-cumulative dis-
tribution function) has power-law behaviour. In such a case, there is a higher
probability of large observations than in the Gaussian case. One of the most
popular distributions with this property is a stable one (called also α-stable
or Lévy stable). In the literature one can �nd many di�erent applications of
this distribution e.g. in �nance [6, 29, 32], biology [5], physics [25] and signal
processing [31]. This distribution is considered as the generalization of the
Gaussian one and possesses many useful properties. However, one of its main
drawbacks is that for most of the cases (except the Gaussian case) the sec-
ond moment and variance do not exist. Therefore, for models based on stable
distribution, the covariance cannot be considered as the measure of depen-
dence. Moreover, for most of the members of the stable distribution family,
the probability density function is not given in the closed form. Therefore,
this distribution is described in the language of the characteristic function.

One can consider the stochastic processes with the stable distribution.
The Ornstein-Uhlenbeck process based on stable distribution [33] is one of
the examples. This process arises as the classical Ornstein-Uhlenbeck model
for which the Brownian motion is replaced by the process with stationary
independent increments having stable distribution [4]. This process is widely
discussed in the literature in di�erent aspects [11, 12, 16, 17, 18, 24, 35, 38].
For such a process, the typical measure of dependence i.e. autocorrelation,
does not exist. Therefore, alternative measures have to be used [43]. A few
popular choices are: covariation [35], codi�erence [44] and fractional lower
order covariance (FLOC) [23].

In this paper, we consider the Ornstein-Uhlenbeck process based on stable
distribution and propose the new estimation method for its parameters. The
idea of the proposed technique is based on the discrete representation of the
analyzed process which in the statistical literature is called an autoregressive
model of order 1 (AR(1)). For the discrete version of the Ornstein-Uhlenbeck
process based on the stable distribution, we propose to apply the modi�ed
Yule-Walker method. The classical Yule-Walker method, which is used for
the estimation of the autoregressive models' parameters, is based on the au-
tocovariance function of the given process [3]. Because for the models based
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on stable distribution the autococovariance function is not properly de�ned,
we propose to replace it by one of the alternative measures of dependence
mentioned above. This paper is a continuation of the authors' previous re-
search presented in [21], where the modi�ed Yule-Walker method based on
autocovariation was de�ned. In this article, a similar approach is described.
We are going to focus on fractional lower order covariance. This measure is an
extension of covariance for in�nite variance stable distributions. In the litera-
ture one can �nd interesting applications of this statistic, see e.g. [22, 34, 46].
The proposed technique is straightforward and it can be easily adapted to
a modi�ed Yule-Walker equation. It can be applied to general autoregres-
sive processes with stable distribution, however, we demonstrate its e�ective-
ness for an autoregressive model with order 1, as the discrete version of the
Ornstein-Uhlenbeck process.

In the literature one can �nd di�erent approaches used in the problem of
the parameters' estimation for the stable Ornstein-Uhlenbeck process. We
only mention here the selected approaches, such as the trajectory �tting
method and the weighted least squares approach [14, 15, 45] as well as meth-
ods based on the discrete version of the Ornstein-Uhlenbeck process [8, 28, 47].
The proposed approach is a new idea which extends the existing methods.

The rest of the paper is structured as follows: In section 2 the stable
distribution is recalled. Moreover, we describe the alternative measures of de-
pendence and their basic properties. Section 3 consists of the de�nition of the
O-U process with Gaussian and stable distribution. Then, the novel estima-
tor of the O-U process parameters is proposed in section 4. The performance
of this estimator is tested on simulated data (section 5). The last section
summarises the article and contains the conclusions.

2. The stable distribution. The stable distribution can be considered
as an extension of the Gaussian one. This distribution is characterized by
four parameters: the stability index α, the scale parameter σ, the skewness
parameter β and the shift parameter µ. The theory of stable distribution was
introduced by Paul Lévy and Aleksander Khinchine in the 1920s and 1930s.
These random variables can be de�ned in several ways, one of the most useful
de�nition is based on the characteristic function. Let X be a random variable,
it is said to have a stable distribution (X ∼ S(α, σ, β, µ)) if its characteristic
function has the following form [35]:

φX(t) = EeitX =


exp

{
−σα|t|α

(
1− iβ sign(t) tan

(
πα
2

))
+ iµt

}
α 6= 1,

exp
{
−σ|t|

(
1 + iβ 2

π sign(t) ln (|t|)
)

+ iµt
}

α = 1,
(1)

where parameters α ∈ (0, 2], β ∈ [−1, 1], σ > 0 and µ ∈ R.
In the case of the stability index equal to α = 2 and the skewness parame-

ter β = 0, the stable distribution is reduced to the Gaussian one. Furthermore,
the stability index informs about the property of the tail of the distribution.
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Indeed, in the case of α < 2 the considered distribution has heavy tails,
which means that there is a higher probability to obtain observation far from
the mean. It is worth mentioning that, usually the probability density func-
tions for the stable distribution are not given in the closed form. There are
a few exceptions like Gaussian distribution (S(2, σ, 0, µ), Cauchy distribution
(S(1, σ, 0, 0)) or Lévy distribution (S(1/2, σ, 1, µ)). One can observe that the
sum of random variables from the stable distribution is also stable. Let us as-
sume that X1 and X2 are independent and Xi ∼ S(α, σi, βi, µi) and i = 1, 2.
Then,

X1 +X2 ∼ S(α, σ, β, µ),

where σ = (σα1 + σα2 )1/α, β =
β1σα1 +β2σα2
σα1 +σα2

and µ = µ1 + µ2.
This fact easily follows from the property of independence and the de�ni-

tion of the stable distribution. Finally, we can formulate another important
property of the stable distribution. Let X ∼ S(α, σ, β, µ) and a, b ∈ R are
some constants, then:

aX + b ∼ S(α, |a|σ, sign (a)β, aµ+ b) α 6= 1,

aX + b ∼ S(α, |a|σ, sign (a)β, aµ− 2/πaσβ ln |a|+ b) α = 1.

This fact is also satis�ed due to the de�nition and properties of the charac-
teristic function. Finally, we would like to de�ne the symmetric stable distri-
bution (SαS). Let X be a real-valued random variable, then it follows SαS
distribution when its characteristic function is given by:

φX(t) = exp(−σα|t|α).

In this case, the characteristic function depends only on two parameters (α
and σ), remaining parameters are equal to zero. For the stable distribution
with α < 2 the variance and second moment do not exist. However, the
Fractional Lower Order Moments (FLOM) can be introduced. Let X be a
random variable, the FLOM of order 0 < p < 2 is de�ned as:

FLOM(X, p) = E|X|p.

It is worth mentioning, that FLOM exists for each order p < α. Therefore,
this statistic is well-de�ned for the stable distribution. Furthermore, for SαS
random variable FLOM satis�es the following equation [35]:

FLOM(X, p) = C(p, α)σ
p
α for 0 < p < α,

where

C(p, α) =
2p+1Γ(p+1

2 )Γ(−pα )

α
√
πΓ(−p2 )

,

where Γ(·) is a Gamma function.
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The stability index is also related to the rate of the distribution tail decay.
For α < 2 the distribution exhibits a power-law behaviour:

limx−→∞ xαP{X > x} = Cα
1+β

2 σα,

limx−→∞ xαP{X < −x} = Cα
1−β

2 σα,

(2)

where Cα =
(∫∞

0 x−α sin(x)dx
)−1

= 1
πΓ(α) sin(πα2 ).

2.1. Measures of dependence for in�nite variance processes. One
of the most common measures of dependence are undoubtedly covariance and
correlation. They can be used for any distribution with �nite variance and
second moment (e.g. Gaussian). Therefore, they are not well de�ned for the
stable distribution with α < 2. In such case the alternative measures should
be used.

2.1.1. Covariation This measure is well de�ned for SαS random vari-
ables with the stability index α > 1. Let X1 and X2 follow SαS distribution
with α > 1. Furthermore, Γs is a spectral measure of the random vector
(X1, X2). Then, the covariation CV (X1, X2) is de�ned as [35]:

CV (X1, X2) =

∫
S2

s1s
<α−1>
2 Γs(ds), (3)

where S2 is the unit sphere in R and a<p> = |a|p sign a is a signed power.
Covariation can be also de�ned using the joint moment of random variables
X1, X2 of order p ∈ (1, α). The formula (3) can be equivalently written [10]:

CV (X1, X2) = p
E(X1X

<p−1>
2 )σαX2

E|X2|p
, (4)

where σX2 is a scale parameter for random variable X2. Let us present some
properties of this measure. It is worth mentioning, that covariation is not
symmetric. Furthermore, it is linear and additive with respect to the �rst
argument. Let us assume that X1, X2, Y are SαS random variables and pa-
rameters a, b ∈ R. Then, following equation is satis�ed:

CV (aX1 + bX2, Y ) = aCV (X1, Y ) + bCV (X2, Y ).

On the other hand, the additivity in the second argument CV (X,Y1 + Y2) =
CV (X,Y1) +CV (X,Y2) is satis�ed if and only if random variables Y1 and Y2

are independent. Furthermore, the covariation has the scaling property. In-
deed, for SαS random variables X and Y and real numbers a, b, the following
condition holds [35]:

CV (aX, bY ) = ab<α−1>CV (X,Y ).
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One of the main properties of the covariation is formulated for independent
random variables. Let us assume that X and Y are independent SαS, then
CV (X,Y ) = 0. However, for 1 < α < 2 it is possible to have CV (X,Y ) = 0
with dependent X and Y . Finally, for α = 2 the covariation is equal to half
of the covariance. Moreover, for α > 1, the covariation induces a norm on the
linear space of jointly SαS random variables. If X is a SαS random variable
with α > 1, then:

||X||α = (CV (X,X))1/α.

The autocovariation of the stationary process {X(t)} for lag k is de�ned as
the covariation of random variables X(t) and X(t− k):

CV (X(t), X(t− k)) =
E(X(t)X(t− k)p sign(X(t− k))

σαX(t−k) E |X(t− k)|
.

In the literature, one can �nd several methods for estimation of the co-
variation and the autocovariation [10, 21].

2.1.2. Codi�erence Another alternative measure of dependence that
can be considered instead of classical covariance is the codi�erence [35]. Let
X1 and X2 be the in�nitely divisible random variables, then the codi�erence
is de�ned as:

CD(X1, X2) = − log(E exp(i(X1 −X2)) + log(E exp(iX1))

+ log(E exp(−iX2)).

On the other hand the codi�erence can be also represented alternatively as:

CD(X1, X2) = log
(

ΦX1−X2
(1)

ΦX1
(1)ΦX2

(1)

)
,

where ΦXu(t) is the characteristic function of the random variable Xu for
point t. Using this formula one can see that the codi�erence is always well
de�ned for all in�nitely divisible random variables (e.g. SαS). Moreover,
CD(X1, X2) = CD(X2, X1), for symmetric random variables. Finally, there
is a relation between the codi�erence and the covariation. Let us assume that
SαS with α > 1, then the codi�erence can be expressed by the means of the
covariation norm, namely:

CD(X1, X2) = ||X1||αα + ||X2||αα − ||X1 −X2||αα. (5)

Furthermore, for independent random variables X and Y the codi�erence
is equal to zero CD(X,Y ) = 0. It is worth mentioning that for Gaussian
random variables codi�erence is reduced to covariance. In particular, for
X,Y ∼ S(2, σ, β, µ) we obtain CD(X,Y ) = Cov(X,Y ). It is worth mention-
ing that, this measure is more general and is well de�ned for any in�nitely
divisible process.
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The autocodi�erence of the stationary process {X(t)} for lag k is de�ned
as the codi�erence of random variables X(t) and X(t− k):

CD(X(t), X(t− k)) = log
(

ΦX(t)−X(t−k)(1)

ΦX(t)(1)Φ−X(t−k)(1)

)
. (6)

The estimator of codi�erence is described for instance in [44].

2.1.3. Fractional lower order covariance (FLOC). FLOC is a natu-
ral extension of the covariance. It can be computed for SαS random variables
with the stability index α ≤ 2. Let X1 and X2 be SαS random variables, then
the FLOC is de�ned as follows [23]:

FLOCX1,X2(A,B) = E[X<A>
1 X<B>

2 ], (7)

where parameters A + B < α and A,B ≥ 0. Therefore, FLOC can be com-
puted for any SαS random variable, even for stability indexes smaller than 1.
However, this statistic depends on parameters A,B and each set of parame-
ters changes the value of FLOC. Furthermore, for Gaussian random variables,
FLOC reduces to covariance when A = B = 1. Three properties of FLOC are
presented below, these results were calculated by Authors, thus the proofs are
also included. The main property of the FLOC is following.

Fact 2.1 Let us assume that X,Y are independent SαS random variables

with the stability index α. Then, for all A+B < α we obtain FLOCX,Y (A,B) =
0.

Proof

FLOCX,Y (A,B) = E[X<A>]E[Y <B>] =

=

(
E[|X|A] ∗ 1

2
− E[|X|A] ∗ 1

2

)(
E[|Y |B] ∗ 1

2
− E[|Y |B] ∗ 1

2

)
= 0

Furthermore, it can be shown that for some real parameter c FLOC has
scaling property:

Fact 2.2 Let us assume that X,Y are random variables with the stability

index α and c ∈ R. Then, for all A+B < α the following formulas hold:
FLOCcX,Y (A,B) = c<A>FLOCX,Y (A,B)

FLOCX,cY (A,B) = c<B>FLOCX,Y (A,B).
(8)

Proof We are going to prove only the �rst equation from system (8). The
second one follows exactly the same. We have the following:

FLOCcX,Y (A,B) = E[(sign(cX)|cX|AY <B>] (9)

=

{
cAE[(sign(X)|X|AY <B>] c > 0
−cAE[(sign(X)|X|AY <B>] c < 0

= c<A>FLOCX,Y (A,B).
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Fact 2.3 Let us assume that X,Y1, Y2 are random variables with the stability

index α. Furthermore, Y1 and Y2 are independent. Then, for all A+B < α:

FLOCX,Y1+Y2(A,B) = FLOCX,Y1(A,B) + FLOCX,Y2(A,B).

The proof for this fact is analogous to covariation, which is derived in Property
2.7.15 in [35]. It is worth mentioning that the independence of Y1 and Y2 is
crucial here. In the case of dependent variables the above fact is not satis�ed.

Moreover, the autoFLOC of the stationary process {X(t)} for lag k is
de�ned as FLOC of random variables X(t) and X(t− k):

FLOC(k,A,B) = FLOCX(t),X(t−k)(A,B). (10)

Finally, we would like to introduce the estimator of the autoFLOC. It is
derived directly from equation (7). Let us assume that

X = {X(1), X(2), . . . X(N)}

is a trajectory of length N , then the estimator of FLOC based on X is de�ned
as [23]:

F̂LOC(k,A,B) =

∑L2
n=L1

|X(n)|A|X(n+ k)|B sign[X(n)X(n+ k)]

L2 − L1
, (11)

where L2 = min(N,N − k) and L1 = max(0,−k).

3. The Ornstein-Uhlenbeck process The Ornstein-Uhlenbeck process
can be de�ned as a stationary solution of the Langevian equation with respect
to Brownian motion. Therefore, it satis�es the following equation:

dX(t) = θ(µ−X(t))dt+ σdB(t), (12)

where θ, σ > 0, µ ∈ R and {B(t)} is a Brownian motion. One of the main
properties of this process is a mean reversion. In a signi�cant long term, the
process will have values around the long term mean. For instance, when the
process is below the equilibrium level, the drift is positive, otherwise, it is
negative and pulls the process down to reach the mean. As it was mentioned,
the O-U process is especially popular in �nancial mathematics and it is typi-
cally used to model interest rates.
One can obtain the unique solution of equation (12):

X(t) = X(0)e−θt + µ(1− e−θt) + σ

∫ t

0
e−θ(t−s)dB(s). (13)

Therefore, {X(t)} is a Gaussian process. Moreover, for the �xed value of the
starting parameter X(0) the distribution tends (t → ∞) to the stationary
distribution N(µ, σ

2

2θ ).
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The approach proposed in this paper is based on the discrete version of the
O-U process, which is based on the Euler scheme discretization and takes the
form:

X(t+ ∆t)−X(t) = θ(µ−X(t))∆t+ σ
√

∆Bt, (14)

where t = 0,∆t, . . . , ∆t is a time step and Bt = B(t+ ∆t)−B(t). Taking ∆t
equal to 1 and µ = 0 we obtain the time series AR(1).

The problem of discretization of the continuous-time processes is widely
discussed in the literature. One can �nd di�erences related related to the
continuous and the discrete version of the given process and the in�uence of
the discretization, for instance, on the estimation results [1, 13, 27, 30, 36, 39,
45]. The proposed discretization is the simplest one. However, this approach
is not new in the literature. As it was mentioned in the Introduction, in
the literature one can �nd few methods of the Ornstein-Uhlenbeck process
parameters estimation which are based on its discrete version.

3.1. The Ornstein-Uhlenbeck process with stable distribution.

The classical O-U process assumes that data follows the Gaussian distribu-
tion. However, in real cases very often data reveals the property of heavy tails,
which is not related to Gaussian behaviour. Therefore, in the literature, one
can �nd the extension of the O-U process with the stable distribution [33]. In
such cases, some signi�cant jumps and changes would be present in the data.
In order to apply this, the distribution in equation (12) has to be changed.
The O-U process driven by stable Lévy process is de�ned by the following
stochastic di�erential equation:

dX(t) = θ(µ−X(t))dt+ σdZ(t), (15)

where {Z(t)} is a Lévy process, i. e. process with independent, stationary and
SαS increments. The Euler discretization scheme can be de�ned similarly to
the classical case. It is given by the formula:

X(t+ ∆t)−X(t) = θ(µ−X(t))∆t+ σ(∆t)1/αZt, (16)

where t = 0,∆t, . . . and Zt = Z(t + ∆t) − Z(t). Taking ∆t equal to 1 and
µ = 0 we obtain the time series AR(1) with the stable distribution. Indeed,
we obtain the following expression for AR(1):

Xt − φXt−1 = σZt, (17)

where φ = 1 − θ and {Zt} constitute sequence of independent, identically
distributed (i.i.d.) SαS random variables. For the AR time series with stable
innovations several estimation methods are described in the literature e.g.
modi�ed Yule-Walker [21], normalized covariation [10] and Whittle method
[2]. Under such assumptions it is proved in [35] that the system satisfying
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equation (17) has a unique, stationary solution of the following form:

Xt =

∞∑
i=0

ciZt−i, t ∈ Z, Zt ∼ SαS, a.s (18)

where real ci's satisfy |ci| < Q−1, where Q > 1 if and only if polynomial
φ(z) has no roots in the unit disc z : |z| ≤ 1. The sequence {Xt} is then a
stationary process and has SαS distribution.

4. Estimation of the stable O-U parameters based on FLOC.

The main aim of the paper is to present a new method of estimation for
parameters of the O-U process with the stable distribution based on fractional
lower order covariance. The new method is a modi�cation of the classical
Yule-Walker method. However, instead of the autocovariance function, the
FLOC is used. The need for the substitution is lack of the theoretical �nite
second moment for random variables with SαS distribution. The FLOC is well
de�ned for the class of such variables, therefore it can be successfully used in
that case. In this article, we are going to analyse the discretized version of
the O-U process, which is an AR(1) model. The estimation procedure of this
process consists of several steps.

Theorem 1 Let us assume that the vector {X1, ..., XN} is a realization of a
discrete version of the O-U process given by equation (17) with the sequence
{Zt} of an i.i.d. SαS random variables. Moreover, we assume α > 1 and
σ = 1. Then, the estimator of the parameter φ is given by the following
formula:

φ̂ =

∑N−1
n=1 |Xn|A|Xn+1|B sign[XnXn+1]∑N−1

n=1 |Xn|A−1|Xn+1|B+1
, (19)

where A and B are parameters satisfying inequalities 0 < A+B < α.

Proof Let us assume that St = sign(Xt) and

FLOC(k,A,B) = E[X<A>
t X<B>

t−k ].

Let us multiply the equation (17) by StSt−1

XtStSt−1 − φXt−1StSt−1 = ZtStSt−1

It is clear that XtSt = |Xt|:

|Xt|St−1 − φ|Xt−1|St = ZtStSt−1

Let us multiply the above equation by: |Xt|a−1|Xt−1|b:

|Xt|a|Xt−1|bSt−1 − φ|Xt|a−1|Xt−1|b+1St = ZtStSt−1|Xt|a−1|Xt−1|b
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Let us multiply the above equation by St

|Xt|a|Xt−1|bSt−1St − φ|Xt|a−1|Xt−1|b+1S2
t = ZtS

2
t St−1|Xt|a−1|Xt−1|b

It is clear that S2
t = 1:

|Xt|a|Xt−1|bSt−1St − φ|Xt|a−1|Xt−1|b+1 = ZtSt−1|Xt|a−1|Xt−1|b

By taking the expectation we obtain:

E[|Xt|a|Xt−1|bSt−1St]− φE[|Xt|a−1|Xt−1|b+1] = E[ZtSt−1|Xt|a−1|Xt−1|b]

Let us use the representation of {Xt} given by equation (18):

E[|Xt|a|Xt−1|bSt−1St]− φE[|Xt|a−1|Xt−1|b+1] =

= E[Zt

∣∣∣∣∣
( ∞∑
i=0

ciZt−i−1

)∣∣∣∣∣
a−1

|(
∞∑
j=0

cjZt−j−1)|bSt−1].

The left side of the above equation can be rewritten as follows:

E[|Xt|a|Xt−1|bSt−1St]− φE[|Xt|a−1|Xt−1|b+1]

=
∞∑
i=0

∞∑
j=0

E[Zt|ciZt−i|a−1|cjZt−j−1|bSt−1].

The random variables Zt, Zt−i and Zt−j−1 are not independent if and only if
t = t−i = t−j−1. It is clear that the above equality is always false. Therefore,
the random variables are independent and any of them has EZt = µ = 0,
if the assumption that α > 1 and {Zt} ∼ SαS is valid. After applying that
remark and the de�nition of FLOC we get an explicit form for the parameter
φ:

φ =
E[|Xt|a|Xt−1|bSt−1St]

E[|Xt|a−1|Xt−1|b+1]
=

FLOC(1, a, b)

E[|Xt|a−1|Xt−1|b+1]
. (20)

Then, after substitution of the theoretical FLOC with its estimator and the-
oretical fractional moments with empirical ones we get the estimator of pa-
rameter φ.

Additionally, it is worth mentioning that the estimator of parameter θ can be
easily calculated as θ̂ = 1− φ̂.

5. Monte Carlo simulations.

5.1. Optimal A,B parameters for the estimator of the stable O-U

process parameter with �xed θ and α In order to test the e�ectiveness
of O-U process parameters' estimators, the analysis of the simulated data
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was performed. The FLOC-based estimation using Theorem 1 was done. We
analyse the O-U process which satis�es the following equation:

dX(t) = −0.9X(t)dt+ Z(t), (21)

where {Z(t)} is the stable Lévy process. The Euler discretization of equation
(21) takes the form:

Xt − 0.1Xt−1 = Zt, (22)

where {Zt} constitutes a sample of i.i.d. random variables from SαS distri-
bution with the stability parameter α = 1.9 and the scale parameter σ = 1.
Using the Monte Carlo method we generate the trajectory of length 1000 of
the model given by equation (21) and estimate the discrete time O-U pro-
cess parameter using FLOC-based estimator. The sample trajectory of such
a model is presented in Fig. 1.

Figure 1: A sample trajectory of the discrete time O-U process model given by
equation (21)

In order to �nd the parameters A and B which will be the most optimal
the estimations for di�erent pairs were performed. We �x the values of θ = 0.9
and α = 1.9. Then, for each pair of A,B = 0, 0.1, . . . , α, A + B < α the
parameter θ is estimated. For each pair of parameters A,B 10000 Monte
Carlo simulations were performed and then the means of estimated values
were calculated. The results are presented in Tab. 1.
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Table 1: The table of means of 10000 estimated values θ̂ for the stable time O-U process with

di�erent values of parameters A and B, θ = 0.9, σ = 1 and α = 1.9.

A
/
B

0
0
.1

0
.2

0
.3

0
.4

0
.5

0
.6

0
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0
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1
1
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.7
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8
8
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The best pairs A,B (for which the means of estimated values are closest
to θ = 0.9) were highlighted in the Tab. 1. In particular, for A = 0.9 and
B = 0.5 we obtain the most appropriate results.

5.2. Optimal A,B for the stable O-U process with random θ �xed
α A similar study was performed for di�erent values of the θ parameter in
order to check how sensitive are A,B for di�erent values of θ. Therefore, the
following model was considered:

dX(t) = −θX(t)dt+ Z(t). (23)

where {Z(t)} is a stable Lévy process. In Tab. 2 the obtained results for
0 < θ < 1 and in Tab. 3 for 1 < θ < 2 are presented. Moreover, there are also
illustrated mean errors (ME) calculated for any θ from the following formula:

ME =

∣∣∣∣∣ 1n
n∑
i=1

θ̂i − θ

∣∣∣∣∣ ,
where n is equal to 1000 and it is the number of Monte Carlo simulations, θ
is the theoretical value of the parameter and θ̂i is its i-th estimator. Similarly,
the mean percentage error (MPE) is calculated using the following formula:

MPE =

∣∣∣∣∣ 1
n

∑n
i=1 θ̂i − θ
θ

∣∣∣∣∣ .
We are looking for the pair of parameters A,B = 0, 0.05, . . . , α, A+B < α,
which minimise the ME and MPE. In Tab. 2 and Tab. 3 for each value of θ
the most suitable A,B, the estimator θ̂, ME and MPE are presented. One
can observe that both ME and MPE are small and the estimators are close
to the real values of parameter θ. In particular, the optimal values of A,B
are varying. However, the optimal A is close to 1 for all values of θ.

Table 2: The table of estimated values θ̂ for the stable O-U process for di�erent
values of parameters A and B, 0 < θ < 1, σ = 1 and α = 1.7

θ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

A 0.95 0.9 0.95 0.9 0.9 0.85 0.8 0.75 0.7

B 0.55 0.1 0.7 0.4 0.5 0.3 0.1 0 0

θ̂ 0.10001 0.20033 0.29984 0.39859 0.50073 0.59996 0.69908 0.79995 0.89978

ME 0.00001 0.00033 0.00016 0.00141 0.00073 0.00004 0.00092 0.00005 0.00022

MPE 0.00009 0.00164 0.00054 0.00353 0.00146 0.00007 0.00131 0.00007 0.00024

5.3. Optimal A,B for stable O-U process with random θ and

α In a real case, the values of θ are unknown, thus we would like to test
the most suitable A,B for any θ and α. Parameters A,B have to be �xed
in the estimation procedure, thus the following test is proposed. Indeed, in
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Table 3: The table of estimated values θ̂ for the stable O-U process for di�erent
values of parameters A and B, 1 < θ < 2, σ = 1 and α = 1.7

θ 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9

A 0.75 0.75 0.8 0.85 0.85 0.9 0.95 0.9 0.95

B 0.25 0 0.1 0.3 0.15 0.45 0.7 0.1 0.55

θ̂ 1.10060 1.20048 1.29992 1.40038 1.49882 1.59836 1.70062 1.80002 1.90009

ME 0.00060 0.00048 0.00008 0.00038 0.00118 0.00164 0.00062 0.00002 0.00009

MPE 0.00055 0.00040 0.00006 0.00027 0.00079 0.00103 0.00037 0.00001 0.00005

the simulation procedure, the parameter θ and the stability index α were
drawn from the uniform distribution. It was assumed that 0 < θ < 2, θ 6= 1
and 1.5 < α < 1.9. Therefore, the most appropriate parameters A,B =
0, 0.05, . . . , α, A + B < α are going to be chosen. In order to choose the
optimal A,B, the mean absolute error (MAE) is calculated using the following
formula:

MAE =

∑n
i=1

∣∣∣θ̂i − θ∣∣∣
n

, (24)

where n is the number of Monte Carlo simulation. The results of the test
with drawn θ and α parameters are presented in Tab. 4. In the procedure
1000 Monte Carlo simulations were performed and three best sets of A,B
are illustrated. One can observe that parameter A should be close to 1 and
parameter B is around 0.5. It is worth mentioning that the MAE is small
and the proposed estimator can be used even though we do not know the
theoretical values of α.

Table 4: The table of estimated values θ̂ for the stable O-U process for drawn
values of 0 < θ < 2, θ 6= 1, 1.5 < α < 1.9 and �xed σ = 1. The best three set
of parameters A,B are presented.

#1 #2 #3
A 0.9 0.9 0.9
B 0.55 0.5 0.45
MAE 0.023777 0.024321 0.025658

5.4. The optimal A,B selection for given α. In the case of real
data analysis, it is crucial to properly select the A,B parameters. Indeed, A,B
in�uence the estimation results. It has already been tested, which values of
A,B should be used for data with unknown α (Tab. 4). However, it is possible
to optimize the estimation procedure. Particularly, it is proposed to choose
appropriate A,B parameters for given α. Let us assume that {X(t)} is the
O-U process with the stable distribution, given by equation (15). Then, this
process {X(t)} also has a stable distribution. Thus, in the �rst step, the
parameter α can be estimated for {X(t)}. In the literature one can �nd many
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Table 5: Parameters A,B, for which the estimator θ̂ has the smallest MSE,
with α from di�erent intervals.

α ∈ A B MSE MAE
(1.1, 1.3) 0.75 0 0.0055 0.0549
(1.3, 1.5) 0.85 0.4 0.0018 0.0326
(1.5, 1.7) 0.9 0.55 0.0009 0.0229
(1.7, 1.9) 0.9 0.5 0.0009 0.0236

di�erent estimators of stable distribution parameters i.e. the approximated
maximum likelihood method [42], McCulloch's method [26] or the regression
method [19]. It is su�cient to apply one of them and then the appropriate
A,B parameters for an estimated α can be used. The simulation study for
di�erent α was performed and for each interval, the most appropriate A,B
were selected. In Tab. 5 the results of the simulation study are presented. It
was tested for α ∈ (1.1, 1.9), for each interval 1000 trajectories of the O-U
process were simulated. In each case, the trajectory length was N = 1000. In
each repetition, the α parameter was drawn from the appropriate interval. In
this case, the additional error, namely mean squared error (MSE) is calculated
using the following formula:

MSE =
1

n

n∑
i=1

(θ̂i − θi)2. (25)

In Tab. 5 the parameters A,B with the smallest MSE and MAE are presented.
It can be observed that the bigger α is, the higher values of A,B parameters
should be used.

5.5. The comparison with another estimators of the O-U process

parameters As it was mentioned, in the literature one can �nd several
di�erent approaches used for the estimation of the parameters of the O-U
process with the stable distribution. In this section, the estimator based on
FLOC measure is compared with two other estimators, which are proposed
for the discrete version of the O-U process. Particularly, we compare the
introduced approach with the method based on normalized covariation (NCV)
[21] and the Whittle method [28]. Firstly, the MSEs for the three estimation
methods are compared. In Tab. 6 the MSE for each method is presented. It
was calculated based on simulated 1000 trajectories for each interval of α. In
each case, the trajectory length was 1000. Moreover, in the method based on
FLOC, we apply theA,B parameters, which are optimal for the corresponding
α taken from Tab. 5. One can observe that the smallest value of MSE is
obtained for the Whittle method. However, FLOC method outperforms the
approach based on NCV. Furthermore, for α > 1.3 the results for FLOC and
Whittle methods are almost the same. Only for α ∈ (1.1, 1.3) the Whittle
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Table 6: The MSE for a di�erent estimation method, random α ∈ (1.1, 1.9)
and φ ∈ (−1, 1)\{0}.

method \ α ∈ (1.1, 1.3) (1.3, 1.5) (1.5, 1.7) (1.7, 1.9)
FLOC 0.0057 0.0019 0.0008 0.0009
Whittle 0.0004 0.0006 0.0005 0.0006
NCV 0.0240 0.0102 0.0037 0.0024

Table 7: The computational time (in seconds) forM = 100 trajectories of the
O-U process with a di�erent trajectory length N .

FLOC(0.8, 0.2) Whittle NCV
N = 100 0.0071 0.2570 0.0028
N = 200 0.0122 0.2646 0.0029
N = 300 0.0177 0.2825 0.0032
N = 400 0.0232 0.2900 0.0035
N = 500 0.0285 0.2993 0.0038
N = 600 0.0338 0.3092 0.0040
N = 700 0.0398 0.3176 0.0044
N = 800 0.0453 0.3286 0.0048
N = 900 0.0502 0.3372 0.0049
N = 1000 0.0559 0.3499 0.0053
N = 10000 0.3066 1.1326 0.0324

method outperforms the other techniques.
Another important property of the estimator is the computational time. In
order to test this, the simulation study was performed. We consider here
di�erent trajectory lengths of the O-U process based on stable distribution.
For each case, we simulate 100 trajectories. In Tab. 7 the computational time
is presented for 100 trajectories. The least complex method is the one based
on NCV. However, the FLOC outperforms the Whittle method. In Fig. 2
the time in log scale is presented. The results are presented for α = 1.9 and
θ = 0.5, however, we observe that the α and θ parameters have no in�uence
on the computational time. The only parameter which in�uences the results
is the trajectory length N . Although the Whittle method is more precise, it
is more complex and its computational time is longer. On the other hand, the
estimators based on the NCV and FLOC methods have simpler formulas and
their computation is faster.
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Figure 2: The computational time for a di�erent sample length in log scale.

6. Conclusions. In this paper, we study the Ornstein-Uhlenbeck process
based on the stable distribution. It arises after replacement of the ordinary
Brownian motion in the classical Ornstein-Uhlenbeck process by the process
of stationary independent increments with the stable distribution. The stable
processes are widely discussed in the literature and have found various ap-
plications. However, their use implies that the classical estimation methods
cannot be applied. In this paper, we propose a novel technique of the sta-
ble Ornstein-Uhlenbeck process parameters estimation. The new method is
based on the fractional lower order covariance, one of the alternative measures
of dependence adequate for in�nite-variance processes. The presented study
is the extension of the authors' previous research where the covariation was
proposed as the base for the estimation of the stable autoregressive models.
However, in contrast to the covariation-based technique, the proposed in this
paper method is simple and the obtained estimator is given in the explicit
form. The e�ectiveness of the proposed method is checked by the Monte Carlo
simulations.
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Estymator bazuj¡cy na uªamkowych momentach dla procesu

Ornsteina-Uhlenbecka z rozkªadem stabilnym

Piotr Kruczek,Wojciech �uªawi«ski, Patrycja Pagacz, Agnieszka
Wyªoma«ska

Streszczenie Proces Ornsteina-Uhlenbecka jest jednym z najbardziej popularnych

procesów stochastycznych. Znalazª on wiele ciekawych praktycznych zastosowa«.

Nale»y jednak zwróci¢ uwag¦, »e klasyczny proces Ornsteina-Uhlenbecka nie mo»e

by¢ zastosowany dla wielu danych rzeczywistych, poniewa» cz¦sto pochodz¡ one

z rozkªadów ci¦»ko- ogonwych, dla których nie istnieje drugi moment. W takich

przypadkach niezb¦dna jest mody�kacja klasycznego modelu z wykorzystaniem roz-

kªadu stabilnego. Z powodu zastosowania rozkªadu stabilnego niezb¦dne jest u»ycie

innej metody estymacji ni» bazuj¡cej na autokowariancji. Zaproponowana zostaªa

nowa metoda bazuj¡ca na uªamkowych momentach. Praca jest kontynuacj¡ wcze-

±niej otrzymanych rezultatów dla innej alternatywnej miary zale»no±ci, kowariacji.

W pracy przypomniana zostaªa de�nicja stabilnego procesu Ornsteina-Uhlenbecka

wraz z propozycj¡ nowych estymatorów dla parametrów tego procesu. W celu spraw-

dzenia ich wªa±ciwo±ci wykonane zostaªy symulacje Monte Carlo.

Klasy�kacja tematyczna AMS (2010): 92C50; 62P10.

Sªowa kluczowe: proces Ornsteina-Uhlenbecka, FLOC, estymacja, rozkªad stabilny.
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