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A note on the remainder term of the prime-number formula
for arithmetical progressions

1. Let us write
p@, k)= D A,

n=1l{mod k)
n<L

where k, 1 denote integers, k=1, 0 <1<k, (I, k) = 1.
Consider the remainder term
~ def

Az, k, 1) = p(z, k, l)—;‘(k—)‘

Using te idea of T. Tatuzawa we can prove (see [4] and [2], p.
354-360):
If [] L(s,x) #0, 8 & By, in the region

xmod k&
b,
- 0<y<1
d max {logk, log”(jt|+3)} ’ v ’
then
~ x
| (.’.U, k; l) =0 ( exp{— b2 10g1/(1+7) m})
o (k)
for
x = exp (k2(1+y)/y)’
where by, by, ... are numerical constants.

The subject of this note is to converse this theorem in the case
l =1 (gee [7]). We prove the following
THEOREM. If 0 <y <1,

~

@
(1.1) A(w, b, 1) < 6, ——exp( — e;log "+ z)
@ (k)
for

2 > exp(RO+I7),
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where ¢,,¢, are constants depending only on y, then [] L(s, x)# 0 in the
region xmodk

(1.2) S (e > % jatr
. o ——|—=] max | ¢z, exp ——
Co \ 2 log”t’ = max{, exp 2 ’
where ¢, ¢y, ... are constants depending only on ¢, ¢, and y, and ¢, is numerical.
The case k¥ = 1 was solved by P. Turan (see [5], [6]).
2. The proof of the theorem will be based on the following Turin’s
Theorem (see [5], p. b2):
Let 2,y 25, ..., 2, be complex numbers such that

|21] = [2a] = .. = |24, 124] = 1,

and let by, by, ..., b, be any complex numbers.
Then, if m is positive and N > h, there exists an integer v such that
m<r<m+N and

1 N)N

10121+ be2y+ oo F b2y = (W N tm

min b, + b+ ... + ;.

1<ji<h

We will use also the following lemmas:
I. Let k be a positive integer

“n

1, n = 1(modk),
a. —
0, =nz=1l(modk).

Then for ¢ >1, £>1

r+1
'(_Drz a,A(n)log™ (n /&) N

n*(r+1)!

n=é
1 Eg—s El—s 1
o (2 (o—sy™ (1—8)”2) =

where r is a positive integer and o runs over all zeros of [[ L(s, x) in the
strip 0 < o<1 (see [3]). x mod k

II. Denoting by N(T) the numbers of zeros of all L(s, y), ymodk in
the region 0 <o <1, [t|<T we have

log {k(|t|42)}

b4 53/2—' 9

N(T+1)—N(T) < b, klogk(T'+2),

where k> 1, T > 0, and b, is a numerical constant (see [2], Theorem (3.3),
p. 220).
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HI. If 62 %, t > € k=1, then
L (s, 1) < belogkt {1+ (kt)'~7},

(see [17).

3. Let ¢t be positive, a, defined as above and
(3.1) S, (ky 8) = Z a,A(n)exp(—itlogn).

N<n< Ny
Then
~ - 1
a,A(n) = (d(n, k,1)— A(n—1, k%, 1))+ ——.
¢ (k)

Hence
(3.2)  |fwyw, (K, 1)
1 :
< ~——‘ exp(—itlogn) ( -+
¢(k) |y Sy,

f ~ -
+i Z (4(n, &, 1)—A(n—1, %, 1)jexp(—itlogn)

NNy

*——1 I,+1
) 11+ 1e.

By partial summation, we get
I, <|A(Ng, by D+ |A(N,— 1, T, 1)+
+ |4 (n, k, 1)| [L—exp (—dtlog (L+1/n))|.

Ni<n<Ny—1

Let ¢ be such that for the above ¢, and y

2 1+y
(3.3) 1+#<exp {(c_ logt) },
2
and N,, N, such that

2
(3.4) exp {max((“ 10gt)1+y, k(2+y)/v)} <NE2LK N, <N, <N,
G2

Applying (1.1) and noticing that the right-hand side of (1.1) is in-
creasing with o > N /2, we get

Nt
I, < ¢, exp (— e, log" M Ny,
@ (k)
From (3.4) we get

exp(— ¢, log" I Ny < 1/,
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Hence
¢, N
3.5 I, < ——
(3.5) < R 4
We have also
1 cg N
3.6) — I, < —
( P S G

(see [5], p. 152-153).
Using (3.5), (3.6) with (3.2) we infer that
¢cg N

p(k) ¢

(3.7) gy )] <

Let us apply (3.7) to estimate from above the sum | > a,A(n)/n’|
in the region N1<n<Ny
(3.8) 1<o<3, t>2.

i

By partial summation from (3.7) we get

A(n) ¢g N'°
(3.9) 2 Oy —— ;’c -
Nisn<Ny " (P( )

4. Choosing
2
(4.1) 7 2= exp {max ((_“ logt)lw, 702(1+y)/y)}
e

2

and using (3.9) with
N’i=77‘2j, Ng:n'2j+l7 J=10,1,2,...,

we get
1-0o
Ul
(4.2) | Z < ep—— .
| o= p(k)t(o—1)
If
2 14y
(4.3) &> exp {ma,x ((‘ logt) , kz(”y)“’)}
Oy

1

and r denotes a positive integer, then multiplying (4.2) by 5~ '-log"n&~
and integrating over (&, +oo) we get

Zan%)—‘fgl dn. .———t(a————fn"’log s .

nzé

Since

(o—1)+’ r41

51—0’ n 1 1
7 Glogr; dn = r!— f ;log’% dn = logrﬂ(g)_ ’
I3
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we have
l a ’I’I/ [4 0 r+1)'§1 ¢
4.4 w4 Jogrra - -
(*4) ; B T IR T
Applyiﬁg I to (4.4) we get
I ¢ g gl-e €10 g-e klog{k(t+ 2)}
I%‘ (e—s)* ~ (A—sy* |~ ¢ (g—1yr M £
Since
Sl—s 51—0'
<
(s—1)*2 | = t(e—1)+’
we have
g-e klog{k(1+2)}
(4.5) ’Z r+2 < 1o Ho— 1) €1 £n :

From conditions (3.8), (4.3) it follows

1 klogk(t4-2) &7 2log&-explog'?*&
—E“ §1I2 < t ) 51/2 °

Hence from (4.5) we get the estimate

(4.6) lz e

5. If Theorem (1.1), (1.2) is false, then there exist such zeros ¢* = ¢* +
+4t* for which

1—-0o

< Cpp 75
 Yo—1)H?

1 e, \'T7 1 e
(5.1) o > 1—74'0‘ (—23) .W’ " > max (03, exp (72762”’)),

where ¢; is an arbitrary large constant. Let t* be such that

2\ €y \ (1) ¢
(5.2) "> max {367 exp (7) y; exp (401/” (52—) g y), exp —23701/7} 2ot T,.
2

We apply estimate (4.6) with

02 1y 1 o % a3k
(53) 8:8‘1:1—!— —2~ -W—‘—’Lt EGI+%t ’
(5.4) E = gr o,
Wwhere

(5.5) logt" < r+2 < Slogt*



154 K. Wiertelak

and

2 1+y
(5.6) 0= (—) log”t*.
Ca

It is easily seen that conditions (3.3), (4.3) are satisfied and that (3.8),
owing to (5.2), is of the form

57) 1 e\ (e ! 1t
G0 I<ou=1%13) er “'T\2] Wi T T w0

Multiplying (4.6) b
lgsl_9*<81_ Q*)r+2[ — Eo-l_.a*(al_g*)r+2,

we get
*

*\p42 1—o* 72
x| S1i—0 & 0,—0
e-—e _ — .
: (31 Q) 4<013 £ (‘71“1)
From (5.1), (5.3), (5.5) it follows

* r+4-2 1 r4+2 .1
1+-— <tV®
(o) <l

Therefore from (5.8) we get the estimate

(5.8)

2 ("Z—}; )m

[4

1—o

(5.9)

< Cpg t* 31/32 °

6. Let us estimate the part of the sum (5.9) for which ¢, > "+ 8.
Owing to 1I and (5.5) we have .

8, = J Z goe’ ('91~Q*)r+2 <§§1 M(‘é%‘) r 2 1

e
t >t +8 t*+n<tQ<t‘+n+l

N\ knlogkt* _» Klogkt*
< 658 Z W < egét W .

n=_8

Similarly, we can prove that the sums for

f46(c,—0") <, <485 0< ¢, <" —6(0,—0")
and
lt,—t*| < 6(a;—0"), o,<1—3(c;—0")
are absolutely less than 1 ’
log*?t*

1—o*
0175 ¥ log3.97 .
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Therefore, owing to (5.9) and (5.4), we have

*\rt2
_ot) S1— 0
(6.1) 14 EI (e‘”‘@ e )_)
2 $1—¢

i—o*

< 08 132 .

Ity —t* ]<6(ul—a“)
9/1 3(01—0")
7. Let us estimate V from below. We begin with the estimate of the
number of terms in V.
e\t 1
(2 ) log'tt 1

Let,
N, stands for the number of zeros of [] L(s, ) in the circle [s—s,| < 8u.

xmod k
Since 16u < %, we have owing to III and applying (5.2), in the circle
[s—84| < 164 the estimate

L
s, Z)) ‘ < 15ulogkt* + ¢;5loglogkt*.

l L(sy, %

Hence, owing to Jensen inequality,

N, < 25kulog kt* + ¢,4kloglog kt*

e, )1+"/2 logt*
1

3 Tog i + eg0log”?t-loglogt*.

<m(g

Since the maximal distance of a point in
(7.1) [te— | < 6(0y,—0"), 0,>1—3(c,—0*)
from s, is
d =|8;—(1—3(o,— "))+ (" —6(o;— 0™)i)],

in view of 1—¢" < 5(e,—1), 0;— 0" < 3(0y—1) we get d < 7.4(0,—1)
< 8u. So the region (7.1) i3 contained in the circle {s—s,| < 8u. Therefore
the number of terms in V is legs than

e, \'t7* logt
(7.2) 25 (?2) Wﬁzt*— -+ ey0log™t* -loglogt*.

Let us estimate V from below applying Turan’s Theorem. Owing to
(7.2) we can choose

C, v ]
N s ( 3 ) logiz — + eglog”?t" - loglogt®,

%
, (_1___ w(Q 0')___g_ def logt*

$i—e
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Since, owing to (5.2), we have for {* > ¢, (y) the estimate

N < llogt* = Lm,

the interval (m, m-+ N) is contained in (5.5) for
* = max (T, ¢5(y)) e o
Defining the exponent (r-2) in the sense of Turan’s Theorem, for
" >1T,, we get

1 N N 25 /e \1+v2 1 25 (?)1—1—;;/2.&
V = —_— (—) — 2 lOgV/Z -~ <
4867 2N+ m 72e2 2 log"/zt
Co  log”?t*loglogt™ \o log?2 t*-1og log ¢+
( 72¢% log?® )

¢, \1+72 logt*-loglogt® logt™ (loglogt*)?
> exp|—12.5y (?) W -exp| —e,, W

e 1+47v/2
= exp { —12.5y (—23) log'~"2t*-loglogt* — ¢y, log' ~*2¢*- (loglogt*)z} .

Hence, owing to (6.1), it follows

*31/32 e

. . 1+v/2
g7 > exp{~ 12.5y (é—) log'~"?*loglogt™ —

C18

_czllogl“”/zt*-(loglogt*)z} > e
for ¢ > max (T}, cy(y)). Taking into account (5.4), (5.5), (5.6) we get

9 \1+7
Hogi" < (1—0o") (;—) 2 log'trer.

2

e\ 1
1—o*> 22 —.
4 5(2 log”t*

Hence

and this leads to a contradiction, which proves (1.1), (1.2).
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