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A note on the remainder term oî the prime-number formula 
for arithmetical progressions

1. Let ns write
ip {x ,lc ,l) =  £  A{n),

w=Z(modft)

where Тс, l denote integers, Jc ^  1, 0 <  l ^  fc, (l, Jc) =  1 . 
Consider the remainder term

A(x, Tc,l) — w(x ,Jc,l)
x

(p(k)

Using te idea of T. Tatuzawa we can prove (see [4] and [2 ], p. 
354-360):

I f  f ]  L ( s , %) Ф 0, s Ф /51? in the region
xmod к

h1 0 < y < l ,o' ^  1  —

then

for

max (log Jc, logy( |2| +  3)} ’

A{x, Jc,l) =  0 ^ -e x p {-& 2log1/(1+y)d?}j

x ^  exp (0 1+y)ly),

where Ъг, &2, ... are numerical constants.
The subject of this note is to converse this theorem in the case 

I =  1 (see [7]). We prove the following 
T h e o r e m . I f  0 <  у <  1,

A { x ,1 c , l ) < c 1  —7T e x p ( -c 2log1/(1+y)a;)
(p(k)(1.1)

for
x ^  exp(fc2(1+v)/y),
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where сг, c2 are constants depending only on y, then [ ]  L(s, %)Ф 0 in the 
region % mod k

(1 .2) a >  1 — — ( — I —-— , t ^  maxjcg, exp—  ft2/y),
K c0 \ 2 l  lo g V  ^  \ ’ /’

where c3, c4, . . .  are constants depending only on cx, e2 and y, and c0 is numerical. 
The case ft =  1 was solved by P. Turân (see [6], [6]).

2. The proof of the theorem will be based on the following Turan’s 
Theorem (see [5], p. 52):

Let zx, z2, . . . ,  zh be complex numbers such that

Ы  >  Ы  >  ••• >  \ч\, N  >  i ,

and let by, b2, . . . ,  bh be any complex numbers.
Then, i f  m is positive and N >  h, there exists an integer v such that 

m <  v <  m +  N and

b i^ï+ b2 z2 ~f~ ь м  >
1  N

4:8e2 2N  +  m

N

min |by-{-b2-\- ...  -f- 4

We will use also the following lemmas: 
I. Let ft be a positive integer

1 , n =  l(modft), 
0 , n ф 1  (mod ft).

Then for a >  1, I  >  1

anA{n)\ogr+1 {n^) 
ns( r f - 1 ) ! +

_ J / y

4>W V ?  ( g - s )r+2
?  “ \ , l°g{fc(|i| +  2 )}

(1 - * ) г+г) ‘ f s'2

where r is a positive integer and q runs over all zeros o f [ J  L(s, %) in the 
strip 0 <  a <  1  (see [3 ]). xmodfc

II. Denoting by N (T) the numbers of zeros o f all L(s, %),  ̂mod ft in 
the region 0 <  a <  1, \t\ <  T we have

N {T + 1 ) -N {T )  <  &1 ftlogft(T +  2),

where ft >  1, T ^  0, and bx is a numerical constant (see [2], Theorem (3.3),
p. 220).
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III. I f  <r +  t > e ,  ft >  1 , then

!-£(*> X)\ <  b6 log U {l+ (U Ÿ -°},
(see [1 ]).

3. Let t be positive, an defined as above and 

(3-1) fN1 N2 № ,t)=  У  anA {n )ex p (-it log n ).

Then

Hence

anA(n) =  [Â(n, Je, 1 )— A{n — 1, le, 1 )) +
1

ер {le) *

(3.2) \fN1N2Uc, i)|

cp{le)

+

+^  ex p (- it lo g n )
JVî n̂ JV2

^  (A(n, le, 1 )— Д(п — 1 , le, l))exp( — ■iüog
Лт1<и.<Л72

h  +  h -(p{le)

By partial summation, we get

I 2 < \A{N2, le, 1)|+ И № - 1 ,  Тс, 1)| +

+  \Â{n, le, 1 )[ [l — exp( — Mog(l +  l/w))
ДГ[<«<Лт2-1

Let t be such that for the above c2 and y

(3.3) l  +  t2<  exp||-?-logtJ j ,

and Nlf N 2 such that

(3.4) expjmax/|— logtfj , ft(2+r)/y <  A /2 <  Ax< A2<  A.

Applying (1 .1 ) and noticing that the right-hand side of (1 .1 ) is in­
creasing with х ^ Ж / 2 , we get

Nt
1 2 <  c4——-e x p (-c 2log1/(1+y)A).

<p{le)
From (3.4) we get

exp( — c2log1/(1+y)A) <  1  /t2.
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Hence

(3.5)

We have also

(3.6)

(see [5], p. 152-153).

I
2 <p{k) t

— — I x <  —
<p(k) <£>(&) t

Using (3.5), (3.6) with (3.2) we infer that 

(6-7) *01 < g8 . -y
ç>(&) 2

Let us apply (3.7) to estimate from above the sum | £  anA(n)/ns
in the region
(3.8) 1  <  a < 2 У t >  2.

c* N 1-*
cp(k) t

By partial summation from (3.7) we get 

\ i  Л(п)
(3.9) > — <

4. Choosing

(4.1) 77 ̂  exp jmax ||— log^ 7c2(1+y)/yjj
and using (3.9) with

N{ =  v -2j , Ni =  v -2t+\ j =  0 , 1 , 2 , . . . ,
we get

(4.2)

If

(4.3)

V i Л (n)
/  1 s
n̂ srj

<  C]0
V

<p{k)t(cr— 1)

I > exp jmax logtfj +У, &2(1+y)/yjj

and r  denotes a positive integer, then multiplying (4.2) by rj- 1 -logrT}£~ 
and integrating over <|, +oo) we get

v i  A(n) r 1
/ . n̂ 8n J  71

Г 1  W I
— logr-f  <•/ n £ (p (k)t(a— 1)

oo

Since
oo f-l-CT n

/  i r nog'|  d, =  r! /  i  tag-1 dr] =  log— ( f )
r + 1  ’
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we have 

(4.4)
"  W

< Сю (r +  l)!f-

Applying I  to (4.4) we get
ГЛ pQ~s £1—s2
в

Since

(e—*)r+2 (1 - * (Г+2 <

(p{lt) t ( a —l)r”i

Jc log (&(/+2)}

(8 - 1 )r+ 2

t (<7—1 )

p1 ~a

r+ 2  + C H -3/2

< (C -1 )r+1 ’

we have 

(4.5)
у  !*-•

^  (e—*)r+ 2 <  С, Г+ 2  + CH
k lo g {k (t+ 2 )}

|3 /2

From conditions (3.8), (4.3) it follows

1  fclogft(/+2 ) + °
T  tm <

21og£-explog1/2£

(4.6)

ь ь / | 1/2

Hence from (4.5) we get the estimate

? - a
T —( n--(e -e ) r+ 2 <  C1S — 1 F+2 ‘/ ( ( 7 - 1 )

5. If Theorem (1.1), (1.2) is false, then there exist such zeros q* =  a* +  
+it* for which

(5.1) (7* >  1 — / >  max |<?3, exp ("^^2/y) j,40 \ 2 / logyf  

where c3 is an arbitrary large constant. Let /* be such that

(5.2) /* >  max je e, exp +У, exp ̂ 401/r ( ~ -j( +v)lŷ j ? exp - -̂&2/yJ  =* Тй.

We apply estimate (4.6) with

(5.3)

(5.4) 
where
(5.5)

S — +  — 1 +
1 + y

2 / logy/*

£ =  e(r+2)a>,

log/* <  r + 2  <  flog/

+  it* =  (7! +  it* ,
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and

(5.6)
2 \1+y  *  

û) =  I—  lo^ fC2 /

It is easily seen that conditions (3.3), (4.3) are satisfied and that (3.8), 
owing to (5.2), is of the form

(5.7) 1 <  o1! =  1 +
l + y

b ÿ r  < 1  +

i + y ]_ 1

’ 40• (c2/2)1+y “  1 +  4 0 ’

Multiplying (4.6) by

1?1_е‘ (« 1 -е* )’'+21 =  r i~"’ ( e i - O r+s,
we get 

(5.8) 5 V » , / S l _ e
в

* \r+2

si Q

From (5.1), (5.3), (5.5) it follows

.Ci — о
<  c i3  T*-  I -,t \ CTj — 1

* \ f-f-2

a _ fr*\»-+2 /  I \r+ 2
a l a  \ -  / -i , ^  \ _1/32, <  i  +  — I < r  
0 , - 1 } 1 ^ 4 0  /

Therefore from (5.8) we get the estimate

(5.9) 2 *
*  \ r+  2

» i - e )  /
<  c14 31/32

6. Let us estimate the part of the sum (5.9) for which t >  t* -f 8.
Owing to I I  and (5.5) we have

, r+ 2

8 ■e-e*
si Q

< 2 -1 - 0* /
\ 32w

r + 2

2 ;
tn> l*  +  8 <*+w<<e«*+n+l

r . 1—a* V  ^ lo g b *  _ ftlog**"
^  C1 5 ?  / ,  ..Г4-2/ОЛЧГ4-2 ^  C1 6 ?^  тгг+2(32)г+2

w = 8 7 (**\10g 32

Similarly, we can prove that the sums for

t * + 6 ( o , — o*) <  ^  <  f  +  8 ; 0 <  $e <  f  — 6{ox—o*
and

1^— $*| <  6 (o-!— O’*), tfe <  1 ~3(o'i— o*) 

are absolutely less than
log3,2(*

C17 £ *  log  3.97 *
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Therefore, owing to (5.9) and (5.4), we have

( 6 .1 ) V = 2
oe>l-3(ai-o*)

e(o(Q-Q*)
*1

e* y +2 

Q !
<  C18

| l - a *  

£*31/32 *

7. Let us estimate V from below. We begin with the estimate of the 
number of terms in V.

Let

N x stands for the number of zeros of f ]  L (s , x) in the circle \s — sx|< 8 /л.
X mod к

Since 16/j, <  ^, we have owing to I I I  and applying (5.2), in the circle 
\s — <  16^ the estimate

log L {S, x)
L {sx, %)

<  15/UogZrf*-f c19loglogfci*.

Hence, owing to Jensen inequality,

Nx <  25kfilogM* cx 9 h log log M*

<  25 c2
Y

l+y/2 logi* 
logW2f +  c20 logy/2 1  • log log t* .

Since the maximal distance of a point in

(7.1) \tQ- f \  <  6 (о-i—o'*), gq >  г - з ^ - с г * )

from Sj is
d — ! »! — (l — 3 (o'! — O'*)) +  (t* — 6 (o'! — 0-*)г)|,

in view of 1 —<r* < -̂ -(cTi —1), ax— a* <  -^ -К — 1) we get d <  1А(ах — 1) 
<  8 /u. So the region (7.1) is contained in the circle |s — s j  <  8 /л. Therefore 
the number of terms in V is less than

(7.2) 25lf
I+y/2 log*’

logy/2f +  e20 logy/21 * • log log t*

Let us estimate V from below applying Turan’s Theorem. Owing to
(7.2) we can choose

def _  /  0 2 \1+y/2 l 0 g ^
N  =  25 —  

2 lo gyl2t** +  c20 logW21 * • log log t* ,

def o.(P- e*)£l__ ^ def

«! Q
m =  log t*.
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Since, owing to (5.2), we have for t* >  c20(y) the estimate

N  <  |logt* =  Jm ,

the interval (m, m-\-N) is contained in (5.5) for

f  ^  max(T0, c20(y)) =  Tx.

Defining the exponent (r f-2 )  in the sense of Turan’s Theorem, for 
/* >  1 \, we get

48c2 2A7 +  m

v 25 / c2 \i+y/2 1
> ' — 4

c2\l +  y/2 log<*

logvl2 t* X
72c2 \ 2 / logy/21*

C2o l0gy/2t*l0gl0gtf* \c20loSy/2<*'logloe<*
X 72c2 logf

I , n к . c2\i + y/2 lo g f -loglogt* \ / logt* (loglogF)2
>  exp I — 12.5y ( — } ----- -, _ _v/2-^------) • exp ( — c21

loffy/V logy/21 *
1 +  У/2

=  exp j  —12 .5y j  log1 y/2Z*-loglogtf*— c21logx y/2tf*-(loglog£ 

Hence, owing to (6.1), it follows
f  31/32 (  / „  \ l +  y/2

*\2

>
f / c 2

expj — 12.5yl~| log1-r/2 Г  log log i* —

2̂1 log1 y/2^*-(loglogi*)2| >  t* 1 1 2

for t* >  max(271, c23(y)). Taking into account (5.4), (5.5), (5.6) we get

2 \ 1+y,

Hence

i lo g f  <  ( 1 — or )

1 — or* >  2/ 2

c2

1+y 1

log1+yF,

51 2 / logyf  * 

and this leads to a contradiction, which proves (1 .1 ), (1 .2 ).
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