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Finite difference inequalities

Abstract. Discrete inequalities o f Gronwall type are considered in vector lattices.

In this note we wish to establish the discrete analogues of the Gronwall’s 
differential inequality [2]. Discrete inequalities of this type but in other form were 
considered by many authors, see for example Pachpatte [3] [6], Popenda and 
Werbowski [8], Willett and Wong [9]. Gronwall’s type inequalities play an 
important role in the qualitative theory of differential, difference, integral and 
summary equations.

Before giving the main results, we first recollect a few of the basic definitions 
and notions (see [1]). Throughout the paper E denotes any vector lattice, E0 — a 
subset of nonnegative elements of E, N — the set of positive integers. Denote by

Л n

Д Xj the greatest lower bound and by \ J  Xj the least upper bound for the system
j= l j= i
\xj}J=l""tn of elements of the lattice E. For any two elements we shall always 
denote these two bounds by x л у and x v y; they exist by the definition of a 
lattice. The symbol is used for order relation. For xeE, (x)+ : = x v 0. 
Furthermore we define

о о о о

X V \ J  Xj =  X А  Д Xj =  X, ]T Xj =  0, Г Ь = 1 -
j= i i= i j= i j -1

The order relation in a vector lattice has the following properties:

n n

(i) xk^\ J x j ,  Д Xj ^  xk for any xk, к = 1, ..., n, xkeE;
j=i j= i

(ii) Д  xj <  Д  У г  V  XJ ^  V  yj>
j= i j =  i j= i j=i

for any Xj, y'jeE such that Xj ^  y7-, j  =  1, ..., n;

V  ( x j + y j )  < V  XJ +  V  Ур  V  (xf + >7k) = V  XJ + V  У]j= i j= i j= i j= i j= i j= i
к — 1
for any Xj, ykeE, j, к =  1, ..., n;

I  x i  « Z  yj

(iii)
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(iv) [f x ^ y then cix ^ ay for зпу йб 0̂, со), x, yeE\ 
if xeE0 and a ^ b, a, be( — oo, oo) then ax ^ bx:

(v) x v (y + z) ^ x v y + {z)+ for any x, y, zeE. 

L e m m a . Let y, z: N -> E, a: N - * ( 0, oo). I f

(1) Уп+i < any„ + zn, ne N,

then

(2) Уп <  П  aÆyi+ I  ( П  aj 1) ZJ »  neN.
j=i k=i j=i

Proof. Taking into account property (iv), we have from (1)

( П  О / Ч л - Ц - Щ  а7 ‘) л < ( П  a7 ' } zk-
j= 1 j= 1 j= 1

Hence, by (ii),

( П  а} 1) У п ~ У х  < Z  ( П  a7 l ) zk-
j= 1 k=l J=1

Estimation (2) follows now from the above inequality and (iv).
Theorem 1. Let x, w: N -* E0, v : N -* E, b : N -> (0, oo). //

/I
(3) хи+1 ^ vn+  Z  wj v fyx,-, neN,

i

then
n n -  1 к +1

(4) x„+1 ^ v„+ f ]  ( l + bJ) [ w1 v biXi+ Z  ( П  0 + ^ )_1) K  + i v />к + 1 »*)],
j=2 k- 1 j = 2

ne N.

Proof. By putting
П

(5) p„= Z  WJ v hi xi> neN ’
j= i

we have from (3) obviously

(6) x„+1 <  p„ +  p„.

Applying (iv), (ii) together with (6) we get from (5)

Pn+i < Pn + w„+1 v bn+1(vn + p„). 

Observe that pn ^  0; therefore by (v) we obtain

Pn+l < (1 + bH+l)p„ + wH+l V bn+l v„
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Hence, by lemma, we obtain the following estimation:

(7) pn<  i ï  (1 + ^ )0 ,  Z  ( П  0 +bj)~l )(wk+l v b k+lvk)].
j = 2  k = l  j  = 2

Estimation (7) together with (6) and (ii) imply (4).
Theorem 2. Let x, v, w: N -+E, b: N-+ (0, oo). I f

(8)

then

*„+1 <  v„+ Y  wj A bjXj, neN,  
j= i

(9) x„+1 ^ (wj A bj xt + Y  Wk) л П  (l + b;)[w 1 A bi Xi +
*=2 j=2

Proof. Writing

( 10)

+ I  ( П  0+fy) ик] +  уи, n e IV.
k = l  j — 2

Pn =  Z  Wy A bjXj, 
j= 1

we obtain inequalities

Pn+1 ^ Pn + W»+l A 6„+1Xn+1 < p„ + Wn+l, 

from which we get, by the lemma,

(11) Pn < Wj A f e j X ^  £  Wk : = c n.
fc= 2

On the other hand, applying (i) and (iv) we get from (10)

Pn+ 1 ^ Pn T bn + j X n + i ^ Pn + ̂ n+1 (yn + Pn) ( 1 T bn + j ) pn "T bn+ j vn.

Hence, by lemma, we obtain the following estimation of p„:

(12) Pn ^ П  ( { + b j ) [ w i A  bl xl + Y  (П  ( { + hj ) ~ 1) b k + iVk] : =  d„.
j = 2 k = l  j = 2

Comparing (11), (12) we have, by (ii),

Pn<cn л d„.

Hence follows the desired estimation (9).
Remark. Let us consider inequality (8), where w„ ^  h„x„for all neN;  then 

of course vv„ л bn xn = bn x„ and (8) reduces to

(13) x„+i <  v„+ I  bjXj, n e N .
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I t  i s  e a s i l y  v e r i f i e d  b y  u s i n g  t h e  m e t h o d  o f  T h e o r e m  2  t h a t  t h e n
и n — 1 к +  1

(14) x„+1 ^ v„+ П  (l+b/ )[b i*i + Z  ( П  (iH-^/))“ 1 bfc+1 r j ,  neiV.
2 = 2  k = l  j = 2

Theorem 3 .  L e r  x: N ~* E0, v, w: N -* E, b: N -+ (0, oo). I f
П

(15) x„+ ! ^  v„ V X w7- +  bjXj, neN,
j =  i

then

( 1 6 )
n n л — 1 к +  1 к

* n + i ^ n v  X  w 2 +  П  ( ^ + b j ) [ b l x 1 +  z  ( П  0  + b j ) ) ~ l b k + l ( v k v  Z  w » ) ] »
2 = 1 2=2  k = l  j  — 2 t = l

ne N.
P r o o f .  L e t  u s .  o b s e r v e  t h a t  b y  ( v )

ft ft

*«+ 1 <(*>„ V Z  W2') +  Z  bJ XJ-
2 = 1  2 = 1

T h e  a b o v e  i n e q u a l i t y  i s  o f  t h e  f o r m  ( 1 3 ) .  H e n c e ,  b y  r e m a r k ,  w e  o b t a i n  ( 1 6 ) .  
Theorem 4. Let x : N -> E0, v, w: N ~* E, b: N - » (0, oo). //

Я

( 1 7 )  xn+l ^v„+  \ / wj +  bkxk, neN,
2 = 1  
k= i

then
n n

( 1 8 )  x „ + ,  ^  v„+ V  w 2 +  П m a x [ 1 ,  b J f b i X ^
2 = 1  2 = 2

л— 1 к + 1 к
+  Z  ( П  m a x [ 1 ,  6 / ] ) ~ 1 ( h k + !  ( р к +  V  W ( ) ) + ] ,  n e i V .

k = l  2 = 2  » = 1

P r o o f .  I n  v i r t u e  o f  p r o p e r t y  ( i i i ) ,  i n e q u a l i t y  ( 1 7 )  i s  e q u i v a l e n t  t o
ft П

( 1 9 )  x n +1  ^  v n +  V  w j +  V  b j X j .
2 =  1 2 =  1

B y  p u t t i n g
Я Я

P n  =  V Ь 2 Х 2 ’  Z «  = •  У « +  V W 2 
2 = 1  2 = 1

a n d  a p p l y i n g  ( i v ) ,  ( i i ) ,  ( v )  w e  h a v e

P n +  1 =  Pn  v  b n+  1 * n  +  1 ^  Pn  v  ( 6 И+  1 +  !  p „ )

^  Pit V  b n+  1 Pn  +  ( b „ + 1 z „ ) +  <  m a x  [ 1 , b n+  1 ] p « + ( 6 „ + l z „ ) + .
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Hence, by lemma we obtain an estimation of pn, which together with (19) give us 
(18).

Remark. Let us observe that estimation (18) holds if x: N -> E0, v, w: N 
-* E, b: N ->(0, oo) but instead of (17) the following assumption is satisfied:

П
xn+i < v„+ V  Wj + bjXj, neN.

j= i
It is evident since by (iii), inequality (19) remains true.

T heorem 5. Let x, v, w: N -» E, b: IV->( — x ,  x ). I f  for neN
n

(20) (a) X n + l ^ V n V  Д  Wj  + b j X j ,

(b)
n

xn+x ^ V„ Л Д  Wj  + b j X j ,  

J-l

(c)
n

*«+1 < vn+ Д  Wj  + b j X j ,  
1

(d)
n

xn+i ^ V n +  Д  Wj  A  b j X j ,  
./= 1

(e)
n

Xn+l^Vn+ Д  Wj V b j X j .  

j =  1
Then

(21) (a) x„+1 ^ v n v (wl +b l x l ),

(b) x„+i <  v„ A  (Wj+^xJ,

(c) ^ ^+(wi+b, xx),

(d) *n+ 1 < yn + (Wi л  bjXj),

(e) *„+i ^ V bx xx),

respectively, for all neN.

Proof. Estimations (21) can easily be checked from (20) using properties (i) 
and (ii).

Remark. Estimations (21) are not the best possible. If for instance h„x„ <  0
П

for all neN, then wn + b„xn^w„, neN. From this we infer that Д  Wj +
j= iП

+  b j X j  ^  Д  w , ;  h e n c e  f o r  f u n c t i o n s  s a t i s f y i n g  ( 2 0 a )  w e  o b t a i n  t h e  e s t i m a t i o n
j= i П

x „ + 1  ^  v„ v  Д  W j ,  neN, may be, better than (21a).
j -1

We shall prove the theorem given by Pachpatte [4] in the real domain. The
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presented proof shows us that many theorems considered for real sequences hold 
in vector lattices. For the function y: N -+ E we denote Ay: N-> E by Ayn 
— Уп+1 ~Уп weN.

Theorevi 6. Let x, Ax: N -> E0, a, b: N -> <0, go). I f
n — 1 И- l  J— 1

(22) dxn ^ x, + X аДх̂  + Jxj) + J  cij X h.dx,-, neiV,
j=i 1=1

then
n -  1 j  — 1

(23) dx„ ^ [1 +2 X aj П  (2 + a, + hl) ]x 1, ne/V.
j = l  «=1

Proof. Putting
n-  1 и - 1 j -  1

(24) pn = xj + X ûj(*j + ̂ )+ X ai Z M*«,
j = l  j = l  i = l

we obviously have

(25) dx„ ^ pn.

From (24), (25) conditions (ii) and (iv) we have

n~ 1 n— 1

(26) Apn = an{x„ + Axn) + a„ X bjAxj ^ я„ ( * „  +  />„ +  X h j P j ) -

j =  i j = i

Again from (25) and (ii) we obtain

n -  1

(27) x„ ^ X! + X P j -
j =  i

Using (27) in (26) in virtue of (ii) and (iv) we get

я— 1 n~  1

(28) A p „ ^ a H( x i +  X  P j  +  P n +  X  h j P j ) -
j = i  j = i

We denote

n— I n 1

(29) qn =  x i +  X  P j  +  Pn +  Z  b j P j -
j = i  i = i

Observe that p„ is nonnegative for all ne N; hence pn ^ qn for ne N. Therefore, it 
follows from (28), (29), (ii) and (iv) that

Mn = Лрп + рп + Ь„р„ ^  anqn + qn + bnqn,

whence

qn+l ^  (2 + a„ + bn)qn
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Since qx = 2xlt applying lemma to the above inequality, we have the following 
estimation

n — 1

(30) qn ^ 2 П  (2 + aj + bj) x l .
j =  i

Estimation (30) together with (28) and (29) give us by (ii), (iv)

n- 1
(31) Apn ^ a„[2 П  (2 + aj + bj)]x1.

j= i
Applying (ii) to (31) and the fact that px = we obtain

(32) p n ^  [1+2  Y j Г 1  (2 + Я,- + b f) ]  X j .

j=l i=l
Estimation (23) follows now from (32) and (25).

In concluding this paper we note that theorems presented here can be used to 
study boundedness, stability, asymptotic equivalence and other properties of 
summary difference equations for instance in real domain.

Consider the sequence given by recurrence formula

n

(33) X „ +1  = v n+ Y  wi v hj xj , ие-N,
j = i

where w : N  -  ̂E 0 , v : N  -> E 0 , b :  N - > ( 0 , oo), X j 6 E 0 - Let furthermore

(34) (a) \ v „ } neN  is bounded,

(b)
OO

Y  bj converges,
j =  i

(c)
n

[ Z  WJ + 1 v bj + 1 Vj}ne„ is bounded;
7= 1

then the set Jx„J„6A, is bounded.
Since xt eE0 so by assumptions on w, v, b we have x„eE0 for all neN. 

Therefore applying Theorem 1 we get

n n -  1 n

(35) x„+1 ^ vn+ П (1 +bj)(wi v bjX,)+ Y  ( П (l + MK+i v bk+iVk).
/= 2 k=\  j  =  k + 2

n

It follows from (34b) that there exists a constant b such that Y[ (1 + bj) < b  for all
j  — k

k, neN. Boundedness of {х„]ПбУУ follows now by (ii) and (iv) from (34a), (34c) and 
(35).
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The definition of an (o)-convergent series of elements in an ordered vector 
space is the usual

00 n
( O ) -  Z  x n =  ( < > ) -  l i m  Z  x j

n=  1 n j =  1

if the right-hand side limit does exist.
The lattice E is said to be a relatively tr-complele lattice if any countable, 

bounded subset of E admits the greatest lower bound and the least upper bound.
Consider recurrence equation (33) in the relatively <7-complete lattice under 

the same conditions as previously. Since the set (х„]ПбЛГ is bounded, there exists 
\J xn. Therefore, by (ii) and (iv),
neN

Z h k Xk <  Z b k = Vx« Z b k ’ n e N -
к =  1 к =  1 "еЛГ neN к =  1

Hence, from the above inequality and (34b) follows boundedness of the set
n

( Z  bk x k ]neN ■ Taking into account the definition of a relatively a -complete lattice
k =  1

we have that this set admits its least upper bound. Since the sequence
n 00

( Z bk ■X'fcjneN is increasing, it has the limit. Therefore the series Z bkxk is
fc= 1 к =  1

(o)-convergent.
We obtain (o)-summability with the wedge b of the solution of equation (33) 

in a relatively ^-complete vector lattice.
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