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Newton’s method for first-order stochastic
functional partial differential equations

Abstract. We apply Newton’s method to hyperbolic stochastic functional partial dif-
ferential equations of the first order driven by a multidimensional Brownian motion.
We prove a first-order convergence and a second-order convergence in a probabilistic
sense.
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1. Introduction. First-order functional partial differential equations are widely
studied in numerous papers. Problems being discussed include existence theory of
solutions (e.g. classical solutions [4], semiclassical solutions [11], generalized solu-
tions in the Carathéodory sense [19] and Cinquini Cibrario solutions [13]), functional
differential inequalities and their applications [20], numerical methods for initial and
mixed problems. Applications of Chaplygin’s and Newton’s methods or in general
quasilinearization methods can be found in [3, 5].

Random transport equations in nonfunctional setting are considered in [7, 8, 17].
The article [18] focuses on the use of difference methods in order to approximate
the solutions of SPDE of It6-type, in particular hyperbolic equations. The Cauchy
problem for SPDE is considered in [15]. In [10] the authors present a Wiener chaos
approach to solve hyperbolic stochastic partial differential equations.

Newton’s methods for stochastic differential equations are studied by Kawabata
and Yamada in [12] and Amano in [1]. In [2] Amano develops techniques to prove
a probabilistic second-order convergence of Newton’s methods. In [21] we derive
further nontrivial generalizations to the case of stochastic functional differential
equations with Hale functionals. However, our approach is different from Amano’s
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as it is not possible to construct explicit solutions of linear stochastic functional
differential equations using his methods. Instead, we define suitable chains of sets,
formulate It6 isometry-type lemma (see Lemma 4.1 [21]), utilize the Gronwall-type
inequality and the Chebyshev inequality [9]. It is worth mentioning that existence
and uniqueness results in the stochastic functional case are known in the litera-
ture [16]. Appropriate assumptions on the given functions imply the existence and
uniqueness of solutions and convergence of Newton’s sequence.

Our goal is to extend existing results to the case of partial functional differential
equations of the first order. Consider any transport equation [6]

ou ou

e + Cor = fy w(0,z) = v(x).
If ¢, f depends on t,x and unknown function u, the quasilinearization method is
easy to apply. In the same way one can approximate solutions of initial-boundary
value problems for generalized McKendrick’s equation [14]

ou  Ou u(0,z) =v(x) for x € Ry
- Tt = )\U, ~

ot  Ox u(t,0) = o(¢t) for ¢ € [0,T).

By adding white noise to this problem with intensity dependent on some functionals
operating on the unknown function u (e.g. weighted average with respect to ) we
arrive at the stochastic functional differential equation

(t,z) + 2u(t,ac) = \u(t,z) + o (t)i(t) By,

&u or

where

() = /R Glx)u(t, z)dz, /]R Gla)dz = 1.

The Cauchy problem for this equation is easy to solve. However, with A additionaly
dependent on ¢,z or u(t,x)), it turns out to be nontrivial. Moreover, o(t)4(t) can
be replaced by a function dependent on ¢ and 4 up to time t, e.g.

s (t, /0 tﬂ(s)ds) .

Observe that white noise coefficient o@ (or g in model ()) is independent on z.
Additional spatial dependence (g = g(t,,uq »))) may lead to nontrivial problems
with estimating the It6 integral with respect to the norm:

(1) lollb, =E

_sup Iv(f,w)IQ]-
i<t,z€R™

For instance, we cannot use the Doob inequality in the same way as in the proof
of Gronwall-type inequality (see Lemma 3.1). The Doob inequality does not relate
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to the spatial parameter x, but bounds with respect to the time variable ¢ of the
stochastic process:

E [sup |X;?| <AE[|X,)]

i<t

for a martingale or a nonnegative submartingale X. One may ask if the following
modification of norm (1):

|[v[|* = sup E
rzeR™

sup |v(t, ) \2
<t

could solve the problem. However, in this case it is not obvious (or nontrivial to
show) if

t
Y; :/ 9 (5,5"%(5), u(s e (s))) dBs
0

is a martingale or a nonnegative submartingale.

The paper is organized as follows. In Section 2 we introduce basic notations and
formulate the hyperbolic problem. We prove the existence of solutions by means of
successive approximations (Section 4). Next we establish a first-order convergence
(Section 5) and a probabilistic second-order convergence (Section 6) of Newton’s
method. The results in Section 4 and 5 base on the Gronwall-type inequality pre-
sented in Section 3.

2. Formulation of the problem. Let (Q,F,P) be a complete probability
space, (Bt)se[o,r] the standard Brownian motion and (F);c(o,7) its natural filtration.
We recall that L?(Q) is the space of all random variables Y : Q@ — R such that
|Y|I? = E[Y?] < oo. By C([0,T], L*()) we denote the space of all continuous and
Fi-adapted processes y : [0,T] — L%(2) with the norm

llyll7 =E [S}lp y(£)|2] .

i<t

Let 0 <r < ooand T > 0. For Dy = [—r,T] x R™ let Cp,. denote the space of these
continuous and Fi-adapted processes v : Dy — L?(2) which have the bounded
norm

||v|\2Dt=IE _sup |v(f,a:)|2 < 00.

(t,z)eD;

Set Fy = Fo for —r < t < 0. For any process u € Cp, and any point (¢,x) €
[0,T] x R™, the Hale-type operator u ) is defined by

U, (7,0) =u(t + 7,0 +6) for (7,0) € Dg:=[-r,0] x R™.

We consider the following initial value problem for a first-order stochastic functional
partial differential equation
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(2)
9u(t,z) + alt,x) - Vu(t,z) = f (£, 2, uge)) + 9 (£, ue0)) Be for (t,2) € [0,T] x R™,
u(t,z) = ¢(t,x) for (t,z) € Do,

where

a:[0,T] x R™ - R™,
@:[-r0 x R™ = R,

£:10,T] x R™ xC(Dy,R) — R,
g:10,T] x C(Dg,R) — R?,

Bt is the formal derivative of a p-dimensional Brownian motion B; and

ou ou
Vu={—,...,— .
8331 3:Cm
The characteristic equation takes the form

o) =2~ [ alry(m)ir

Let y**(s) denote its solution. By the differentation chain rule

A (o(9) = (G (5:966D) +als9(6) - Vrls.p(9) ) .
Hence we get

t t
(3) u(t,m) = <p(07yt7w(0)) + /0 f (Sa yt’w(s)au(s,yt’z(s))) ds + </0 g (57u(s,0)) dBSa

for0<s<t<T.

3. Gronwall-type inequality. By (C(Dy,R))* we denote the space of all
linear and bounded functionals on C(Dg, R). Let £ (C(Dg,R),R”) be the space of
all linear and bounded maps from C(Dg, R) to R? with the norm

Al 2(c(Do,R) RP) = sup | Av|
Sup(s,z)EDO ‘U(57w)|<1

for A € L(C(Dg,R),R?). The main supremum is taken over all v € C(Dp,R),

whose uniform norms do not exceed 1. Denote D; = [—r,t] x R™ for ¢ € [0,T].

LEMMA 3.1 Suppose that o) : [0,T] x R™ — Cp,., a'? : [0,T] — Cp,. are contin-
uous, A € (C(Dy,R))*, A® € L£(C(Dy,R),R”) and there exists a nonnegative
constant M such that

(4) 1AM (¢, T)||(c(Do,r))* <
|A® Ol (Do r),RP) <

M for (t,z) € [0,T] x R™,
M forte|0,T].
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If u € Cp, satisfies the following stochastic functional integral equation

t
u(t,r) = / {a(l)(s,x)+A(1)(s,m)u(8@)}ds
0

+

/ t {a<2>(s) + A(Q)(s)u(&o)} dB, for (t,z) € [0,T] x R™
0
u(t,x) = 0 for(t,x) € Dy,

then

t
Jul, <420 [ (tla®|, +alla®|) ds fort e 0.7]

PROOF By the fact that (z + y)? < 2(2? + y?) we have

. 2
i
lulfy, < 2B | sup | [ {a(s0) + A0 (s,2)ug ) ds
(t,x)eDy |0
- . )
+ 2E sup/{a(Q)(s)—i—A(Q)() S())}ciB
<t [J0

= 2I + 2D,

Using the Schwarz inequality and (4) we obtain

2
I, < [ sup / ’ A(l)(S l’)u(s x) ds
tw eD;
< 2tE [/ sup ‘ M (s x)‘ ds} +2tE [/ sup ‘A 5, )U(s,2) ds}
0 zeR™ 0 zeR™
t 2 t
< 2t/ E[ sup ’a(l)(§,m)’ ds—|—2M2t/ E| sup |U(§ax)|2] ds
0 (5,3)€D, 0 (8,2)€D,
t t
< Zt/ |\a(1)||%sds+2M2t/ Il ds
0 0

By the Doob martingale inequality and the It6 isometry:

. 2
I, < 4E[/ {a(z)(s)+A(2)(S)U(s,o)}st
0
t
= 4E [/ ‘a(g)( + AP (s)u ’ ds]
0
t 2 t
< 8/ E[sup a(2)(§)‘ }ds—FSMQ/ E| sup |u(3 )| ds
0 5<s 0 (8,2)€Ds

t t
8/ ||a(2)\|§ds+8M2/ ||ul|%, ds
0 0
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Hence
t t
lulfy, < 4 [ (Hla® B, +alla®2) ds-+ a0t +4) [ ullp,ds.
0 0
For a fixed tg such that 0 < tg < T we have
to t
lalls, < 4 [ (tlla®, + 4la®|2) ds+ 40 (to +0) [ Julfp, ds.
0 0

for 0 < t < tg. We apply the Gronwall inequality and obtain

to
||UHZDt < 4e4M2(t0+4)t/ (t0||a(1)| %S +4Ha(2)||§) ds, 0<t<t.
0
Since tg is fixed arbitrarily, we get

2 t
ullh, < getrieror / (@13, +4a@(2) ds, ¢ e [0,7]

This completes the proof. n

4. Existence of solutions. We formulate an iterative scheme for problem (3).
Let

u® e Cp,., u(t,z) = ¢(t,z) for t € [-r,0), z € R™

and
(k+1) ' (k)
+1 — t,x t,x
WD) = O O)+ [ (56 )
¢ k
(5) +/ g (s,uly)) dBs,  (tw) € [0,T] x R™
0
Bt z) = p(tx), (tx)€[-r,0] xR™.

Since F; := Fy for t € [—r,0), the process ¢ is deterministic, thus independent of
the Brownian motion on [0, T]. If we denote

Au®) (t, ) = u* (¢, ) — uF (8, 2)

then we have

Au* D (¢ z) = /Ot {f (s,yt’”(S)»UEfZ3>)w<s>>) -7 (s’yt’x(s)’“g}ym(s>>)}ds
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THEOREM 4.1 Suppose that the functions

£:[0,T] x R™ xCy(Do, R) — R,
g:[0,T] x Cy(Dy,R) — RP,

are continuous and satisfy the Lipschitz condition with respect to the functional
variable

|f(t,$,11) - f(t,$,17)| < L|U _’U‘: |g(t,’l}) _g(t7@)| < L|U_T]|

for v,7 € C(Dg,R). Then the sequence u'®) = (uF)) ey defined by (5) converges
to the unique solution u of equation (2) in the following sense

=0.
Dr

lim ‘u(k) — u)
k—oo

PrOOF We show that (u(k))keN satisfies the Cauchy condition with respect to the
norm || - || p,. By the Lipschitz condition we have

bag 0D\ g (o ey () (k1) )
£ (sl ) = £ (507 @ iy )| € Llulig) —u )

Au® (3, 55)’ .

< L sup
(3,%)€Ds

Similarly

(k+1) (k) (k41) _ (b) o -
9 (5:u0) =9 (s )| < E[uis5)) =ity | < Lo 23]

Applying Lemma 3.1 with
k+1 k
oV(s,) :f(S’yt’gc(‘s)’“gs}v)w(s))) _f(S’yt’x(s)’ugs?yws)))’

a(2)(s) =g (&UEI:B;)) -9 (Sa UEI;)O)) 5

AW (s, 2) =0, AP (s)=0

we obtain
2 t 2
HAu(’““)‘ <2L2(T + 4)/ HAN)‘ ds.
Dy 0 D,
We have the recurrence inequality
2 t 2
(6) HAU(’“H)’ < CT/ HAu(k)’ ds,
Dy 0 D,

where Cr = 2L2(T + 4). The recursive use of (6) leads to

2 C§+ltk3+1 2 = 0.1
N =U,1,....

Dy

x

A (k+1>’ Sr U
H “ p. > (k+ 1)

&
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Hence
2 Cktr—Lik+p—1 Ck ¢k 2
(k+p) _ <k>‘ < T s HA (0>‘
| o, ( CET P
for k=0,1,.... We conclude that (u(k))keN is a Cauchy sequence in the Banach
space Cp,.. Therefore it is convergent to the solution w. n

5. First-order convergence of Newton’s method. We formulate Newton’s
scheme for problem (3). Let

u® e Cp,., u'D(t,x) = p(t,z) for (t,z) € Dy

and consider the following sequence of functional integral problems
uM D (t,2) = ¢(0,57(0))
t, (k) t, (k) (k)
(520 ) u( ) Fo (58575 0y ) B s

/
+ /t {g (s,uélj?o)) + g (5,u§?0)> AUEZ)O)} dBs, (t,x) €[0,T] x R™
0

—
~

KD (¢ 1) = o(t,2), (t,z) € [-r,0] x R™,
where Au®) (t,2) = w1V (t,z) — u®) (¢, ) and
f:00,T] x R™ xCyp(Do,R) = R, g¢:[0,T] x Cy(Dp,R) — R?
are continuous functions,
fo € (C(Do,R))", g € L(C(Do,R),R”)

are Fréchet derivatives of f and g with respect to the functional variable v €
C(Dy,R). We have the following integral equation for increments Au*+1):

AuFHD (¢ z)

t
k k
N /0 {A7© (s2) = 1P (. 0) Al + S s ) Dl ) ] ds

®)  + /Ot {290 (s) = g (s)Auly) + gD () Aut i} dB,

for (t,x) € [0,T] x R™ and
Af®) (s,z) = f (s,yt’z(s),UEff;L(s») —f (svym(s)’“g?y”(s))>
AgM(s) =g (s, h)) =g (s.ully))
s 2) = £ (5,95 ul o))

gi()k) (s) =gy (S,UEI:?O)) .
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THEOREM 5.1 Suppose that there exists a nonnegative constant L such that
(9) 1fot @)l cpory <L 190l 2ic(por) vy < L-

Then the Newton sequence (u*)) e defined by (7) converges to the unique solution
u of equation (2) in the following sense:

=0.
Dr

lim ‘u(k) — u)
k—oo

PrOOF We show that (u(k))keN satisfies the Cauchy condition with respect to the
norm ||-|| p,.. Notice that (9) implies the Lipschitz condition for f(¢,z,v) and g(¢,v):

(10) |f(t2,0) = f(t,2,0) < Llv—20[, [g(t,v) —g(t,)] < Lv—7|
for v,v € C(Dy,R). We apply Lemma 3.1 with

a(l)(s7x) = Af(k)(s7x) - fék)(s, x)AuE];)ytz(s))a A(l)(sa CU) = f£k+1)(s,x)
o (s) = Mg (s) — g{P (s) Aul AP (5) = gF1(s)

and obtain
|AuEHD |3,

¢
< a0 AL - A, + 4l ag® - g Au|2] s
0
By the Lipschitz condition and (9) we have the estimate
¢
HAu(kJrl)H%t < 16L2(t+ 4)64L2(t+4)t/ IIAU(’“)HzDSd&
0
Since t < T, we have
¢
() I8 O, < Cr [ A, ds
0

where )
Or = 16L%(T + 4)e*E"(T+9T,

The recursive use of (11) leads to

Céﬂj’ltkk‘rl

AuFD)2 <
8D, <

12u @3,

Thus

C§+p— 1tk:+p—1

k ok
Hu(’““’) _ u(k)||2 < zr 4+ Crt ||Au(0)||2
4 = (k+p—1)0 "7 R Dr:

We conclude that (u*))cy is a Cauchy sequence in the Banach space Cp,.. There-
fore it is convergent to w, which is the solution to problem (2). n
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6. Probabilistic second-order convergence of Newton’s method. The
following theorem establishes a second-order convergence of Newton’s method in a
probabilistic sense.

THEOREM 6.1 Suppose that the general assumptions of Section 5 are satisfied and
there exists a monnegative constant M such that

(12) ||fv(t,I,U) - fv(tvxall_})”(C(DmR))*
(13) gt v) = 9o (t, V)l 20 (Do ) 7P

for all v, € C(Dy,R™). Then there exists a nonnegative constant C' (independent
of T) such that for any T >0

M v — o],

<
<M|v—17|

Pl sup |AuP(t,2)<p = sup  |AuF (¢, 2)| < Rp?
(t,x)eDr (t,x)eDr

> 1 — LT+ ) pp—2
forall R>0,0<p<1,k=0,1,2,....

PROOF Define the sets

Agft) = {w: sup |Au(k)(s,z)| <p} for 0<p<1L,0<t<T, k=0,1,2,....
(s,x)€Dy

We consider the sequence (Au(®))cn restricted to the sets A(p]ft) . For this reason we

multiply equation (8) by 1 ), the characteristic function of the set A;kt) , and have
Pt 5

lAE)I,Ct) Au(k+1)(t,x)
t
k k+1
= 1A§)k2 /0 {Af(k)(sam) - fz()k)(S,SC)AUEs?y,T(S)) —‘y—fl()k—i_l)(S,LU)AUES;f)T(S))}ds

t
k k+1
+ lAff,}) /0 {Ag(k)(s) - gqgk)(s)Augs?o) + gq(jkﬂ)(s)AuES:S))} dBs

for (t,z) € [0,T] x R™. If we denote

k k
F(s,z) = Af®)(s,z) — fﬁk)(s,x)Augs?ytz(s)) + f£k+1)(s,x)AugsZtl,)z(s))’
G(s) = Ag®) (s) — g () Aufery + giF 1 (s) At Y,

then we have

I 14 AulktD|2,

/Ot F(s,x)ds

2 2

/ ' Glin,

< 2E 1A(k) sup

9 +2E 1A(k) sup
yT t

Ptigt

= 2I1+2I2
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By the fact that for s < t:

k k
AEJJ) C A(p)s) = 1A;(ft) = 1A§7’,€t) 1AEJ{C-Z
we have
t 2 i 2
L < E|l1,s sup / 1, F(s,z)ds| | <E| sup / 1, F(s,z)ds
~t (Fa)eD, |[YO 00 (F,z)ep, |Jo  TPC

Hence by the Schwarz inequality:

7
sup /1Afff; |F(s,z)|* ds

(t,x)€D¢ YO

I; < tE <tE

t
/1 (k) sup |F(§,x)|2d5]
0

¥ (8,z)€D;
2
ds

t
< QtE/ (%) sup )Af(k)(é,x) fiR) (s, x)Au )m
[0 AR S G ()
2
ds

From the fundamental theorem of calculus and (12) it follows that

t
(k+1) (5 (k+1)
o[ o, [ s

(A0 (s,2) = 1 (s,0) Aull)

y* = (s))

< sup ‘Au
(5,2)€D, Gy®

z (k) (k) ~ (k)
wv“(s,yw(s)) ”’A“(é,yt»w(é))) —fo (5 T, U(s e (3)) do

) Hz:(C(DO,R),R)
1 2

-M sup ‘Au(s

2 (5,z)€Ds

y**(3))

Hence by (9)

1
I, < 5tM2 E

4

ds
2

ds| .

Recall that [Au® (3,2)] < p on Agfg for 0<§<s,zeR™. Thus

t
1,6 sup ’Aus ta (g
/0 Aps(éx)eD (3,y*=(3))

t
2
+ 2tL°E |:/0 ].Ag)sz (gil)lé)D ‘Ausyt % (5))

ds.

I < t2M2p4+2tL2/ )1 o Aut +1>’D
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We have
_ . )
Iy = E|1,0sup / G(s)dBs
Pt V0
- ; 9
< E ].A(k) sup / 1A(k) G(s)dBs
et gy |[Joo e
- . )
< E |sup / 1,0 G(s)dBs
i<t |J0 £o8

Applying the Doob martingale inequality and the It6 isometry we obtain

t
=4FE [/0 1A(plfg G2<S>d8:|

2
L < 41@[

t
/ 1A(k) G(S)dBS
0 028

Hence

t
I, < 2tM?*p* +8L2 /
0

2
1A(k) Au(k+1)H ds.
P, Dy

We have the estimate
1,0 Au T3, < 2n + 21
p,t

2

t
< t(T+4)M2p4+4(T+4)L2/ ds.
0

1A(k) Ay ‘

P8

s

Applying the Gronwall inequality we obtain
2
H 1A(k2 Au(k+1) ||2D, < t(T + 4)M2p464T(T+4)L .
P,

The Chebyshev inequality yields

Pl sup |[Au®(s,2)[<p A sup |AuR Y (s, )| > Rp?
(s,z)€Dy (s,z)eDy

1
k+1 R 2 k+1)(12

r (1“‘;(3 (s,sml)lth [2u s, ) > By ) < 7RQP4|| lAft) Ault V[,
< (T +4)M2ATTHOP R=2,

Hence for any R > 0, 0 < p < 1 we have

Pl sup |[AuP(s,2)|<p = sup |AulFTY(s,2)| < Rp?
(s,z)€D: (s,2)€D:

> 1— eC(T2+1)tR72

7

which completes the proof.
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