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LINEAR GROWTH OF THE DERIVATIVE FOR
MFEASURE-PRESERVING DIFFEOMORPHISMS

BY

KRZYSZTOF FRACZEK (TORUN)

Abstract. We consider measure-preserving diffeomorphisms of the torus with zero
entropy. We prove that every ergodic C' L_diffeomorphism with linear growth of the deriva-
tive is algebraically conjugate to a skew product of an irrational rotation on the circle and
a circle C’l-cocycleA We also show that for no positive 3 # 1 does there exist an ergodic
C2-diffeomorphism whose derivative has polynomial growth with degree .

1. Introduction. Let M be a compact Riemannian C'-manifold, B
its Borel o-algebra and p its probability Lebesgue measure. Assume that
f:(M,B,u) — (M,B, ) is a measure-preserving C!-diffeomorphism of the
manifold M.

DEFINITION 1. We say that the derivative of f has linear growth if the
sequence

nIDf": M — L(TM)
converges pi-a.e. to a measurable p-nonzero function g : M — L(TM), i.e.
there exists a set A € B such that u(A) > 0 and g(z) # 0 for all z € A.

Our purpose is to study ergodic diffeomorphisms of the torus with linear
growth of the derivative.

By T? (resp. T) we will mean the torus R?/Z? (resp. the circle R/Z)
which most often will be treated as the square [0,1)x [0, 1) (resp. the interval
[0,1)) with addition mod 1; A will denote Lebesgue measure on T?. An
example of an ergodic diffeomorphism with linear growth of the derivative is
a skew product of an irrational rotation on the circle and a circle C'*-cocycle
with nonzero topological degree. Let a € T be an irrational number and let
¢ : T — T be a C'-cocycle. We denote by d(p) the topological degree of .
Consider the skew product T, : (T?,\) — (T2, \) defined by

Ty(x1,22) = (1 + a, 22 + p(x1)).
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LEMMA 1. The sequence n’lDTg converges uniformly to the matriz
) 0
d(e) 0]°

n~! 0
n~t Zz;é Do(zy +ka) n~t

Proof. Observe that

n_lDTg(:Ul,xg) = [

By the Ergodic Theorem, the sequence n~! Zz;é Dy(- + ka) converges
uniformly to {, Do(z)dr = d(¢). =

It follows that if d(y) # 0, then T, is an ergodic (see [3]) diffeomorphism
with linear growth of the derivative.

We will say that diffeomorphisms f; and fy of T? are algebraically con-
jugate if there exists a group automorphism 1 : T? — T2 such that f; o =
1o fo. It is clear that if f; has linear growth of the derivative and f; and
fo are algebraically conjugate, then fo has linear growth of the derivative.
Therefore every C!-diffeomorphism of T? algebraically conjugate to a skew
product T, with d(¢) # 0 has linear growth of the derivative.

The aim of this paper is to prove that every ergodic measure-preserving
C'-diffeomorphism of the torus with linear growth of the derivative is al-
gebraically conjugate to a skew product of an irrational rotation on the
circle and a circle C''-cocycle with nonzero degree. In [3], A. Iwanik, M.
Lemariczyk and D. Rudolph have proved that if ¢ is a C?-cocycle with
d(¢) # 0, then the skew product T, has countable Lebesgue spectrum on
the orthocomplement of the space of functions depending only on the first
variable. Therefore every ergodic measure-preserving C?-diffeomorphism of
the torus with linear growth of the derivative has countable Lebesgue spec-
trum on the orthocomplement of its eigenfunctions.

It would be interesting to modify the definition of linear growth of the
derivative. For example, one could study a weaker property that there exist
positive constants a, b such that

0<a<|[[Df"/n<b

for every natural n. Of course, if a diffeomorphism is C''-conjugate to a skew
product of an irrational rotation on the circle and a circle C'-cocycle with
nonzero degree, then it satisfies this weaker condition and is ergodic. The
converse might also be true.

2. Linear growth. We will identify functions on T? with Z2-periodic
functions (i.e. periodic of period 1 in each coordinate) on R2. Assume that
f:(T?,))—(T?, ) is a measure-preserving C'-diffeomorphism. Then there
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exists a matrix {a;;}; j—12 € Ma(Z) and C'-functions fl, fg : T? - R such
that
f(w1,22) = (a1171 + ar2z2 + ]?l(xl,$2),(121$1 + azxs + ﬁ(x1,$2))-
Denote by fi, fo : R? — R the functions given by
fi(z1,29) = a11m1 + aexs + J?1(3U17x2)7
fa(x1,29) = as1m1 + agexs + ]72(1'17-%'2)-
Then

@ 2@
det [ Oz o2 =1 for all T € RZ.

%) P
Suppose that the diffeomorphism f is ergodic. We will need the following

lemmas.

LEMMA 2. If the sequence n= 1D f™ : T2 — My (R) converges A-a.e. to a
measurable function g : T? — Mo (R), then

9(@) = g(f"T)Df"(Z)
for M-a.e. T € T? and all natural n.
Proof. Let A C T? be a full measure f-invariant set such that if 7 € A,

then lim,,_,oo n 1D f™(Z) = g(Z). Assume that T € A. Then for any natural
m,n we have
m+n 1
m m-+n
and f"x € A. Letting m — oo, we obtain

9(Z) =g(f"Z)Df"(z) fort€ Aandn e N. m

D™ ) = D™ (D" ()

LEMMA 3.

Ao A{(@.7) € T? x T? : g()9(7) = 0}) =1
and
M{Z eT?: g(z)* =0}) = 1.

Proof. Choose a sequence {Ay}ren of measurable subsets of A (see
proof of Lemma 2) such that the function g : Ay — M>(R) is continuous,
all open subsets of Ay (in the induced topology) have positive measure
and A(Ax) > 1 — 1/k for any natural k. Since the transformation fa, :
(Ag,Aa,) = (Ak, A4, ) induced by f on Ay is ergodic, for every natural k we
can find a measurable subset By, C Aj such that for any € By, the sequence
{f4,ZT}nen is dense in Ay in the induced topology and A(By) = A(Ag).

Let T,y € Bj. Then there exists an increasing sequence {m;};cn of
natural numbers such that fz:f — 7. Hence there exists an increasing
sequence {n;};en of natural numbers such that f™z — 7 and f™T € Ay
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for all i« € N. Since g : Ay — M>(R) is continuous, we get g(fn,T) — ¢9(Y).

Since
—g(z) = g(/"®)- D™ (3),

letting i — oo we obtain g(7)g( . Therefore

T)=0
By x By, C {(z,7) € T? x T* : g(7)g(T) = 0}
and
B, C {T € T?: g(%)* = 0}
for any natural k. It follows that
A M{(7.7) € T? x T? : g(y)g(z) = 0}) > (1 - 1/k)°
and
M{ZeT?: g(@)?*=0}) >1-1/k
for any natural k, which proves the lemma. m
LEMMA 4. Let A, B € M(R) be nonzero matrices. Suppose that
A*=DB?=AB=BA=0.
Then there exist real numbers a,b # 0 and c such that
A [ac —ac2] and B — [bc —bcT
a —ac b —bc
or

0 a 0 b
A_[O 0] and B_[O 0]

Proof. Since A2 =0 and A # 0, we immediately see that the Jordan
form of the matrix A is [(1) g]. It follows that there exist matrices C =
{Cij}i7j:172, ' = {C;j}iJ‘ZLQ S MQ(C) such that det C = det ' =1 and

A:C |:0 0:| C_1 _ |:012022 —C%Q :| 7

1 0 C%Q —C12C22
0 0 _ ok —ci2
B = C/ |:1 0:| (C/) 1 _ |: 12,222 . 12/ .
€92 C12C22
Since the matrices A and B commute, their eigenvectors belonging to 0, i.e.
(c12,c22) and (¢}q,chy), generate the same subspace. Therefore there exist
real numbers a,b # 0 and ¢ such that
—ac2 _ 12
A - |ac ac and B — be be
a —ac b —bc
or

0 a 0 b
A:[O 0] and B:[O 0].-



MEASURE-PRESERVING DIFFEOMORPHISMS 151

LEMMA 5. Suppose that f : (T?,\) — (T2, )\) is an ergodic measure-
preserving C-diffeomorphism such that the sequence n='Df™ converges \-
a.e. to a nonzero measurable function g : T? — My(R). Then there exist a
measurable function h: T? — R and c € R such that

_ 2
¢ =¢ ] for \-a.e. T € T?

or
9(T) = h(T) 0 0 for A-a.e. T € T~.
Moreover, h(T) # 0 for -a.e. T € T2.

Proof. Denote by F C T? the set of all points T € T? with g(Z) # 0. By
Lemma 2, the set F' is f-invariant. As f is ergodic and A(F') > 0 we have
A(F) = 1. By Lemma 3, we can find § € T? such that g() # 0, g(%)?> =0

and ¢(7) # 0, 9(7)* = g(T)g(¥) = 9(T)9(T) = 0 for \-ae. T € T?. An
application of Lemma 4 completes the proof. m

Assume that f : (T?,\) — (T?,)\) is an ergodic measure-preserving
C'-diffeomorphism with linear growth of the derivative. Then the sequence
n~!Df™ converges A-a.e. to a function g : T?> — M3(R). In the remainder
of this section we assume that g can be represented as

c —c?
g - h |:1 —c :| 9
where h: T? — R and ¢ € R. We can do it because the second case
0 1
s=n[5 o

reduces to ¢ = 0 after interchanging the coordinates, which is an algebraic
isomorphism.
Now by Lemma 2,

) wonn [y ] = 0] prw
for A-a.e. T € T?. It follows that
n@h(f7) e = @ - 22 @)
—h@n() e = 2@ - 2 @)

for A-a.e. T € T2. Therefore

_ca%m(f) —efo(®) = 5 ((E) ~ chr(®)
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for M\-a.e. T € T2. Since the functions fi, f» : R> — R are of class C! the
equality holds for every T € R2. Then there exists a C''-function u : R — R
such that

(2) fi(x1,me) — cfa(x1,2) = u(xy — cxa).

LEMMA 6. If ¢ is irrational, then f(x1,z2) = (z1 + d,x2 + €), where
d,e € R.

Proof. Represent the diffeomorphism f as
fi(w1,22) = anzy + aj2wa + fl(%,ﬂfz),
fa(x1,29) = as1m1 + agexs + ]72(1'17-%'2)7
where {a;;}i j=1,2 € M2(Z) and fi, f2 : T2 5 R. From (2),
(3) u(zy — cxe) = (a11 — cas)r1 + (a2 — caga) o
+ fl(xl,ﬂ:g) — cfg(xl,xg).

Since the function fl—cfz : R? — Ris Z2-periodic, there exists (71, 22) € R?
such that

g—ﬁ(fl,fg) — cg—ﬁ(%,%) = %(El,%) - ca—‘fZ(fl,fg) 0
From (3) it follows that

Du(zy — cZa) = a1 — cazy, —cDu(Ty — cTe) = a1z — cags.
Hence
(4) ajg — cage = —clay; — casy).
Then

u(xy — cxe) = (a11 — cag ) (w1 — cxg) + ﬁ(xl,xg) — cfg(xl,xg).

Let v : R — R be given by v(z) = u(x) — (a11 — casi)z. As f1 — cfs is
7Z2-periodic we have

v(z+1) = fi(z+1,0) — cfa(z + 1,0) = f1(z,0) — cfa(z,0) = v(z)
and
v(z+c) = .]?1(1'7 -1) - C.]?Q(x7 -1) = .]?1('%'70) - C.]?Q(x70) = v(z).

Since v is continuous and c¢ is irrational we conclude that the function v is
constant and equal to a real number v. Therefore f; — cfy = v and

f(z1,22) = (@121 + 1222 + CJ?Q(ﬂUl,ﬂUQ) + v,a21%1 + G222 + ]72(-%'171'2))-
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As the diffeomorphism f preserves the measure A we have det D f = ¢, where
e € {—1,1}. Then

€= (an +Cg£1>< 22+g—fz> — <a12+cg—;§z>< 21+g—£>

Ofs
= 11022 — G12021 + (Ca22 - 6112) 8 (6111 - 0021) O
2
Of2 8f2
= Q11022 — @12G21 + Cao — a12 8— (97 >
2

by (4). Since for a certain T € R 8—J?Q(:f) = ob (T) = 0 we see that

’ 6171 8.’1['2
Ofs | 0f2
ai11a92 — a1oa91 = and —— +c¢ =0.
8.%'1 8.%'2

Therefore there exists a Cl-function s : R — R such that
s(exy — x2) = fa(z1,x2).
Since fg is Z2-periodic and c is irrational, the function s is constant and
equal to a real number s. It follows that
f(z1,22) = (a1121 + a12w2 + d, a1 x1 + agexs + €),
where d = ¢s +v and e = s. Then
n
Dfn _ | Q11 a12
a1  G22

for any natural n. It follows that the function g is constant and finally that
h is constant. From (1), we get

& —02 _|c —62 ai;r a2
1 —C - 1 —C a21 Q22 ’

Hence 1 = a11 — cas; and —c = a1 — cags. Since c is irrational, we conclude
that a11 = 1, a2 = O, a1 = 0, a99 — 1. m

LEMMA 7. If ¢ is rational, then there exist a group automorphism ¥ :
T? — T?, a real number o, a Cl-function ¢ : T — T and 1,65 € {—1,1}
such that

Yo forp ™ Hay, xe) = (6121 + @, e220 + o(21)).

Proof. Denote by p and ¢ the integers such that ¢ > 0, ged(p, ¢) = 1 and
¢ = p/q. Choose a,beZ with ap+bg = 1. Consider the group automorphism
Y : T? — T2 defined by (1, 22) = (qz1—pwa, ary+bxy). Let f = poforp=!
and let m; : T2 — T be the projection on the ith coordinate for i = 1,2.



154 K. FRACZEK

From (2),
Filr,2) = qfi o™ (&1, 22) — pfao ™ (z1, 22)

= qu(m o ¢_1(3:1,x2) — ng o ¢_1(x1,x2)) = qu<3x1>.

Therefore, fl depends only on the first variable. Then

L[
Df:[a“il A]

Ofs  Of2
8901 8902
and
3f1 3f2
= Df = 1,1
Ds D = det f ee{-1,1}.

Since f2 2 (21, 2) = ¢/ 52+ oh L(x1,0), there exists a C'-function ¢ : T — T such
that

~

fo(21,22) = —=———x2 + @(21).

Hence /3:- oh t(21,0) is an integer constant. As the map
T3z~ fi(z,0) €T
is continuous, it follows that af L(21,0) = e1 € {—1,1}. Therefore
]/C\(Cﬂl,xg) = (e121 + o, e1622 + (1)) m

THEOREM 8. Every ergodic measure-preserving C-diffeomorphism of T?
with linear growth of the derivative is algebraically conjugate to a skew prod-
uct of an irrational rotation on T and a circle C*-cocycle with nonzero de-
gree.

Proof. Let f: (T% \) — (T?,\) be an ergodic C''-diffeomorphism with
linear growth of the derivative. Then the sequence n~'D f™ converges \-a.e.
to a nonzero measurable function g : T?> — M,(R). By Lemma 5, there exist
a measurable function h : T? — R and ¢ € R such that

for A-a.e. T€ T2. First note that c is rational. Suppose, contrary to our claim,
that c is irrational. By Lemma 6, D f™ =1 for all natural n. Therefore the
sequence n~ 1D f™ converges uniformly to zero, which is impossible.

By Lemma 7, there exist a group automorphism v : T? — T2, a real
number a, a C'-function ¢ : T — T and €1,e3 € {—1,1} such that

Yo forpH(z1,22) = (6121 + a, £272 + p(71)).
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As f is ergodic, the map
Tox—eix+aeT

is ergodic. It follows immediately that e = 1 and « is irrational.

Next note that e = 1. Suppose, contrary to our claim, that e = —1.
Then
(2n) "' D(go f2 o™ h) (w1, 22)

(2n)~1 0
(2n)~1 Z;é (Dp(x1 + o+ 2ka) — Dp(x; + 2ka))  (2n)~1
By the Ergodic Theorem,

n—1

1 1

o (Dp(z1+a+2ka)—Dp(x, +2ka)) — B S(Dgo(:v+a)—Dgp(x)) dr =0
k=0 T

uniformly. Therefore the sequence (2n)~1D f2™ converges uniformly to zero,
which is impossible. It follows that

¢ o forlzz)_l(xlny) - (xl + a, T2 + Qp(xl))a

where « is irrational. By Lemma 1, the sequence n=*D(¢) o f" 0 4)~1) con-
verges uniformly to the matrix [ d(£) 8} . It follows that the topological degree
of ¢ is not zero, which completes the proof. m

For measure-preserving C'-diffeomorphisms Lemma 1 and Theorem 8
give the following characterization of the property of being algebraically
conjugate to a skew product of an irrational rotation and a C'*-cocycle with
nonzero degree.

COROLLARY 1. Let f : (T?2,\) — (T?,\) be a measure-preserving C*-
diffeomorphism. Then the following are equivalent:

(i) f is ergodic and has linear growth of the derivative;
(i) f is algebraically conjugate to a skew product of an irrational rotation
on the circle and a circle C'-cocycle with nonzero degree.

3. Polynomial growth. Assume that f : (M,B,u) — (M,B,u) is a
measure-preserving C2-diffeomorphism of a compact Riemannian C?-manif-
old M. Let 8 be a positive number. We say that the derivative of f has
polynomial growth with degree 3 if the sequence n= 2D f™ converges p-a.e. to
a measurable p-nonzero function.

It is clear that replacing n by n? in the lemmas of the previous sec-
tion we obtain the following property. Every ergodic measure-preserving
C?-diffeomorphism whose derivative has polynomial growth with degree
is algebraically conjugate to a diffeomorphism f : (T% \) — (T2, \) of the
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form

Flar,22) = (@1 + o, e + (1)),
where « is irrational, ¢ : T — T is a C?-cocycle and ¢ € {—1,1}. Note that
€ = 1. Suppose, contrary to our claim, that ¢ = —1. Then
(2n) P D (21, 22)
(2n)=# 0

[(271)6 Yico(De(a1 + o+ 2ka) — Dp(wy + 2ka))  (2n)~7
Recall (see [2], p. 73) that if {gy, }nen is the sequence of denominators of an
irrational number v and £ : T — R is a function of bounded variation then

‘ i @+ k) —an | (1) dt( < Var¢
k=0 T

for any x € T and n € N.
Denote by {gn }nen the sequence of denominators of 2c. As {(De(t+a)
— Dyp(t)) dt = 0, we obtain
qn—1
( 3" (Dol + o+ 2ka) — Dp(a + Qka))‘ < 2Var Dy
k=0

for any € T. Hence the sequence (2q,) " Dqu" converges uniformly to
zero, which is impossible. Therefore € = 1.
Since the derivative of f has polynomial growth with degree 5 and
-8
-8B Fn _ n 0
n~ "D f"(x1, z2) [n—ﬁ S Doy + ka) n—B]

it follows that the sequence n =" Zz;é Dy(-+ka) converges a.e. to a nonzero

measurable function h : T — R. Choose z € T such that

n—1
i —B —
Jim 7 ,;] Dy(x + ko) = h(z) # 0.

Now denote by {g, }nen the sequence of denominators of . Since

gn—1

Z Dy(x + ka) — qp S Dy(t) dt‘ < Var Dy
k=0 T
we have
qn—1
lim <q;6 Dy(x + ka) — q,lfﬁ Do(t dt) =0.
dim (52" 3 Dot + ko) — a7 [ Dl
Hence

lim ¢}=7" XDgo(t) dt = h(x) # 0.

n—00
T
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It follows that 8 = 1 and d(p) = { De(t) dt # 0. From the above we deduce

THEOREM 9. For no positive 8 # 1 does there exist an ergodic measure-
preserving C?-diffeomorphism whose derivative has polynomial growth with
degree [3.

REFERENCES

[1] L P.Cornfeld, S. V. Fomin and Ya. G. Sinai, Ergodic Theory, Springer, Berlin,
1982.

[2] M. Herman, Sur la conjugaison différentiable des difféomorphismes du cercle & des
rotations, Publ. Math. THES 49 (1979), 5-234.

[3] A.Iwanik, M. Lemaiiczyk and D. Rudolph, Absolutely continuous cocycles over
irrational rotations, Israel J. Math. 83 (1993), 73-95.

[4] L. Kuipersand H. Niederreiter, Uniform Distribution of Sequences, Wiley, New
York, 1974.

Faculty of Mathematics and Computer Science
Nicholas Copernicus University

Chopina 12/18

87-100 Torun, Poland

E-mail: fraczek@mat.uni.torun.pl

Received 31 May 1999; (3770)
revised 27 August 1999



