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HAVE PREPROJECTIVE COMPONENTS
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Abstract. We show that a quasitilted algebra has a preprojective component. This
is proved by giving an algorithmic criterion for the existence of preprojective components.

1. Introduction. This paper provides an extension of work by Coelho—
Happel [3]. They showed that if A is a quasitilted k-algebra with k an al-
gebraically closed field, then the Auslander—Reiten quiver of A contains a
preprojective component. As the main result we show here that this is true
in general. That is, let k be any field, and assume that A is a quasitilted
k-algebra. Then the Auslander—Reiten quiver of A contains a preprojective
component. Unlike Coelho—Happel we make no assumption in our proof
that our algebras are quasitilted but not tilted algebras. Hence we ob-
tain an independent proof of the fact that the Auslander—Reiten quiver of
a tilted algebra contains a preprojective component, which was proved by
Strauss [11].

Let R be a commutative Artin ring. All our algebras are R-algebras, and
finitely generated as R-modules. We assume that R acts centrally on any
bimodule. For an algebra A we denote by mod A the category of finitely gen-
erated left A-modules, and by ind A the full subcategory of mod A consisting
of indecomposable modules. Let M be a A-module. We denote by pd, M
the projective dimension of M, by id4 M the injective dimension of M, and
by gl.dim A the global dimension of A. The Auslander—Reiten quiver of A
is denoted by I'4. The vertices of I'4 are in one-to-one correspondence with
the isomorphism classes of indecomposable finitely generated A-modules.
There is an arrow from an indecomposable module X to an indecomposable
module Y if and only if there is an irreducible morphism from X to Y. The
arrow has valuation (a, b) if there is a minimal right almost split morphism
aX ®V — Y, where X is not a direct summand of V', and a minimal left
almost split morphism X — bY & W, where Y is not a direct summand of
W. A connected component P of I'y is called a preprojective component if P
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does not contain an oriented cycle, and each X € P is of the form (TrD)*P
for some ¢ € N and an indecomposable projective module P.

The next section provides the necessary background for quasitilted alge-
bras. In Section 3 we generalize a result of Dréxler—de la Pena [5], giving an
algorithmic criterion for the existence of preprojective components. In Sec-
tion 4 we prove that each quasitilted algebra has a preprojective component.
The main idea of the proof is to investigate the conditions on a A-module
M, where A is quasitilted, such that the triangular matrix algebra ( ]\}; (/)1) is
quasitilted, where F' C End4(M)°P is a division algebra. For general back-
ground on Artin algebras we refer to Auslander—Reiten—Smalg [1].

I thank Professor Sverre O. Smalg for his advice and helpful suggestions
during the preparation of this paper.

2. Preliminaries. In this section we recall some basic facts on qua-
sitilted algebras, and give some results which we need later. For basic refer-
ence on quasitilted algebras we refer to Happel-Reiten—Smalg [7].

A path from an indecomposable module X to an indecomposable module

X; in mod A is a sequence of morphisms X f# X1 f# B X1 b X

in ind A, where t > 1 and each f; is nonzero and not an isomorphism. We
say that such a path has length t. If there is a path from an indecomposable
module M to an indecomposable module N, or N ~ M, we denote this by
M ~- N and say that M is a predecessor of N, and that N is a successor
of M. We say that M lies on a cycle if there is a path from M to M, and
the number of morphisms in the path is called the length of the cycle. If the
length of the cycle is 1 or 2, we say the path is a short cycle. We say that a

path Z, f# A f# ... b Iy f# Zy41 of irreducible morphisms is sectional if
Z; £ DTr Z;yo for 1 <i<t—1. Let

(+) VLS VRIS L VAL

be a path in ind A. A path M — My — ... = My p, = My — M1 —
o= My, = My — ... = My — My — ... — N is called a refinement
of (%), and it is called a refinement of irreducible morphisms if all the mor-
phisms in the refinement are irreducible. Further, a walk is a sequence of
indecomposable modules Xo—X;—Xo—...—X;_1—X;, where X;—X,11
means that there is either a nonzero morphism X; — X;;; or a nonzero
morphism X; 1 — X; for all 1 <4 <t — 1. The number of morphisms in a
walk is called the length of the walk.

Let R be a commutative Artin ring. An algebra A is called a quasitilted
algebra if there exists a locally finite hereditary abelian R-category H and
a tilting object T' € H such that A = Endy(T)°P. According to Happel-
Reiten—Smalg [7] the ordinary valued quiver of a quasitilted algebra A con-
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tains no oriented cycles and therefore the center of A is a field. Hence there is
no harm to consider just finite-dimensional algebras over a field k when deal-
ing with quasitilted algebras. In this paper we use the following homological
characterization of quasitilted algebras given in [7].

THEOREM 1. The following are equivalent for an algebra A:

(1) A is quasitilted.
(2) A satisfies the following two conditions:

(a) gl.dimA < 2.
(b) If X is a finitely generated indecomposable A-module, then either
pdy X <1loridy X <1.

Let A be an Artin algebra. The following two subclasses of ind A are of
interest to us. Let £, denote the subclass of ind A given by L4 = {X €
indI' | pdp Y <1 for all Y with Y ~» X} and let R4 denote the subclass
of ind A given by Ry = {X € indI" | idpY <1 for all Y with X ~ Y}.
Using this we have the following characterization of quasitilted algebras [7,
Theorem I1.1.14].

THEOREM 2. The following are equivalent for an Artin algebra A:

(1) A is quasitilted.

(2) Ra contains all injective modules in ind A.

(3) LA contains all projective modules in ind A.

(4) Any path in mod A starting in an injective module and ending in a
projective module has a refinement of irreducible morphisms and any such
refinement is sectional.

The proof of the following result is essentially due to Happel-Reiten—
Smalg [8, Lemma 1.2].

LEMMA 3. Let A be a quasitilted algebra and M f# X1 g . ft—_1> X f# N
a path. If M belongs to Ra or if N belongs to L4, then there exist an
indecomposable module Z and nonzero morphisms M — Z and Z — N. In
particular, an indecomposable A-module M belongs to a cycle if and only if
1t belongs to a short cycle.

Proof. We only give the proof when M is in R,. The proof for the
case of N in L4 is dual.

Assume that M belongs to R 4. The proof is by induction on the length
of the path. If the length is 1 or 2, then there is nothing to show.

So assume that we have shown the assertion for all paths of length less

than ¢ + 1, and let thepathbeM&Xl QXQE...Bth%N, with

t > 2. We can choose our path M Iy X Iy X, Eid X3 so that I(X7) +1(X2),
the sum of the lengths of X; and X5, is minimal among the paths with three
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morphisms connecting M to X3. We can also assume that all compositions
fifi—1 are 0, since otherwise we would have a shorter path. In particular,
fifo = 0 and fofy = 0. Thus Im fy C Ker f; = K. We show that K is
indecomposable.

Assume that K is decomposable, say K = Ky, & K, with K; inde-
composable and K5 nonzero. We may also assume that p; fo # 0, where
p1 : K — K; is the projection according to the given decomposition. We

have the exact sequence 0 - K — X3 g Im f; — 0, where ]?1 is the induced
morphism. Consider the pushout diagram

0 K X, Lot f 0
bl
O Kl / Y g Im f1 O

Since X7 is indecomposable and Im f; # 0, it follows that K; cannot be

a summand of X;. Hence the sequence 0 — K3 i> Y % Im fi — 0 does
not split. Since f : K; — Y is a monomorphism, there is a decomposition
Y = Y] & Y5, with Y7 indecomposable and such that ¢, fp1fo : M — Y7 is
nonzero, where ¢q; : Y — Y; is the projection onto Y7 according to the given
decomposition of Y, and where we have also denoted the induced morphism

M — K by fo. Now the sequence 0 — K Ly 4 Im f; — 0 does not
split, so g(Y1) # 0. Hence we have a path M — Y} — X5 — X3 with
I(Y1) < I(X1). This contradicts the choice of the path M — X1 — Xo— X3.
We conclude that K is indecomposable, and hence id4 K < 1, since K is a
successor of M € R 4.

Since id4 K < 1 we have an exact sequence

Exty(C, K) — Ext}(C, X;) — Ext}(C,Im f;) — 0
for any C'in mod A. Consider the exact sequence 0 — Im f; LA X5 Lo 0,

with C' = Coker f;. The exact sequence of Ext-groups above gives rise to a
commutative diagram

f/

0 X w2 s C 0
0——1Im f; h X5 ts O 0

with exact rows. Let W = @;_; W; be a decomposition of W into a direct
sum of indecomposable modules. Let ¢; : W; — W and p; : W — W, denote
the corresponding inclusions and projections for ¢ = 1,...,s. The sequence

0—Imfy LN Xo % C — 0 does not split, since X5 is indecomposable and
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Im f; # 0 and C = Coker f; # 0. Hence the sequence 0 — X3 Lw 4

C — 0 does not split. Since X7 is indecomposable, p; f’ : X1 — W; is not an

isomorphism for any i. The diagram above gives rise to an exact sequence
(7)

(x) 0= X, Y watmf “Yx, -0

Since fifo = 0, the morphism f; : X; — X5 is not a monomorphism.
Hence f1 : X7 — Im f; is a proper epimorphism, and thus not a split
monomorphism. Since f : X; — W is also not a split monomorphism and
X1 is indecomposable, it follows that (x) does not split. Since in addition X5
is indecomposable, the morphisms vg; : W; — X5 are nonzero nonisomor-
phisms for any 4. Since f’: X; — W is a monomorphism and fo: M — X,
is nonzero, there is some ¢ with p;f'fo : M — W; nonzero. Further, since
v: W — X5 is an epimorphism and f5 : X5 — X3 is nonzero, there is some
J with fovg; : W; — X3 nonzero. If ¢ = j, then we have a path M — W; —
X3. If i # j, then consider the paths M — X; — W; — X3 and M —
W; — X9 — X3. We have l(X1) +Z(Wl) +Z(Wj) —i—l(Xg) < 2(Z(X1) +Z(X2))
by using the exact sequence 0 — X; — W @ Im f; — X5 — 0. Hence we
have l(Xl) —i—l(Wj) < l(X1)+l(X2) or l(Wz) +Z(X2) < l(X1)+l(X2), which
contradicts our choice of the path M f# X4 fé X5 fi Xs.

Therefore we have a path M — W, — X3 — ... = X; — N of length
less than ¢ 4+ 1, and we are done by the induction hypothesis. m

It was shown by Happel-Reiten—Smalg [7] that a nonsemisimple qua-
sitilted algebra A is always of the form A = ( ]5 ?4
algebra, M an A-module and F' C End4(M)°P a
recall some results which will be needed later.

) where A is a quasitilted
division algebra. We now

LEMMA 4. Let A be an Artin algebra, let M be a finitely generated
A-module with F' C Ends(M)°P? a division algebra and let A = (]\I; ?4).
Then gl.dim A < 2 if and only if gl.dim A <2 and pdy M < 1.

Proof. See [1, Proposition I11.2.7]. =

LEMMA 5. Let A be an Artin algebra with gl.dim A < 2, and let A =
(Al; ?4) for an A-module M and F C End4(M)°P a division algebra. Let
(V, X, f) be in mod A. Then:

(i) If Ker f is not projective, then pd,(V, X, f) > 2.
(ii) Assume that pd 4 Coker f < 1. Then pd,(V, X, f) < 1 if and only
if Ker f is projective.
(iil) idA(V, X, f) < 1 if and only if idy X <1 and Ext! (M, X) = 0.

Proof. See [7, Lemma II1.2.1, 2.2]. m
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PROPOSITION 6. Let A be an Artin algebra, and let A = (J\I; ?4) for an

A-module M and F C Ends(M)°P a division algebra. If A is quasitilted,
then so is A.

Proof. See [7, Proposition II1.2.3]. =

The proof of the next result is a slight modification of the proof given in
[7, Proposition I11.2.4].

PROPOSITION 7. Let A be an Artin algebra, and let A = (A}; ?4) for an
A-module M and F C Ends(M)°P a division algebra. If A is quasitilted,
then M is in add L4.

The next result is a generalization of a result by Coelho—Happel [3,
Lemma 1.4].

LEMMA 8. Let A be an Artin algebra. Let M = My ® Ms be an A-module
with My # 0 # Mas, and let F C End (M )P be a division algebra. Let A be
the triangular matriz algebra A= (1\}/; ?4). Let X1 and Xo be two indecompos-
able nonisomorphic A-modules and let f; : M; — X; be nonzero morphisms

fori=1, 2. Then the A-module (F, X1 & Xo, (glfg)) 18 indecomposable.

Proof. Let f = (glfg). If (F, X1 ® Xo, f) is decomposable, then there
exists an ¢ such that (0, X;,0) is isomorphic to a direct summand of (F, X1 ®
Xo,f). We may assume that ¢ = 1. Then there exists a commutative
diagram

0——M; &My, ——0

N
X —I= X0 X, > X,

with hg = idx,. Writing g = (g;) and h = (hy,hs), we obtain hyf; =
0 = hafs and hyg1 + hoge = idx,. Since X; is indecomposable and X; 7
Xy, we see that hags is nilpotent. Thus h;g; = idx, —hage is invertible.
In particular, h; is invertible, and therefore f; = 0, a contradiction. We
conclude that (F, X; @ X, f) is indecomposable. m

We have the following direct observation [3, Lemma 1.5].

LEMMA 9. Let A be an Artin algebra. Let M be an A-module, and let
F C End4(M)°P be a division algebra. Let A = (AI; %). Let X be an inde-
composable A-module and let f: M — X be a nonzero morphism. Then the

A-module (F, X, f) is indecomposable.

Let A be an algebra. Let M be a A-module, not necessarily indecom-
posable. Following Happel-Ringel [9] we say that M is nondirecting if there
exist indecomposable direct summands M; and Ms of M and an indecom-
posable nonprojective module W such that M; ~» DTr W and W ~» M.
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Otherwise we say that M is directing. A path M ~» DTrW ~» W ~~ N is
called a hook path.
The next result is due to Enge—Slungard-Smalg [6, Theorem 9.

THEOREM 10. Let A be an algebra and let M be a decomposable A-module.
Let G C Ends(M)°P be a local subalgebra of Enda(M)°P. If the triangular
matriz algebra I' = (AC/’; 91) 1s quasitilted, then G is a division algebra, and M
is either directing or of the form M = My I P where M; is indecomposable
nondirecting, P is hereditary projective and the only hook paths from M to

M are the ones both starting and ending in M;.

Next we consider subsets of preprojective components which we will need
later. Let A be an algebra, and let P be a preprojective component in the
Auslander—Reiten quiver of A. Let J be the direct sum of one copy of each
indecomposable injective module lying in P. Let P(J~) ={X € P | I ~ X
for some indecomposable direct summand I of J}. Moreover, for N € P, let
P(N~)={X €P| N~ X}

A walk between different DTr-orbits {(TrD)*X };cz and {(TrD)%Y }iez
in P is a walk M—Z1—...—Z; = N of irreducible morphisms with M €
{(TrD)! X };¢7 and N € {(TrD)"Y };cz. The distance between two DTr-or-
bits {(TrD)*X };cz and {(TrD)*Y };cz in P is the minimal length of walks
M—Zy—..—Z; = N with M € {(TtD)! X };cz and N € {(TrD)*Y };¢cz.

Using this we obtain the following result.

LEMMA 11. Let A be an algebra, and let P be a preprojective component
in the Auslander—Reiten quiver of A. Then:

(a) If P contains some injective module, then P\ P(J~) is finite.
(b) If P contains no injective module, then P\ P(N~) is finite for any
NeP.

Proof. We prove (a). The proof of (b) is similar.

It suffices to show that every DTr-orbit in P has an element in P(J~).
Let D be the set of DTr-orbits in P with no element in P(J~). Note that any
DTr-orbit in D is infinite. Assume that D is nonempty. Since P is connected
there is a walk between any DTr-orbit in D and any DTr-orbit not in D.
Take the minimal distance between DTr-orbits in D and DTr-orbits not in D.
Again, since P is connected, this minimal distance has to be one. Thus there
is a DTr-orbit {(TrD)*X };cz € D and a DTr-orbit {(TrD)*Y };cz ¢ D with
M € {(TrD)!X };ez and N € {(TrD)?Y };c7 such that there is a walk M—
N. We may assume N € P(J~), otherwise we consider (TrD)*N for some
i > 1. Then we have an irreducible morphism M — N, and TrD M = 0,
since {(TrD)*M};cz € D. Hence M is injective, which gives the desired
contradiction. m
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This gives the immediate result.

LEMMA 12. Let A be an indecomposable quasitilted algebra, and let P be
an indecomposable projective A-module which is not contained in a prepro-
jective component of I'a. Then no preprojective component of I'a contains
an injective A-module.

Proof. Since A is indecomposable there exists an indecomposable pro-
jective A-module P’ contained in a preprojective component P of I'4 and
such that there exists a nonzero morphism f : P’ — P with P not in a pre-
projective component. By the choice of P and P’, we have f € rad}’ (P’, P).
For all nonzero f : P’— P and m € N, there is a direct sum of modules of the
form (TrD)? X; € P with j > m such that f factors through @,(TrD)’X;,.
Thus for each m there exist j > m and i such that Hom 4 ((TrD)’ X;, P) # 0.

Assume P contains some injective modules. Let J be the direct sum of
one copy of each indecomposable injective module in P. By Lemma 11 the
subset P \ P(J~») is finite, where P(J~) = {X € P | [ ~» X for some
indecomposable direct summand I of J}. Hence there exists m € N with
I ~ (TrD) X; for j > m. So we obtain a path I ~» (TrD)'"'X; - E —
(TrD)? X; — P for some j, where I is an indecomposable direct summand
of J. By Theorem 2, A is not quasitilted, which is a contradiction. =

3. Existence of preprojective components. In this section we give
necessary and sufficient conditions for the existence of preprojective com-
ponents in the Auslander—Reiten quiver of an Artin algebra. This result is
essentially proved by Dréxler—de la Pena [5]. Here we repeat the arguments
with the necessary modifications for the general case.

Recall that with any Artin algebra A we may associate a valued quiver
@, that is, a quiver with at most one arrow from a vertex ¢ to a vertex j, and
an ordered pair of positive integers assigned to each arrow. The vertices of
@ are the isomorphism classes [S] of simple A-modules. There is an arrow
from [S;] to [S;] if Ext}(Si, S;) # 0, and we assign to this arrow the pair
of integers (dimEndA(Sj) EXtIILl(Si, Sj), dimEndA(Si)op EXt}q(Si, S])) Let A be
an Artin algebra such that @ has no oriented cycles. For a vertex ¢ € Q we
denote by S, the corresponding simple A-module, and by P. the projective
cover of S.. We consider a partial order on the vertices of @) by defining
a < bif there is a path from a to b in ). Note that this implies that there is a
path from P, to P, in mod A. Given any A-module N, we define the support
algebra of N as the factor algebra of A modulo the ideal generated by all
idempotents that annihilate N. Let x be a vertex in Q. We denote by A*
the support algebra of €9, L Sa. The indecomposable projective A-module
P, has radical rad P, which is an A”-module. Let rad P, = @, R, (i) be
its decomposition into indecomposable summands.
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The next result is due to Happel-Ringel [9] and Skowroniski—-Wender-
lich [10].

THEOREM 13. Let x be a vertex in Q. Then P, is directing in mod A if
and only if rad P, is directing in mod A. Moreover, if x is a source, then
P, is directing in mod A if and only if rad P, is directing in mod A*.

The next result gives an algorithmic criterion for the existence of pre-
projective components.

THEOREM 14. Let A be an Artin algebra such that the valued quiver Q
of A has no oriented cycles. Then the Auslander—Reiten quiver I'4 of A has
a preprojective component if and only if for each vertex x € Q) one of the
following conditions is satisfied:

(1) There is a preprojective component P of I'a= such that R, (i) & P
for each i€ {1,...,n.}.

(2) For each i € {1,...,n,} the set of predecessors {Y € gz | Y ~»
R, (i)} of R, (i) in mod A® is finite and formed by directing modules. More-
over, if x is a source, then rad P, is directing in mod A”.

Proof. Assume first that P is a preprojective component of I'4. Let x
be a vertex in Q. If the projective module P, belongs to P, condition (2)
holds for z. So assume P, ¢ P. We show that P is formed by A*-modules.
Let X € P, and assume that Hom (P, X) # 0 for a vertex y < . Then
P, ~ P, ~ X in mod A, thus P, € P, which contradicts our assumption.
We conclude that P is a preprojective component of I'4= and R, (i) ¢ P for
every 1 < i < n,. Thus condition (1) is satisfied for the vertex x.

In order to prove the converse we first assume that for all vertices x € Q)
condition (2) is satisfied. We then claim that for every x € @) the following
holds:

(3) For each ¢ € {1,...,n,} the set of predecessors {X € Iy | X ~
R.(i)} of R.(i) in mod A is finite and formed by directing modules.

Indeed, let X be a predecessor of R, (i) in I'4 and assume that X is not an
A”-module. Now there is a vertex y with y < = such that Hom4 (P, X') # 0.
In mod A we then get P, ~» X ~» R, (i) ~» P, ~» P,. By assumption rad P,
is directing in mod AY. Thus by Theorem 13 we see that y is not a source
in @ since P, is not directing in mod A. Let 2z be a source which is a proper
predecessor of y in (). We see that P, is a nondirecting predecessor of some
indecomposable direct summand of rad P,. By assumption, condition (2)
is satisfied for a vertex z, so some of the modules M in the path P, ~» P,
are not A*-modules. Hence Hom 4 (P,, M) # 0, and P, is not directing in
mod A, a contradiction to Theorem 13.
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Following Bongartz [2] we can then construct inductively full subquivers
C,, of I'y satisfying

(i) Cy, is finite, connected, contains no oriented cycle and is closed under
predecessors,
(i) TtD Cp, U Gy, € Coy1.

Then |J,,cy Cn forms the desired preprojective component. Let Cy = {S},
where S is a simple projective A-module. To get C,1; from C, number
the modules My, ..., M; of C,, with TrD M; ¢ C,, in such a way that i < j
provided that M; ~~ M;. If t = 0, we let Cj,41 = C,,, and we have obtained
a finite preprojective component.

Otherwise, let Dy = C},, and for each 0 < i <t —1let D;;1 be the full
subquiver of I'4 with vertices those in D; and all predecessors of TrD M, .
Consider the almost split sequence 0 — M;1; — X — TrD M;y; — O,
0<i<t—1. We show that each indecomposable summand Y of X has only
finitely many predecessors and does not lie on a cycle. If Y is nonprojective
then DTrY belongs to C,,, hence Y belongs to D; and we are done. If Y is
projective, say Y = P, for a vertex y € @, then condition (3) states that for
each i € {1,...,n,} the set of predecessors of R,(i) in mod A is finite and
formed by directing modules. By Theorem 13, P, is directing in mod A and
we are done. Thus by letting C),+1 = D, the induction step is proven.

In order to complete the proof we assume that for some vertex x € Q
condition (2) is not satisfied, hence there exists a nondirecting predecessor
of rad P,. By hypothesis, condition (1) is satisfied for the vertex x, which we
may also assume to be a source. Thus we conclude that P is a preprojective
component of I'4. m

4. The main result. We now prove that if A is a quasitilted algebra,
then the Auslander—Reiten quiver of A contains a preprojective component.

We first provide a generalization of a result by Coelho—Happel [3, Lem-
ma 2.1].

PROPOSITION 15. Let A be a quasitilted algebra, and M = M, & My a A-
module such that I' = (]5[ (/)1) is a quasitilted algebra, where F' C End 4 (M )°P
1s a division algebra. Then either each indecomposable summand of My is

contained in R4 or My is projective.

Proof. Assume that there exists an indecomposable direct summand
M| of My with M| ¢ R and that M, is not projective. Consider the
I'-module Y = (F, M, (7,0)) where 7} : My — M] is the projection ac-
cording to a chosen decomposition of M. By Lemma 9, Y is indecomposable,
and since M, is a direct summand of Ker(n],0), we find by Lemma 5 that
pd, Y = 2. Thus there exists an indecomposable injective I'-module I such
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that Homp(I,DTrY") # 0. Therefore there exists a path I - DTrY — E —
Y where F is an indecomposable direct summand of the middle term in the
almost split sequence ending in Y. Since M| &€ R4, there is a path from Mj
to an indecomposable A-module X with id4 X = 2. In particular, X € L,.

By Lemma 3 there is a path M} = N % X . If gf # 0, then by Lemma 5 the
indecomposable I'-module (F, X, (gf7},0)) has both projective and injec-
tive dimension equal to two, a contradiction. Thus ¢gf = 0. We then obtain
the diagram

MlEBMQi*d>M1EBM2*>O

g e |
M! ! N—2 - x
which commutes. Since idy X = 2 there exists an indecomposable projec-

tive A-module P and a nonzero A-morphism A : TrD X — P [1, Proposi-
tion IX.1.7]. Thus we obtain a path

Y = (BN, (f5,0) % (0,X,0) = (0,2,0) - (0, xD X,0) *¥ (0, P,0)

in ind I". Since (0, P, 0) is an indecomposable projective I"-module and pd Y
= 2, we see that (0, P,0) € L, which contradicts Theorem 2. m

We now have the main result.

THEOREM 16. The Auslander—Reiten quiver of any quasitilted algebra
has a preprojective component.

Proof. The proof is by induction on the number n of isomorphism
classes of simple A-modules. Assume A is quasitilted with n =1 isomorphism
class of simple modules. Since the valued quiver of A contains no loops, the
Auslander—Reiten quiver of A consists of one point with no arrows, thus A
is a finite-dimensional k-division algebra.

Assume that all quasitilted algebras with less than n isomorphism classes
of simple modules have a preprojective component, and let A be a quasitilted
algebra with n > 2 isomorphism classes of simple modules. Let ) be the
valued quiver of A. Let a be a vertex in (). We want to prove that a satisfies
either condition (1) or (2) in Theorem 14. First we consider the case when
a is not a source in Q.

If a is not a source in @, there exists a source w and a path from w to
ain Q. Let M = rady P,. Then there exists a quasitilted algebra A such
that A = (1\]; ?4), where F' C Ends(M)°P is a division algebra. Also, A% =
A®. By induction the Auslander—Reiten quiver I'4 of A has a preprojective
component, so the vertex a satisfies one of the conditions of Theorem 14.

Thus we are left with the case where a = w is a source. As noted before,
we can write A = ( ]\1; ?4) for a quasitilted algebra A and an A-module M =
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rads P, where F' C End(M)°P is a division algebra. By induction I'4 has
a preprojective component. Let M; be the direct sum of all indecomposable
direct summands of M that are contained in some preprojective component
of I'y. Then M = M; & M, for some direct summand My of M. If P is
a preprojective component of I'4, then we may assume that P contains an
indecomposable direct summand of M;. Otherwise the vertex w satisfies
condition (1) of Theorem 14, and P is a preprojective component of I'4. So
from now on we assume that M; # 0 and that w does not satisfy condition
(1) of Theorem 14. We show that w satisfies condition (2) of Theorem 14.
The proof is divided into several steps. Our main aim is to show that M,
is hereditary projective. By doing this we also show that there is no path
from an indecomposable direct summand of M; to an indecomposable direct
summand of Ms. Then it is straightforward to show that M is directing is
mod A, and hence that w satisfies condition (2) of Theorem 14. In order to
show that M5 is hereditary projective we need two preliminary steps.

STEP 1. We show that My is projective. Assume it is not, and let M be
its nonprojective indecomposable direct summand. Let Ay be the block of
A supporting MJ. We consider two cases, according to whether or not all
projective Ag-modules are contained in preprojective components of Iy, .

STEP la. Assume that all projective As-modules are contained in pre-
projective components of I'4,. Let P be an indecomposable projective As-
module with Hom 4, (P, DTr4, M}) # 0. By assumption P is contained in
a preprojective component P of I'4, which also contains an indecompos-
able direct summand Mj of M;. We show that this contradicts A being
quasitilted.

If P contains no injective modules, then by Lemma 11, P\ P(Mj~)
is finite, where P(M{~») = {X € P | M] ~ X}. Now for all nonzero
f: P — DTr M} and m € N, there is a direct sum of modules of the form
(TrD)7 X; € P with j > m such that f factors through @,(TrD)’ X;. Choose
f and m as above such that there is a path M| ~ (TrD)’ X; ~» DTr M} ~
M. By Theorem 10, A is not quasitilted.

If P contains some indecomposable injective modules, let J be the di-
rect sum of one copy of each. By Lemma 11, P \ P(J~) is finite, where
P(J~) ={X € P | I ~ X for some indecomposable direct summand I
of J}. Again, for all nonzero f : P — DTr M) and m € N, there is a di-
rect sum of modules of the form (TrD)?X; € P with j > m such that f
factors through @,(TrD)?X;. Choose f and m as above such that there
is a path I ~» (TrD)/X; ~» DTr M} ~» M}, where I is an indecompos-
able direct summand of J. If Homa,(M;,I) # 0, then we obtain a path
My ~ I ~ (TrtD)? X; ~» DTr M} ~» M} in ind A. By Theorem 10, A is
not quasitilted. If Homa,(M;,I) = 0, then (0,7,0) is an indecomposable



PREPROJECTIVE COMPONENTS 67

injective A-module. We obtain a commutative diagram

(0,DTry M}, 0) — W —— (0, M/, 0)

L

0 ——=DTr,(0, M5,0) —— E —— (0, M}, 0)
Thus we get a nonsectional path
(0,1,0) ~ (0,(TrDA)? X;,0) — (0,DTr4 M5, 0)
— DTr,(0, M5,0) — E' — (0, M5,0) — P,
in ind A. By Theorem 2, A is not quasitilted.

STEP 1b. Assume that there exists an indecomposable projective As-
module which is not contained in a preprojective component ofI'4,. Since As
is an indecomposable algebra there exists an indecomposable projective As-
module P contained in a preprojective component P of I'4,, and a projective
As-module P’ which is not contained in a preprojective component of I'4,,
such that there exists a nonzero morphism f : P — P’. By the choice of P
and P’, we have f € rad, (P, P'). Thus for each r > 1 there exists a chain

of irreducible morphisms P = X & X1 Q ﬁ> X, and a morphism g, :
X, — P’ such that g, f, ... fifo # 0. By Lemma 12, P contains no injective
modules. Then choose r such that DTr X, is a successor of M7, where M]
is as in Step la. Since Homu(X,, P’) # 0, we have idy DTr X, = 2 [1,
Proposition IX.1.7]. Now M5 is not projective, hence by Proposition 15, M
is in R 4. The subclass R 4 is closed under successors, hence DTr X, € R4,
contrary to id4 DTr X,. = 2. We conclude that M, is projective.

STEP 2. Now assume My # 0. We show that in this case there exists an
indecomposable A-module X with id4 X = 2 and Hom 4 (M7, X) # 0.

From Step 1 we know that M, is projective. Let M} be an indecompos-
able direct summand of M, and let Ay be the block of A supporting M.
By induction I'4, contains a preprojective component P which contains an
indecomposable direct summand Mj of M;. Note that not all projective
As-modules are contained in preprojective components of Iy, since M/ is
not in a preprojective component. Then, since A, is an indecomposable alge-
bra there exist indecomposable projective As-modules P and P’ with P € P
and P’ ¢ P such that Hom 4, (P, P") # 0. Thus for each r > 1 there exists a
chain of irreducible morphisms P = X g X1 g e ﬁ> X, and a morphism
gr : X, = P’ such that g, f.... f1fo #0.

Let S(M{—) ={Y € P | M{ ~ Y and all paths from M{ to Y are
sectional paths of irreducible maps}. We consider two cases, according to
whether or not there is a proper projective successor of S(M{—) in P.
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STEP 2a. Assume that no proper successor of S(M{—) in P is projec-
tive. By Lemma 12, P contains no injective modules. Hence by assump-
tion we may choose the number r above so that DTr X, € S(M{—). Since
Hom 4, (X, P") # 0, and hence Hom 4 (X, P') # 0, we have id4 DTr X, = 2.
Also, Hom 4 (M;,DTr X,.) # 0, since we have a sectional path of irreducible
morphisms in I'4,, and thus in I'4, from M| to DTr X, [1, Theorem VII.2.4].

STEP 2b. Assume that there exists a proper successor P of S(M{—) in
P which is projective. Let S(— P) consist of those predecessors Y of P with
Y € P such that all paths from Y to P are sectional paths of irreducible
morphisms. Let DTr(S(—P)) = {DTrY | Y € S(—P)}. Note that all
indecomposable modules in DTr(S(—P)) have injective A-dimension two,
and that there is a path in P from M to an indecomposable module in
DTr(S(—P)). Also note that DTr(S(—P)) is a separating subcategory in
the sense that each morphism from a predecessor of DTr(S(—P)) to a mod-
ule which is not such a predecessor factors through DTr(S(—P)). Let [
be an indecomposable injective As-module such that there exists a nonzero
morphism ¢ : M{—I. By Lemma 12, I is a not predecessor of DTr(S(—P)).
Therefore g factors through DTr(S(—P)). In particular, there is a module
X € DTr(S(—P)) with Hom4 (M7, X) # 0 and ida X = 2.

STEP 3. Now we can prove that M is a hereditary projective A-module.
Assume there exists an indecomposable A-module Y with pd, Y = 2, and
such that we have a nonzero morphism g : My — Y. By Step 2 we know that
there exists an A-module X with Hom 4 (M7, X) # 0 and id4 X = 2. Choose
0 # f € Homyu (M, X), and consider the A-module Z = (F,X PY, (g (g))).
By Lemma 8, Z is indecomposable, and since id4(X @ Y) = 2 we have
ida Z = 2 by Lemma 5. Now, pd 4 Y = 2 implies that Ker g is nonprojective,
thus Ker (5 2) is nonprojective, therefore pd, Z = 2 by Lemma 5. But this
contradicts A being quasitilted. We conclude that Hom 4 (M5,Y") = 0 for all
Y €ind A with pd4 Y = 2. Let X be a submodule of Ms, and consider the
exact sequence 0 — X — My — My/X — 0. Since Msy/X has projective
dimension less than two, it follows that X is projective. We conclude that
Ms is a hereditary projective A-module.

FINAL STEP. It remains to show that M is directing as an A-module. By
Step 3, M> is directing and each indecomposable direct summand of M5 has
only finitely many predecessors. Indeed, let M) be an indecomposable direct
summand of Ms, and let X € ind A with Hom4 (X, MJ}) # 0. Let f: X —
M}, and let f = pum be the canonical factorization through Im f. Then Im f is
a submodule of Ms, hence projective, thus X is projective and a submodule
of M. Also, we infer that there is no path from an indecomposable direct
summand of M; to a summand of Ms. If M is decomposable, then the
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conclusion follows from Theorem 10 since M, is hereditary projective and
all indecomposable direct summands of M; are directing since they lie in
preprojective components of I'4. If M is indecomposable, then M = M is
contained in the preprojective component of I'4, thus M is directing.

This shows that the extension vertex w in ) satisfies condition (2) of
Theorem 14. Indeed, we have AY = A, and we have shown that M =
rad P,, is directing in mod A. Also, any indecomposable direct summand
of M5 has only finitely many predecessors, all of which are directing. The
indecomposable direct summands of M; are all contained in preprojective
components of the Auslander—Reiten quiver of A, thus they have only finitely
many predecessors, and all predecessors are directing.

We conclude that each quasitilted algebra has a preprojective compo-
nent. m
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