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An additive category with direct limits is said to be locally finitely pre-
sented provided that the full subcategory of finitely presented objects is
skeletally small and every object is a direct limit of finitely presented ob-
jects. Our aim in this paper is to study functors which are defined on locally
finitely presented categories. Roughly, most of our results are of the follow-
ing form. Given a category C and some property (*), there exists a category
D satisfying (%) and a fully faithful functor d : C — D such that any functor
f :C — D into a category satisfying (%) can be uniquely extended to a
functor f* : D — D’ which respects (x) and satisfies f = f* od. The follow-
ing properties (k) for a category D and combinations thereof are relevant:
D has cokernels; D has kernels; D is abelian; D has direct limits.

These “universal property” type results are used to study functors be-
tween locally finitely presented categories. For instance, we assign to each
locally finitely presented category with products A a skeletally small abelian
category A’ such that A is equivalent to the category of exact functors
A’ — Ab into the category Ab of abelian groups. For any pair A and B of
such categories there is a bijective correspondence between

(1) functors A — B commuting with direct limits and products, and
(2) functors B’ — A" which are exact.

In particular, we show that a functor f: A — Ab commutes with direct
limits and products if and only if there exists a presentation Hom(Y, —) —
Hom(X, —) — f — 0 such that X and Y are finitely presented.

Functors commuting with direct limits and products occur frequently,
for instance in representation theory of artin algebras. In fact, a tensor
functor — ®r B : Mod(I') — Mod(A) has this property provided that B
is finitely presented over I'. In this case, — ® B induces an exact func-
tor fp(mod(A°P),Ab) — fp(mod(I'°P), Ab) between categories of finitely
presented functors, and this alternative description of a tensor functor has
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been used to establish a close relationship between endofinite modules in
Mod(I") and Mod(A) (cf. [13]).

If one studies functors, it is often useful to have the existence of left or
right adjoints. We develop various criteria for their existence; of particular
interest is the following application: A locally finitely presented category is
complete if and only if it is cocomplete.

Another section is devoted to a discussion of contravariantly finite sub-
categories. We present a new criterion for a subcategory to be contravari-
antly finite which has already been used in studying the Krull-Gabriel di-
mension of an artin algebra [11] or the representation type of a stable module
category [14].

A substantial part of this paper is devoted to locally coherent categories.
A locally finitely presented category is locally coherent provided that the full
subcategory formed by the finitely presented objects is abelian. Our mo-
tivation to study such categories is the following: Given any ring A, there
is a locally coherent category D(A) which is an essential tool for study-
ing pure-injective A-modules [10]. In fact, there is a fully faithful functor
Mod(A) — D(A) which identifies the pure-injective A-modules with the in-
jective objects in D(A). However, it is often useful to pass from D(A) either
to a localizing subcategory 7 or to a quotient category D(A)/7 which are
again locally coherent. These constructions have been used by various au-
thors and it is therefore important to have available a general theory of
locally coherent categories.

This article is of expository nature. Much of the material can be found in
the literature and I have tried to include precise references. However, the co-
herent approach presented here as well as some of the results seem to be new.

1. Preliminaries. We first introduce some terminology. Throughout
we are working in a fixed universe Y containing an infinite set (see e.g.
[8, Numéro 0]). All categories C are assumed to be U-categories in the sense
that for each pair of objects X,Y € C the set Hom(X,Y) is small, i.e.
bijective with a set in Y. A category C is skeletally small provided that the
isomorphism classes of objects in C form a small set. A non-empty category
7 is said to be filtered provided that for each pair of objects A1, Ao € Z there
are morphisms ¢; : A; — p for some p € Z, and for each pair of morphisms
1,2 : A — u there is a morphism ¥ : p — v with ¥ op; = Y o py. We call
the colimit limyecz X of a functor X : 7 — A, A — X, a direct limit if T
is a skeletally small filtered category.

Given a category A with direct limits the finitely presented and finitely
generated objects of A play an important role. Recall that an object X € A
is finitely presented (finitely generated) provided that for every direct limit
lim Y) in A the natural morphism lim Hom(X,Y)) — Hom(X,lim Y)) is an
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isomorphism (a monomorphism). The full subcategory of finitely presented
objects of A is denoted by fp(A). Following [4], an additive category A is
called locally finitely presented if fp(A) is skeletally small and every object
in A is a direct limit of objects in fp(.A).

Recall that an abelian category A is a Grothendieck category provided
that A has coproducts, exact direct limits and a small generating set of
objects. An abelian category A is locally finitely presented if and only if it
is a Grothendieck category with a generating set of finitely presented objects
[3, Satz 1.5], [4, 2.4]. Now suppose that A is locally finitely presented and
abelian. An object in A is finitely generated if and only if it is a quotient of
some finitely presented object. The category A is said to be locally coherent
provided that finitely generated subobjects of finitely presented objects are
finitely presented, equivalently if fp(.A) is abelian [18, Proposition 2.2].

Throughout the paper all functors between pre-additive categories are
assumed to be additive. Given two pre-additive categories C and D, the
class of functors F' : C — D is denoted by (C, D) and Hom(F, G) denotes the
class of natural transformations between two functors F' and G in (C, D). If
C is skeletally small, then (C,D) forms actually a category since the Hom
sets are small. The category of abelian groups is denoted by Ab. Given any
category C, one defines limits, colimits etc. in (C, Ab) pointwise and they
coincide with the categorical notions if (C, Ab) is a category.

2. Finitely presented functors and abelian categories. In this
section we collect some elementary facts about categories which have cok-
ernels, kernels or which are abelian. Let C be a pre-additive category. A
functor F' : C°P — Ab is said to be finitely presented provided that there
exists an exact sequence

HHom(—,Xi) — HHom(—,Yj) —-F—=0
i=1 j=1

of functors in (C°P, Ab) such that n and m are finite. Note that the presen-
tation of F' could be replaced by Hom(—, X) — Hom(—,Y) - F — 0if C is
additive. Also, F' is said to be finitely generated provided that there exists
an exact sequence [[_, Hom(—, X;) — F — 0 in (C°?, Ab) such that n is
finite. The finitely presented functors form an additive category with coker-
nels, which we denote by mod(C). Recall that Yoneda’s lemma gives a fully
faithful functor h¢ : C — mod(C), X — Hom(—, X). We shall frequently
use the category mod(C°P)°P, which we denote by mop(C), that is, we set

mop(C) = mod(C°P)°P.

In this case Yoneda’s lemma gives a fully faithful functor C — mop(C),
X — Hom(X, —).
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UNIVERSAL PROPERTY 2.1. Let f:C — A be a functor into an additive
category with cokernels. Then there exists, up to a natural isomorphism, a
unique right exact functor f*: mod(C) — A such that f = f*ohc.

Proof. For any functor F' € mod(C) choose a presentation

HHom(—,Xi) (Fom{=ye1s))sg, H Hom(—,Y;) = F — 0
i=1

j=1
and define f*(F') to be the cokernel of the morphism

[T 00 S22 T ).

i=1 Jj=1
Any morphism ¢ : F' — G in mod(C) lifts to a morphism of the presenta-
tions, so it induces a unique morphism f*(¢) : f*(F) — f*(G). It is easily
checked that this is well-defined and that f* : mod(C) — A is the unique
right exact functor extending f. m

The preceding result can be used to define a tensor product mod(C) x
mod(C°?) — Ab, (F,G) — F ®¢ G, which is characterized, up to a natural
isomorphism, by the following properties:

(1) There are functorial isomorphisms F' @ Hom(X, —) = F(X) and
Hom(—, X) ®c G =2 G(X) for X € C.
(2) F ®c — and — ®¢ G are right exact.

Recall that given a morphism ¢ : Y — Z in C, a morphism ¢ : X — Y
is a pseudo-kernel for v provided that the induced sequence of functors
Hom(—, X) — Hom(—,Y) — Hom(—, Z) is exact. This concept was intro-
duced by Freyd under the name “weak kernel” and he proved the following
classical result [5, Theorem 1.4].

LEMMA 2.2. The category mod(C) is abelian iff C has pseudo-kernels.

Let A be an abelian category. We denote by proj(.A) the full subcategory
of projective objects in A and we say that A has sufficiently many projectives
provided that for every object X € A there exists an epimorphism Y — X
with Y € proj(A). Analogous terminology is used for injective objects in A.

PRrROPOSITION 2.3. There is, up to equivalence, a bijective correspon-
dence between (skeletally small) additive categories with split idempotents
and pseudo-kernels and (skeletally small) abelian categories with sufficiently
many projectives. The correspondence is given by

C+— mod(C) and A — proj(A).

Proof. If C is an additive category with split idempotents and pseudo-
kernels, then mod(C) is abelian and the representable functors Hom(—, X)
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are precisely the projective objects in mod(C) by Yoneda’s lemma. Con-
versely, given an abelian category A with sufficiently many projectives,
proj(.A) has pseudo-kernels and the inclusion proj(.A) — A extends to a
functor mod(proj(.A)) — A which is an equivalence. m

LEMMA 2.4. Let A be an abelian category with sufficiently many projec-
tives and suppose that f : proj(A) — B is a functor into a category with
cokernels. Then there exists, up to a natural isomorphism, a unique right
ezxact functor f*: A — B such that f*|,054) = f-

Proof. Combine Property 2.1 and Proposition 2.3. =

LEMMA 2.5. Let f: A — B be a right exact functor between abelian cate-
gories and suppose that A has sufficiently many projectives. Then f is exact
iff f(X)— f(Y)— f(Z) is exact for each exact sequence X —Y — Z of
projective objects in A.

Proof. Taking projective presentations of an arbitrary exact sequence
in A and applying f the assertion is an immediate consequence of the snake
lemma. =

Let f: C — D be a functor between additive categories. We denote by
f* :mod(C) — mod(D) the unique right exact functor which extends f. We
list some properties of f*.

LEMMA 2.6. (1) f is fully faithful iff f* is fully faithful.

(2) Suppose that C and D have pseudo-kernels. Then f : C — D pre-
serves pseudo-kernels iff f* is exact.

(3) Suppose that C has kernels and that D has pseudo-kernels. Then f
18 left exact iff [ preserves pseudo-kernels.

Proof. (1) Straightforward.

(2) Use Lemma 2.5.

(3) If C has kernels, then a morphism ¢ : X — Y is a pseudo-kernel for ¢
iff o decomposes as [p1 @2] : X111Xs — Y where ¢, is a kernel and ¢ops = 0.
Thus a left exact functor preserves pseudo-kernels. Conversely, suppose that
f preserves pseudo-kernels. It follows from (2) that f* : mod(C) — mod(D)
is exact. Therefore f* o he = hp o f is left exact and we obtain the left
exactness of f. m

LEMMA 2.7. Let f : C — D be a fully faithful functor between addi-
tive categories and suppose that D has cokernels. Then the following are
equivalent:

(1) f admits a left adjoint.
(2) f admits a right exact functor g : D — C satisfying go f =idc.

In this case g is a left adjoint and C has cokernels.
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Proof. Straightforward. m

LEMMA 2.8. The Yoneda functor he : C — mod(C) has the following
properties:

(1) If C has split idempotents and pseudo-kernels, then he preserves
pseudo-kernels iff C has kernels.

(2) he has a left adjoint iff C has cokernels. A left adjoint is right exact.
Proof. Use the above lemmata. m

We include the following well-known criterion for a right adjoint functor
to be exact.

LEMMA 2.9. Let f: A — B be a functor between abelian categories and
let g: B — A be a left adjoint.

(1) If f is exact, then g preserves projectives.

(2) If B has sufficiently many projectives and g preserves projectives,
then f is exact.

Let C be a pre-additive category and define A(C) = mod(mop(C)). Fur-
ther let

ac :C — A(C), X+ Hom(—,Hom(X,—)),

be the composition of the corresponding Yoneda functors. The category
A(C) has the following property:

UNIVERSAL PROPERTY 2.10. The category A(C) is abelian and given
any functor f : C — A into an abelian category, there exists, up to a natural
isomorphism, a unique ezxact functor f*: A(C) — A such that f = f*oac.

Proof. The category A(C) is abelian by Lemma 2.2 since mop(C) has
kernels. A functor f : C — A extends uniquely to a left exact functor
f" : mop(C) — A and this extends uniquely to a right exact functor f* :
A(C) — A. This follows from Property 2.1 and we deduce from Lemmas 2.5
and 2.6 the exactness of f* since f’ is left exact. Any other exact functor
A(C) — A extending f needs to be isomorphic to f* since the restriction to
mop(C) is left exact and therefore isomorphic to f’. m

COROLLARY 2.11. There exists, up to a natural isomorphism, a unique
duality d : A(C) — A(C°P) which extends the canonical duality C — C°P.
This duality F — d(F) is given by

d(F)(X) =Hom(F, X ®¢ —).
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Proof. The functor d is the unique exact functor which makes the
following diagram commutative:

C——>Cop

lac l/acop

A(C) —%= A(CoP) n

COROLLARY 2.12. There exists, up to a natural isomorphism, a unique
equivalence

mod(mop(C)) — mop(mod(C))
which sends Hom(—, Hom(X, —)) to Hom(Hom(—, X), —) for every X € C.

COROLLARY 2.13. The category A(C) has sufficiently many projectives
which are the functors Hom(—, X), X € mod(C°P), and sufficiently many
injectives which are the functors X ®¢ —, X € mod(C). Finally, the

projective-injective objects are precisely the direct summands of functors
1, Hom(—,Hom(X;,—)), X; € C.

COROLLARY 2.14. The functor d : mod(C) — A(C), F — F ®¢ —, in-
duces an equivalence between mod(C) and inj(A(C)). Moreover, the Yoneda
functor h : C — mop(C) induces a functor h* which is isomorphic to d.

Remark 2.15. If C has precisely one object, in other words if it is a
ring, then the universal property of the category A(C) has been studied by
Gruson [9]; see also [5].

3. Contravariantly finite subcategories. Let A be an additive cat-
egory. Following [2], an additive subcategory C is said to be contravariantly
finite provided that every object X € A has a right C-approzimation, i.e. a
morphism Y — X with Y € C such that the induced sequence of functors
Hom(—,Y)|c — Hom(—, X)|c — 0 from C° to Ab is exact. Of course,
there is the dual notion of covariant finiteness.

Let f : C — D be a functor between additive categories and denote by
f* :mod(C) — mod(D) the unique right exact functor extending f. Also,
we have for each functor F' : D°? — Ab the restriction f.(F) = Fo f. We
start with some preliminary results.

LEMMA 3.1. The following are equivalent:

(1) f.(F) is finitely presented for all F € mod(D).
(2) f* has a right adjoint.
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Proof. (1)=(2). Take f. as a right adjoint.
(2)=(1). Let g be a right adjoint of f*. The isomorphism

9(F)(X) = Hom(Hom(—, X), g(F)) = Hom(f" (Hom(—, X)), F)
=~ Hom (Hom(—, f(X)), F) = F(f(X)) = f.(F)(X)
shows that g takes the same values as f.. =

LEMMA 3.2. Suppose that D has pseudo-kernels and that f is fully faith-
ful. Then the following are equivalent:

(1) The image Im(f) of f is contravariantly finite in D.
(2) f«(Hom(—, X)) is finitely generated for all X € D.
(3) f«(F) is finitely presented for all F € mod(D).

Proof. (1)&(2)«<(3). This is a direct consequence of the definitions
involved.

(2)=(3). It suffices to show that f.(Hom(—, X)) is finitely presented for
all X € D since f, is exact and mod(C) is closed under cokernels. To this
end let f(Y) — X be a right Im( f)-approximation of X and let f(Y') — X’
be a left Im(f)-approximation of a pseudo-kernel X’ of f(Y) — X. Choose
a morphism ¢ : Y/ — Y such that f(¢) equals the composition f(Y’) —
X" — f(Y). It is easily seen that ¢ induces a presentation Hom(—,Y”) —
Hom(—,Y) — Hom(—, X) o f — 0 of f,(Hom(—, X)) = Hom(—,X)o f. m

It is well-known that a subcategory C of an additive category A is con-
travariantly finite if the inclusion functor i : C — A has a right adjoint.
Consider the following example.

ExAMPLE 3.3. Let C be an additive category and h : C — mop(C)
be the Yoneda functor. The image of h is contravariantly finite iff C has
pseudo-kernels. The functor h has a right adjoint iff C has kernels.

Replacing i : C — A by i* : mod(C) — mod(A) we obtain the following
criterion.

THEOREM 3.4. Let A be an additive category with pseudo-kernels. If

i:C — A denotes the inclusion of a full additive subcategory, then the
following are equivalent:

(1) C is contravariantly finite.

(2) The right exact functor i* : mod(C) — mod(A) which extends i has
a right adjoint.

(3) Restriction induces a functor i, : mod(A) — mod(C).

In this case the category C has pseudo-kernels and i, is exact.

Proof. Combine Lemmas 3.1 and 3.2 to prove the equivalence of (1)—
(3). To obtain a pseudo-cokernel for a morphism in C take a right C-approxi-
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mation of a pseudo-cokernel in A. The exactness of i, is clear since kernels
and cokernels in mod(C) and mod(.A) are computed pointwise. m

Remark 3.5. If A[C denotes the additive quotient of .4 modulo all
morphisms which factor through objects in C, then mod(A[C) and the kernel
of i, are identified via the canonical functor A — A[C, and 4, induces an
equivalence between the abelian quotient mod(.A)/mod(A[C) and mod(C).

4. Module categories and tensor products. Module categories and
tensor products are the most important tools for studying locally finitely
presented categories and their functors. Let C be a skeletally small pre-
additive category. We denote by Mod(C) the category of functors from C°P
to the category Ab of abelian groups. The objects in Mod(C) are called
C-modules [17]. Tt is well-known that Mod(C) is a locally finitely presented
abelian category and that fp(Mod(C)) and mod(C) coincide. We denote by
he : C — Mod(C) the Yoneda functor X +— Hom(—, X). This functor has
the following property.

UNIVERSAL PROPERTY 4.1. Let f:C — A be a functor into an additive
category with colimits. Then there exists, up to a natural isomorphism, a
unique functor f* : Mod(C) — A such that f = f* o he and f* commutes
with colimits. Moreover, f* has a right adjoint.

Proof. The category Mod(C) has sufficiently many projectives and
proj(Mod(C)) consists precisely of the direct summands of coproducts
[;c; Hom(—, X;). First we define

7 (T Hom(-. x0) = [ £(x)

and for a direct summand M we define f*(M) to be the cokernel of f*(id—¢)
where ¢ € End(][, Hom(—, X;)) is the idempotent corresponding to M.
Similarly we define f* on morphisms between projectives. Thus we obtain
a unique functor proj(Mod(C)) — A extending f and commuting with col-
imits. Now one uses Property 2.1 to extend this functor uniquely to a right
exact functor f* : Mod(C) — A. The right adjoint f. : A — Mod(C) is
obtained by f.(M)(X) = Hom(f(X), M) for M € A. It is routine to check
that there is a functorial isomorphism Hom(f*(N), M) = Hom(N, f.(M))
for N € Mod(C). The uniqueness of f* follows from the fact that f* com-
mutes with colimits. m

The preceding result can be used to define a tensor product Mod(C) x
Mod(C°?) — Ab, (M,N) — M ®¢ N, which extends the tensor product
defined on mod(C) x mod(C°P) (cf. [12]). It is characterized, up to a natural
isomorphism, by the following properties:
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(1) There are functorial isomorphisms M ®¢ Hom (X, —) = M(X) and
Hom(—, X) ®c N 2 N(X) for X €C.
(2) M ®¢ — and — ®¢ N have right adjoints.

Let f:C — D be a functor between skeletally small additive categories.
The restriction functor f, : Mod(D) — Mod(C), M — M o f, has a left
adjoint

f*:Mod(C) — Mod(D), M — N,

with N(X) = M ®¢ (Hom(X,—) o f)
and a right adjoint

*f :Mod(C) — Mod(D), M ~— N,

with N(X) = Hom(Hom(—, X) o f, M).
We discuss some properties of these functors.

LEMMA 4.2. (1) hpo f = f* o he where he : C — Mod(C) and hp : D —
Mod(D) are given by X — Hom(—, X).
(2) f* is fully faithful iff f is fully faithful.

Proof. (1) Clear.

(2) It follows from (1) that f is fully faithful if f* is fully faithful since
he and hp are fully faithful. Conversely, suppose that f is fully faithful. The
isomorphism

Hom (HHom(—,Xi), HHom(—, Yj)> =} HHHom(Xi’Yj)

shows that f* induces a fully faithful functor proj(Mod(C))— proj(Mod(D))
since f*(Hom(—, X)) = Hom(—, f(X)) for every X € C and f* commutes
with coproducts. It follows from Lemma 2.6 that the induced right exact
functor mod(proj(Mod(C))) — mod(proj(Mod(D))) is fully faithful. But
this functor is isomorphic to f*. m

5. Locally finitely presented categories. Let C be a skeletally small
pre-additive category. A C-module M is said to be flat provided that M ®¢—
is exact. The full subcategory of Mod(C) formed by the flat modules is
denoted by Flat(C). It is well-known that this is a locally finitely presented
category [4, Theorem 1.4]. In fact, the category Flat(C) is closed under direct
limits in Mod(C), so has direct limits itself and a C-module M is flat if and
only if it is a direct limit of modules of the form Hom(—, X) with X € C.

The following description of an arbitrary locally finitely presented cat-
egory is due to Crawley-Boevey [4, Theorem 1.4]. The result goes back to
work of Grothendieck and Verdier [8, Numéro §]J; see also [1, Theorem 2.26].
It generalizes results for locally noetherian categories [6, I1.4, Théoréme 1],
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locally coherent categories [18, Proposition 2.2], locally finitely presented
abelian categories [3, Satz 2.4] and locally finitely presented categories in
the sense of Gabriel and Ulmer [7, Korollar 7.9].

PrOPOSITION 5.1. If A is a locally finitely presented category, then the
functor A — Flat(fp(A)) given by X + Hom(—, X)|g,(a) is an equivalence.
There is, up to equivalence, a bijective correspondence between skeletally
small additive categories with split idempotents and locally finitely presented
categories. The correspondence is given by

C— Flat(C) and A — fp(A).

This result has some obvious consequences which we now discuss. Let A
be a locally finitely presented category. Denote by m 4 : A — Mod(fp(A))
the fully faithful functor given by X — Hom(—, X)|g,(4):

UNIVERSAL PROPERTY 5.2. Let f: A — B be a functor into an additive
category with cokernels and direct limits. Suppose also that f commutes
with direct limits. Then there exists, up to a natural isomorphism, a unique
right exact functor f* : Mod(fp(A)) — B such that f = f* omy and f*
commutes with direct limits.

Proof. The assumption on B means that B has colimits. Thus f/|g(.a)
extends uniquely to a functor f*: Mod(fp(A)) — B which commutes with
colimits, by Property 4.1. Using the identification A = Flat(fp(A)) the
assertion follows since f commutes with direct limits. m

Following Roos [18] we call A = Flat(fp(A)°P) the conjugate category of
A. The contravariant functor fp(A) — A, X + Hom(X, —)|t4), induces
a duality between fp(A) and fp(.A°°), which we denote by d.

PROPOSITION 5.3. Let A be a locally finitely presented category. There
exists a tensor product functor Ax A° — Ab, (M, N) — M ®g,4) N, which
1s characterized, up to a natural isomorphism, by the following properties:

(1) There are functorial isomorphisms M ®gp 4y Y = Hom(d(Y'), M) for
Y € fp(A%°) and X ®gpa) N = Hom(d(X),N) for X € fp(A).
(2) M ®gp(a) — and — Qgpay N commute with direct limits.

Proof. Using the identification A=Flat(fp(A)) and A“°=Flat(fp(.A)°P)
the assertion follows if one restricts the tensor product which is defined on
Mod(fp(A)) x Mod(fp(A)°P). m

The next few results show how certain properties of a locally finitely
presented category A are reflected by properties of the category C = fp(.A).
We shall need a canonical presentation of any object X and any morphism
p: X —Y in A as a direct limit of objects and morphisms, respectively, in
C. To this end define categories C/X and C/¢p as follows. An object A € C/X
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is given by a morphism «y : X — X with X, € C and a morphism 6 : A — p
is given by a morphism gy : X — X, satisfying a) = o, o ag. An object
A € C/p is given by a commuting diagram of the form

X)\L)YA

.
X —*-vy
with X, Y, € C and a morphism 6 : A — p is given by a commuting diagram

of the form
X _Px Yy

©
X, ——Y,
with oy = v, 0 ap and ) =, 0p.

LEMMA 5.4. (1) The category C/X is filtered and limyec/x Xx = X.
(2) The category C/y is filtered and limyec,, pr = @

(3) ¢ induces a natural functor C/X — C/Y.

Proof. Straightforward. m

LEMMA 5.5. Let Fy\ : Iy — I, A € J, be a filtered family of functors
between filtered categories and suppose that the family is cofinal, i.e.:

(i) for any v € T there is an object p € Iy for some X € J and a
morphism v — Fy(p);

(i) for any pair of morphisms 1, ps : v — Fx(u) there is a morphism
Y p— x such that F\(1) o p1 = F\(¢) o pa.

Then for any functor X from T to a category with direct limits, the
natural morphism

¢ lim ( iy Xp, () — g X,

AET peELy veT
s an isomorphism.

Proof. Using (i)-(ii) one constructs for any object ¥ and any morphism

o lim ( lim XFA(M))_)Y

AT MGI)\
a unique morphism 7 : lim, 7 X, — Y satisfying ¢ = 7 o¢p. Thus ¢ induces
an isomorphism

Hom(lim X,,Y) — Hom(lim ( iy Xp, (), Y)
veTL AT ,UIEI)\

which is functorial in Y, and the assertion follows. m
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We are now in a position to prove a universal property of a locally
finitely presented category. In fact, the property characterizes locally finitely
presented categories, and in this generality the result can be found in the
exposition of Addmek and Rosicky [1, Theorem 2.26].

UNIVERSAL PROPERTY 5.6. Let f : fp(A) — B be a functor into an
additive category with direct limits. Then there exists, up to a natural iso-
morphism, a unique functor f* : A — B such that f*|ga) = f and f*
commutes with direct limits.

Proof. Define f*(X) = limaec/x f(Xx) and f*(p) = limrec/yp f(0r)
for every object X and every morphism ¢ in .A. We show that f* commutes
with direct limits. To this end let X = lim X, be a direct limit in A. The
corresponding family of functors C/ X, — C/X satisfies the assumption of
Lemma 5.5 and we therefore obtain

lim f5(X5) =lim ( lim f(X,)= lm f(X,)=f"(X).
A A peC/Xx veC/X
The uniqueness follows easily from the requirement that the functor A — B
extending f commutes with direct limits. m

We proceed with some further properties of A which are related to prop-
erties of fp(A).

LEMMA 5.7. A locally finitely presented category A has cokernels iff
fp(A) has cokernels. In that case the embedding fp(A) — A is right exact,
direct limits in A are right exact, and any exact sequence L — M — N — 0
in A is a direct limit of exact sequences Ly — My — Ny — 0 in fp(A).

Proof. If A has cokernels, then fp(.A) is closed under cokernels, so has
cokernels itself and the embedding fp(A) — A is right exact. Conversely,
suppose that fp(.A) has cokernels. It is not hard to check that each cokernel
in fp(\A) is also a cokernel in A. The fact that direct limits preserve colimits
implies that direct limits are right exact. Now let ¢ : L. — M be a morphism
in A. Write ¢ as a direct limit of morphisms ¢, : Ly — M, in fp(A) and
consider for each A a cokernel M, — N, in fp(A). Again, the direct limit
M — lim N, is a cokernel for ¢ since direct limits preserve colimits. Thus
A has cokernels. m

LEMMA 5.8. A locally finitely presented category A has kernels if fp(A)
has kernels. In that case the embedding fp(A) — A is left exact, direct limits
in A are left exact, and any exact sequence 0 — L — M — N in A is a
direct limit of exact sequences 0 — Ly — My — Ny in fp(A).

Proof. Using the fully faithful functor A — Mod(fp(A)), X —
Hom(—, X)|gp(a), we immediately see that the embedding fp(A) — A is
left exact and that direct limits in A are left exact. Now let ¢ : M — N be
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a morphism in A. Write ¢ as a direct limit of morphisms ¢y : My — Ny in
fp(A) and consider for each A a kernel Ly — M) in fp(A). We claim that
lim Ly — M is a kernel for ¢. Using again the functor A — Mod(fp(A)) this
follows since 0 — Hom (X, lim L) — Hom(X, lim M) — Hom(X, lim N,)
is exact for each X € fp(A). Thus A has kernels. m

LEMMA 5.9. If A is a locally coherent category, then the embedding
fp(A) — A is exact, direct limits in A are exact, and any exact sequence
0—-L—>M-—N—0inAisa direct limit of exact sequences 0 — Ly —
M)\ — N)\ — 0 in fp(A)

Proof. Combine the previous lemmata. m

PRrROPOSITION 5.10. Let A be a locally finitely presented category and let
f A — B be a functor into an additive category which preserves direct
limits.

(1) If fp(A) and B have cokernels, then f is right exact if and only if
[lepca) is Tight exact.

(2) If fp(A) and B have kernels and direct limits in B are left exact,
then f is left exact if and only if flgpa) is left evact.

(3) If fp(A) and B are abelian and direct limits in B are exact, then f
is exact if and only if flgpa) 5 evact.

Proof. Combine the previous lemmata. m

Let A and B be a pair of locally finitely presented categories. Any
functor f : fp(A) — fp(B) extends uniquely to a functor A — B which
commutes with direct limits, by Property 5.6. Alternatively, one could use
the induced functor f* : Mod(fp(A)) — Mod(fp(B)), which restricts to a
functor Flat(fp(A)) — Flat(fp(B)). This observation has some important
implication.

Given a full additive subcategory C of fp(.A) denote by C the full subcate-
gory of A formed by the objects which are direct limits of objects in C. This
subcategory has the following description, which is due to Crawley-Boevey
[4, Theorem 4.1].

PROPOSITION 5.11. C is a locally finitely presented category which is
closed under direct limits in A, and fp(é) consists of the direct summands
of objects in C. An object X € A belongs to c if and only if any morphism
from an object in fp(A) to X factors through some object in C.

Proof. Using the identification A = Flat(fp(.A)) the inclusion C —
fp(A) induces a fully faithful functor Mod(C) — Mod(fp(.A)) by Lemma 4.2,

which restricts to an equivalence between Flat(C) and C.w
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6. Adjoints. We develop various criteria for the existence of left and
right adjoints for functors between locally finitely presented categories. This
is strongly related to the question whether a functor preserves finitely pre-
sented objects. We shall use the following crucial fact.

LEMMA 6.1. Let f: A — B be a functor between categories with direct
limits. Suppose there exists a right adjoint which commutes with direct lim-
its. Then f(X) is finitely presented (finitely generated) if X is a finitely
presented (finitely generated) object in A.

Proof. Let X € A and lim Y, € B. We have the following sequence of
morphisms:

lim Hom(f (X), Yx)  limy Hom(X, g(¥3)) - Hom(X, lim g(Y>))
= Hom(X, g(lim Y )) = Hom(f(X),lim Y))
since f and g is a pair of adjoint functors and g commutes with direct limits.

Now the assertion follows since ¢ is an isomorphism (a monomorphism) if
X is finitely presented (finitely generated). m

Let A and B be a pair of locally finitely presented categories. For any
functor f : fp(A) — fp(B) denote by f* : A — B the unique functor which
extends f and commutes with direct limits.

THEOREM 6.2. For a functor f : fp(A) — fp(B) the following are equiv-
alent:

(1) f*: A— B has a left adjoint.
(2) f:fp(A) — fp(B) has a left adjoint.

Moreover, if g : fp(B) — fp(A) is a left adjoint of f, then g* : B — A
is a left adjoint of f*: A — B.

Proof. (1)=(2). The left adjoint of f* maps finitely presented objects
to finitely presented objects by Lemma 6.1 and gives therefore a left adjoint
of f.

(2)=(1). We shall identify A = Flat(fp(A)) and B = Flat(fp(B)),
respectively. Now let g : fp(B) — fp(A) be a left adjoint of f. It is
easily verified that g, : Mod(fp(A)) — Mod(fp(B)) is a left adjoint of
f« : Mod(fp(B)) — Mod(fp(.A)). This fact implies that g.(M) = f*(M)
is flat for every M € A. The assertion now follows since g* : B — A is a left
adjoint of the functor A — B, M +— g.(M). =

We have the following application, of which one direction has been proved
by Gabriel and Ulmer [7, Korollar 5.8] using some different arguments.

COROLLARY 6.3. Let C be a skeletally small additive category. Then the
inclusion Flat(C) — Mod(C) has a left adjoint if and only if C has cokernels.
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Proof. The inclusion C — mod(C) has a left adjoint iff C has cokernels,
by Lemma 2.8. The assertion now follows from the preceding theorem. m

LEMMA 6.4. (1) If C has pseudo-cokernels, then a C-module M is flat iff

M maps any sequence X >Y % Zin C, where ¢ is a pseudo-cokernel for
@, to an exact sequence M (Z) — M(Y) — M(X).

(2) If C has cokernels, then a C-module M is flat iff the functor
M : C°P — Ab is left exact.

Proof. The category mod(C°P) is abelian and therefore Proposition 5.10
applies, saying that M ®¢ — is exact iff the restriction M ®¢ —|mod(cor) is
exact. Now the assertions follow from Lemmas 2.5 and 2.6. =

LEMMA 6.5. If C has pseudo-cokernels, then a functor f : C — D pre-
serves pseudo-cokernels iff f.: Mod(D) — Mod(C) preserves flatness.

Proof. The first implication follows from the characterization of flatness
in the previous lemma. Conversely, the exactness of f,(Hom(—,Y"))®¢ — for
every Y € D implies that f preserves pseudo-cokernels since f,(Hom(—,Y))
®c Hom(X, —) = Hom(f(X),Y) for every X €C. m

The characterization of flat modules in the previous lemma allows one
to deduce the following theorem of Crawley-Boevey [4, Theorem 2.1], which
generalizes a well-known result of Chase for modules over a ring.

PROPOSITION 6.6. For a locally finitely presented category A the follow-
ing are equivalent:

(1) A has products.
(2) fp(A) has pseudo-cokernels.
(3) A product of flat fp(A)-modules is flat.

The next result gives a criterion for the existence of a right adjoint.

THEOREM 6.7. Let f : A — B be a functor between locally finitely pre-
sented categories with products and suppose that f commutes with direct
limits. Then the following are equivalent:

(1) f has a right adjoint which commutes with direct limits.
(2) f restricts to a functor fp(A) — fp(B) which preserves pseudo-
cokernels.

Proof. (1)=(2). Let g : B — A be a right adjoint of f commuting
with direct limits. It follows from Lemma 6.1 that f restricts to a func-
tor fp(A) — fp(B). Let X 5V Y Z be a sequence in fp(A) where 1
is a pseudo-cokernel for ¢ in fp(A). It is easily checked that 1 is also a
pseudo-cokernel in A. It follows that Hom(Z, g(M)) — Hom(Y, g(M)) —
Hom(X, g(M)) is exact, for every M € B and therefore Hom(f(Z), M) —
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Hom(f(Y),M) — Hom(f(X),M) is exact, which shows that f(¢) is a
pseudo-cokernel for f(p).

(2)=(1). Denote by h : fp(A) — fp(B) the restriction of f. The functor
hs @ Mod(fp(B)) — Mod(fp(A)) preserves flatness by Lemma 6.5. Thus
Flat(fp(B)) — Flat(fp(.A)), X — h.(X), is a right adjoint of f which com-
mutes with direct limits, since f is isomorphic to Flat(fp(.A)) — Flat(fp(B)),
X = h*(X).

We finish our discussion of adjoint functors with the following example.

PROPOSITION 6.8. Let C and D be skeletally small additive categories
with split idempotents. A functor f : Mod(C) — Mod(D) is isomorphic to
g« for some additive functor g : D — C if and only if f commutes with
limits and colimits.

Proof. One direction is clear. So suppose that f commutes with limits
and colimits. Thus f has a left adjoint since f commutes with limits and
this left adjoint preserves finitely presented objects by Lemma 6.1 and pro-
jectives by the exactness of f. Using the Yoneda embeddings we obtain g
by restricting the left adjoint to a functor from D to C. m

7. Products. In this section we discuss the property of certain functors
to preserve products. It is well-known that for a ring A a right A-module M
is finitely presented (finitely generated) iff the natural map M ®4 (][, N;) —
[[,(M ®a N;) is an isomorphism (epimorphism) for every family (N;);er of
left A-modules. This generalizes to arbitrary module categories as follows.

LEMMA 7.1. Let C be a skeletally small additive category. For M €
Mod(C) the following are equivalent:

(1) M is finitely presented (finitely generated).

(2) The natural morphism M ®c ([]; Ni) — [[;(M ®c N;) is an isomor-
phism (epimorphism) for every family (N;);cr in Mod(CP).

(3) The natural morphism

M & <HH0m(Xi, —)) — H(M ®c Hom (X, —))

is an isomorphism (epimorphism) for every family (X;)icr in C.
Proof. Adapt the proof for modules over a ring. m

Let f : C — D be a functor between skeletally small additive categories.
Recall that f induces the restriction functor f, : Mod(D) — Mod(C), which
has a left adjoint f* : Mod(C) — Mod(D).
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PROPOSITION 7.2. The following are equivalent:

(1) (f°P)4 restricts to a functor mod(D°P) — mod(CP).

(2) The natural morphism f*(I[, M;) — [1, f*(M;) is an isomorphism
for all families (M;);er in Mod(C).

(3) The natural morphism f*(I], Hom(—, X;)) — [ [, f*(Hom(—, X;)) is
an isomorphism for all families (X;);cr in C.

Proof. The assertion follows from the definition of f, and f* using the
lemma above. m

THEOREM 7.3. Let A and B be locally finitely presented categories with
products. Suppose that f : fp(A) — fp(B) is a functor and denote by f* :
A — B the induced functor which commutes with direct limits. Then the
following are equivalent:

(1) (f°P), restricts to a functor mod(fp(B)°P) — mod(fp(.A)°P).

(2) The natural morphism f*([[, M;) — [, f*(M;) is an isomorphism
for all families (M;);cs in A.

(3) The natural morphism f*([[, M;) — [, f*(M;) is an isomorphism
for all families (M;);cr in fp(A).

Proof. The assertion follows immediately from the previous result if
one identifies A and B with Flat(fp(A)) and Flat(fp(B)), respectively. =

Specializing the preceding theorem to the case when f is an embed-
ding and using Theorem 3.4 we obtain the following result, which is due to
Crawley-Boevey [4, Theorem 4.2].

COROLLARY 7.4. Let A be a locally finitely presented category with prod-
ucts and C a full additive subcategory of fp(A). Then C is closed under
products in A if and only if C is covariantly finite in fp(A).

8. The category D(A). Let A be a locally finitely presented category.
In this section we construct a functor d4 : A — D(A) into a locally finitely
presented category with kernels which is an analogue of the functor A —
Mod(fp(A)), X + Hom(—, X)|ga). This is based on a construction which
was introduced by Gruson and Jensen [10] and further extended by Simson
[19] and Crawley-Boevey [4].

Let C = fp(A) and denote by h : C — mop(C) the Yoneda functor. We
define D(A) = Flat(mop(C)) and d4 = h* is the unique functor commuting
with direct limits which extends h. Note that D(A) has kernels and left
exact direct limits by Lemma 5.8.

UNIVERSAL PROPERTY 8.1. Let f: A — B be a functor into an additive
category with kernels and left exact direct limits. Supppose also that f com-
mutes with direct limits. Then there exists, up to a natural isomorphism,
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a unique left exact functor f* : D(A) — B such that f = f*od and f*
commutes with direct limits.

Proof. The restriction f|c : C — B extends uniquely to a left exact
functor f’: mop(C) — B by Property 2.1 and this, by Property 5.6, extends
uniquely to a functor f* : D(A) — B commuting with direct limits. The
left exactness of f* follows from Proposition 5.10. =

COROLLARY 8.2. The category A has kernels if and only if d4 admits a
right adjoint. A right adjoint commutes with direct limits, and it preserves
finitely presented objects if and only if fp(A) has kernels.

Proof. Combine Property 8.1 with the statements of Lemmas 2.7
and 2.8. =m

COROLLARY 8.3. The category A has products if and only if D(A) has
products. In this case d 4 commutes with products.

Proof. The category A has products iff C has pseudo-cokernels, by
Proposition 6.6. It follows that A has products iff D(.A) has products since
C has pseudo-cokernels iff mop(C) = fp(D(A)) has pseudo-cokernels, by
Lemma 2.2. It remains to check that the image of d 4 is closed under prod-
ucts taken in D(A). This follows by Corollary 7.4 since the image of the
Yoneda functor h is covariantly finite in mop(C). m

COROLLARY 8.4. Let A be a locally finitely presented category with prod-
ucts. Then A has kernels if and only if A has cokernels.

Proof. By Theorem 6.7, the functor d4 : A — D(A) has a right ad-
joint commuting with direct limits iff the Yoneda functor ¢ — mop(C) =
fp(D(A)) preserves pseudo-cokernels. This happens iff C has cokernels,
equivalently if A has cokernels, by Lemmas 2.8 and 5.7. Now the asser-
tion follows from Corollary 8.2. m

Recall that an additive category is (co)complete if it has arbitrary
(co)limits, equivalently if (co)kernels and (co)products exist. The follow-
ing consequence of the preceding result seems to be well-known (e.g. see
[15, Theorem 6.1.4]).

COROLLARY 8.5. A locally finitely presented category is complete if and
only if it is cocomplete.

Our discussion suggests a further construction. We define a functor
cqg : A — C(A) into a locally coherent category as follows. Let C(A) =
Flat(A(C)) and c4 = af be the unique functor commuting with direct
limits which extends ac : C — A(C), X — Hom(—,Hom(X,—)). Note
that C'(A) = D(Mod(C)) and that c4 is isomorphic to the composition of
A — Mod(C), X + Hom(—, X)|c, with dyioq(c)-
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UNIVERSAL PROPERTY 8.6. Let f : A — B be a functor into an abelian
category with exact direct limits. Supppose also that f commutes with di-
rect limts. Then there exists, up to a natural isomorphism, a unique exact
functor f*: C(A) — B such that f = f*ocy and f* commutes with direct
limits.

Proof. Analogous to the proof of Property 8.1. m

9. Locally coherent categories. Recall that a locally finitely pre-
sented category A is locally coherent provided that fp(.A4) is abelian. Note
that in this case the embedding of fp(A) into A is exact. In this section we
discuss how certain properties of such a category A are reflected by those
of fp(A). We need some preparations.

LEMMA 9.1. Let A be a Grothendieck category. An object X € A is
finitely presented (finitely generated) if and only if for every direct limit
lim Y in A with Yy € inj(A) for all X the natural morphism lim Hom(X,Y))
— Hom (X, lim Y)) is an isomorphism (a monomorphism).

Proof. See [3, Korollar 1.8]. m

Recall that an object M of a Grothendieck category A is fp-injective
provided that Ext'(Z, M) = 0 for all Z € fp(A). We denote the full sub-
category of fp-injective objects in A by fpinj(A). Note that fpinj(.A) is
automatically closed under products. The following lemma is taken from
[4].

LEMMA 9.2. Let A be a locally finitely presented abelian category. For
Z € fp(A) and M € A the following are equivalent:

(1) Ext'(Z, M) = 0.

(2) 0 — Hom(Z, M) — Hom(Y, M) — Hom(X, M) — 0 is exact for all
exact sequences 0 - X —Y — Z — 0 in A with Y finitely presented.

Proof. Straightforward. m

Using the above lemmata we obtain the following.

LEMMA 9.3. Let A be a locally finitely presented abelian category:

(1) If (M;)icr is a filtered family of subobjects M; € fpinj(.A) of some
M € A, then Y, M, € fpinj(A). In particular, fpinj(A) is closed under
coproducts.

(2) A is locally coherent iff fpinj(A) is closed under direct limits.

Proof. Let 0 - X — Y — Z — 0 be an exact sequence in A with
Y € fp(A). Suppose also that Z € fp(A), equivalently that X is finitely
generated. Let lim M)y be a direct limit of fp-injective objects in A. Then
we obtain the following commutative diagram:
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lim Hom(Y, M) —— lim Hom (X, M) ——=0

l¢ i@

Hom (Y, lim M)) —— Hom(X, lim M)) ——=0

where the upper row is exact and v is an isomorphism by our assumptions.
(1) If the My’s form a filtered family of subobjects of some M € A, then
0 is an isomorphism since X is finitely generated. Thus the lower row is
exact and Y My = lim M, is fp-injective.
(2) The map ¢ is an isomorphism iff the lower row is exact. Thus a
finitely generated subobject X of Y is finitely presented iff lim M) is fp-
injective for any choice of the M)’s. =m

Remark 9.4. Let A be a locally coherent category. The equivalence
A — Flat(fp(A)) given by X — Hom(—, X)|gpa) induces an equivalence
between fpinj(.A) and the full subcategory of exact functors from fp(A)°P
to Ab.

The following is another preliminary result.

LEMMA 9.5. Let A be a locally coherent category. Then fpinj(A) has
direct limits and

fp(fpinj(A)) = fpinj(A) N fp(A) = inj(fp(A)).

Proof. The assertion follows from the definitions involved using the
above lemmata. m

We say that a locally coherent category has sufficiently many fp-injectives
provided that fpinj(.A) is locally finitely presented. The following is a con-
sequence of our discussion of fp-injective objects.

THEOREM 9.6. A locally coherent category has sufficiently many fp-
injectives if and only if fp(A) has sufficiently many injectives. The finitely
presented objects in fpinj(A) are precisely the injective objects in fp(A).

Proof. We have C = inj(fp(A)) = fp(fpinj(.A)) by the preceding lemma.
Suppose first that fpinj(A) is locally finitely presented. Thus fpinj(.A) = C.
We need to show that for every X € fp(A) there exists a monomorphism
X — Y withY € C. To this end let ¢ : X — lim Y), be an injective envelope
in A with Y, € C for all A\. The morphism ¢ factors through some Y
since X is finitely presented and the corresponding morphism X — Y) is a
monomorphism. Now suppose that fp(A) has sufficiently many injectives.
We claim that C = fpinj(.4). We have C C fpinj(.A) since fpinj(A) is closed
under direct limits by Lemma 9.3. Using Proposition 5.11 it remains to
show that every morphism X — Y with X € fp(A) and Y € fpinj(A)
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factors through some object Z € C. But this is clear since we can choose a
monomorphism X — Z. =m

Having discussed the case when fp(A) has sufficiently many injectives
we now turn to the case of fp(.A) having sufficiently many projectives.

THEOREM 9.7. Let A be a locally coherent category. Then A is equivalent
to a module category Mod(C) if and only if fp(A) has sufficiently many
projectives. In this case A and Mod(proj(fp(A))) are equivalent.

Proof. Suppose first that A = Mod(C). Any finitely presented ob-
ject in Mod(C) is a quotient of some representable functor which is pro-
jective, by Yoneda’s lemma. Thus fp(A) has sufficiently many projectives.
Conversely, suppose that fp(/A) has sufficiently many projectives and let
C = proj(fp(A)). Using Proposition 2.3 we deduce that fp(.A) = mod(C)
and this implies A = Mod(C) by Proposition 5.1. m

Let A be a locally finitely presented category with products. It has been
shown by Crawley-Boevey that under this assumption the category D(A)
is locally coherent and that d4 : A — D(A) identifies A with fpinj(D(A))
(see [4, Theorem 3.3]). The next result shows that Crawley-Boevey’s con-
struction is essentially unique.

COROLLARY 9.8. There is, up to equivalence, a bijective correspondence
between locally finitely presented categories with products and locally coherent
categories with sufficiently many fp-injectives. The correspondence is given
by

A~ D(A) and A fpinj(A).

Proof. Combine the correspondence between locally finitely presented
categories with products and skeletally small additive categories with split
idempotents and pseudo-cokernels given by A +— fp(A), the correspon-
dence between skeletally small additive categories with split idempotents
and pseudo-cokernels and skeletally small abelian categories with sufficiently
many injectives given by fp(.A) — mop(fp(A)), and finally, the correspon-
dence between skeletally small abelian categories with sufficiently many in-
jectives and locally coherent categories with sufficiently many fp-injectives
given by mop(fp(A)) — Flat(mop(fp(A))). =

10. Functors between locally coherent categories. To further
develop the theory of locally coherent categories one needs to study their
functors. The most natural type of functors, namely those which preserve
direct limits, finitely presented objects and exactness, will be the main ob-
jective of this section.

THEOREM 10.1. Let A and B be locally coherent categories. Suppose
that f : fp(A) — fp(B) is a functor and denote by f*: A — B the induced
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functor which commutes with direct limits. Then f* is exact if and only
if f is exact. Moreover, if f is exact, then there exists a Tight adjoint
f« : B— A which commutes with direct limits and sends fp-injective objects
to fp-injective objects.

Proof. The assertion is a consequence of Proposition 5.10 and Theo-
rem 6.7, except the fact that f, preserves fp-injectivity. So let M € fpinj(B)
and 0 — X — Y — Z — 0 be an exact sequence in fp(.A). It suffices to
show that 0 — Hom(Z, f.(M)) — Hom(Y, f.(M)) — Hom(X, f.(M)) — 0
is exact, by Lemma 9.2. Applying f* we get an exact sequence 0 —
Hom(f*(Z),M) — Hom(f*(Y),M) — Hom(f*(X),M) — 0 since f*
is exact and M is fp-injective. But this sequence is isomorphic to 0 —
Hom(Z, f.(M)) — Hom(Y, f.(M)) — Hom(X, f.(M)) — 0 since f, is a
right adjoint of f*. Thus f.(M) is fp-injective. m

Remark 10.2. The right adjoint f, sends injective objects to injective
objects since f* is exact. This follows from Lemma 2.9.

In view of Theorem 10.1 it is natural to ask whether given locally co-
herent categories A and B any functor fpinj(8) — fpinj(.A) commuting with
direct limits and products can be extended to a functor f, : B — A for some
exact functor f : fp(A) — fp(B). We begin our discussion of this question
with a preliminary result.

LEMMA 10.3. Let A be an abelian category with products and sufficiently
many injectives. For a functor f : A — B into an additive category the
following are equivalent:

(1) f preserves limits.
(2) f is left exact and f|inja) preserves products.

Proof. (1)=(2). Clear.

(2)=(1). A limit can be computed as a kernel of a particular map
between two products. Thus it suffices to show that f preserves products.
To this end let (X;);er be a family of objects in A and choose injective
copresentations 0 — X; — Y; — Z; for each . We obtain the following
exact commutative diagram for every M € B:

| |

Hom(M, ]‘[i f(Y;)) —— Hom(M, ]‘[i £(Z))

|

00— [ [, Hom(M, f(X;)) —— [ [, Hom(M, f(Y;)) — [ [, Hom(M, f(Z;))
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All vertical maps are isomorphisms and therefore so is the canonical map
Hom (M, f(HXi>> — [[Hom(M, f(X.)).

This shows that f([[, X;) is a product of the f(X;)’s. =

UNIVERSAL PROPERTY 10.4. Let A be a locally finitely presented cate-
gory with products and let f : A — B be a functor into an additive category
with kernels and left exact direct limits. Supppose also that f commutes
with direct limits. Then there exists, up to a natural isomorphism, a unique
left exact functor f*: D(A) — B such that f = f* ody and f* commutes
with direct limits. Moreover, the following are equivalent:

(1) f preserves products.
(2) f* preserves products.
(3) f* has a left adjoint.

Proof. The existence of f* is Property 8.1. It remains to discuss
(1)=(3). If f preserves products, then f* preserves limits by the lemma
above since d4 induces an equivalence between A and fpinj(D(.A)). The
existence of a left adjoint then follows from the adjoint functor theorem [16,
V, Corollary 3.2]. The other implications are trivial. m

We are now in a position to answer the above question related to Theo-
rem 10.1.

COROLLARY 10.5. Let A and B be locally coherent categories and suppose
that A has sufficiently many fp-injectives. Let f : fpinj(A) — fpinj(B) be a
functor commuting with direct limits and denote by f*: A — B the unique
left exact functor commuting with direct limits which extends f. Then f*
has a left adjoint if and only if f commutes with products. In that case a
left adjoint B — A is exact and preserves finitely presented objects.

Proof. The first part of the assertion follows from the previous theo-
rem and it remains to verify the properties of a left adjoint. First observe
that such a left adjoint restricts to a functor g : fp(B) — fp(A) since f*
commutes with direct limits. Now it suffices to show that g is exact, by

Proposition 5.10. Let 0 —» X 5V Yz 0 be an exact sequence in fp(B).
We need to check that g(¢) is a mono since a left adjoint preserves coker-
nels. Choose a mono x : g(X) — M into some fp-injective object. Using the
adjointness, the exactness of Hom(Y, f(M)) — Hom(X, f(M)) — 0 implies
that x factors through g(¢). Thus g(p) is a mono. m

11. Functors commuting with direct limits and products. Let
A and B be a pair of locally finitely presented categories. The functors
f: A — B which commute with direct limits form a category which can be
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identified with (fp(.A), B) by Property 5.6. If A and B have products then we
denote by Fp(A, B) the category of functors f : A — B which commute with
direct limits and products. We shall give a description of this category using
results of the previous section. The following well-known fact is needed [16,
V, Proposition 2.1].

LEMMA 11.1. Let f; : A — B and g; : B — A, i = 1,2, be pairs of
functors such that g; is a left adjoint for f;, i = 1,2. If ¢ : fi — fo
1s a natural transformation, then there is a unique natural transformation

Y1 go — g1 making the following diagram commutative for all X € A and
Y € B:

Hom(gy (¥, X) —= Hom(Y, /(X))
lHom(lj)y ,X) lHom(Y,gox)
Hom(ga (¥), X) —= Hom(Y, /(X))

Given a pair of abelian categories C and D, we denote by Ex(C, D) the
class of functors f : C — D which are exact, together with its natural
transformations. Now fix a pair A and B of locally finitely presented cate-
gories with products. Any functor f € Fp(A, B) extends by Corollary 10.5
uniquely to a functor f* : D(A) — D(B) which has an exact left adjoint.
This functor restricts to an exact functor g : fp(D(B)) — fp(D(A)).

THEOREM 11.2. The assignment f — g is functorial and induces an
anti-equivalence between Fp(A, B) and Ex(mop(fp(B)), mop(fp(.A))).

Proof. The assignment is functorial and fully faithful by the preceding
lemma since the relevant natural transformations are determined by their
values on the finitely presented objects. The functor is dense by Theo-
rem 10.1. m

The following result is a reformulation of the previous one and makes
the description of Fp(A, B) more explicit.

COROLLARY 11.3. Let f : A — B be a functor which commutes with
direct limits and products. Denote for every X € fp(B) by Fx the functor
A — Ab, M — Hom(X, f(M)). Then the assignment X +— Fx defines a
functor F : fp(B)°® — Fp(A,Ab). The assignment f +— F is functorial
and induces an equivalence between Fp(A,B) and the category of functors

F : fp(B)°® — Fp(A,Ab) such that F(Z) i F(Y) il F(X) is exact
whenever ¥ is a pseudo-cokernel for .

Proof. An inverse for f+— F' is obtained as follows. Given a functor F,
one defines a functor f : A — B = Flat(fp(B)) commuting with direct limits
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and products by
f(M) : fp(B)** — Ab, X — F(X)(M),
for every M € A. =
We now give an interpretation of this result in case B = Ab.

THEOREM 11.4. Let A be a locally finitely presented category with prod-
ucts. A functor f : A — Ab commutes with direct limits and products if and
only if there exists a presentation Hom(Y,—) — Hom(X,—) — f — 0 with
X and Y in fp(A). The category Fp(A, Ab) of these functors is abelian.

Proof. We use the above notation with B = Mod(Z) = Ab. Moreover,
we view A and B in the natural way as subcategories of D(A) and D(B), re-
spectively. The adjointness gives an isomorphism f(M) = Hom(Z, f(M)) =
Hom(g(Z), M) with g(Z) € fp(D(A)). Thus there is an exact sequence
0—g(Z) - X - Y in D(A) with X,Y € fp(A) and this gives a presen-
tation Hom(Y, M) — Hom(X, M) — f(M) — 0 since M is fp-injective in
D(A). Conversely, any functor having such a presentation commutes with
direct limits and products since Hom(X, —) has this property for any finitely
presented object X and direct limits and products are right exact. Iden-
tifying (fp(A), Ab) with those functors f : A — Ab which commute with
direct limits, the above result says that Fp(A, Ab) = fp(fp(A), Ab). Thus
Fp(A, Ab) is abelian since fp(A) has pseudo-cokernels. =

Remark 11.5. In case A is the category of modules over some ring the
characterization of functors commuting with direct limits and products has
also been observed by Crawley-Boevey.

12. Functors between module categories. To illustrate the results
of the preceding section we give some examples from module theory.

COROLLARY 12.1. Let C and D be a pair of skeletally small pre-additive
categories. Then there is a canonical duality

Fp(Mod(C),Mod(D)) — Fp(Mod(C°?), Mod(D°P))
between the categories of functors commuting with direct limits and products.
Proof. Recall from Section 2 that there are canonical dualities
mop(mod(C)) — mop(mod(C°?)) and mop(mod(D)) — mop(mod(D°?)).
Using this fact the assertion follows from Theorem 11.2. m

COROLLARY 12.2. Let A be a ring and A be a locally finitely presented
category with products. Suppose that f : A — Mod(A) is a functor which
commutes with direct limits and products, and denote by F' : A — Ab
its composition with the forgetful functor. Then there is a presentation
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Hom(Y,—) — Hom(X,—) — F — 0 with X,Y € fp(A) and a ring ho-
momorphism ¢ : A — End(F)°P such that f(M) = @.(F(M)) for all
M € A. Conversely, any functor F' : A — Ab having such a presenta-
tion together with a ring homomorphism ¢ : A — End(F)°P gives a functor
f A — Mod(A) which commutes with direct limits and products.

Proof. Adapt the proof of Theorem 11.4 by replacing Z with A. The
homomorphism ¢ is obtained by composing the canonical morphism A =
End(A) — End(g(A)) with End(g(A)) = End(F)°P. =

Given a module M over some ring, we denote by leng(M) its length over
End(M)°P.

COROLLARY 12.3. Let f : Mod(A) — Mod(I") be a functor commut-
ing with direct limits and products. Then there exists cy € N such that
lena(f(M)) < cg - lena(M) for all M € Mod(A).

Proof. There is a presentation Hom(Y,—) — Hom(X,—) — f — 0 of
f with X, Y € mod(A). Choosing an epimorphism A™ — X we put ¢y = n.
|

Let R be a commutative artinian ring and suppose that A and I" are
R-algebras.

COROLLARY 12.4. Let f : Mod(A) — Mod(I") be an R-linear functor
commuting with direct limits and products. Then f(M) is finitely generated
over R for every A-module M which is finitely generated over R.
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