COLLOQUIUM MATHEMATICUM

VOL. 72 1997 NO. 1

NON-UNIQUENESS OF TOPOLOGY
FOR ALGEBRAS OF POLYNOMIALS

BY

M. WOJCIECHOWSKI axo W. ZELAZKO (WARSZAWA)

All algebras in this paper are either real or complex. A topological (resp.
semitopological) algebra is a (Hausdorff) topological vector space (t.v.s.)
provided with an associative bilinear multiplication that is jointly (resp.
separately) continuous. It is called locally convex if the underlying t.v.s.
has this property. It was shown in [2] that if an algebra A is not at most
countably generated (in the algebraic sense—we shall keep this terminol-
ogy throughout this paper), then for each fixed p satisfying 0 < p < 1, the
topology 72, i.e. the maximal p-convex topology given by means of all
p-homogeneous seminorms, makes A a complete (in the sense of topological
vector spaces) semitopological algebra, and for different p the topologies are
different. It was also shown there that if A is at most countably gener-
ated, then all these topologies coincide with 75C (= 7L ), the maximal
locally convex topology, so that in this case the problem of uniqueness of
a complete topology making A a semitopological algebra remained open.
In particular, the question was posed whether for the algebra P(t) of poly-
nomials in one variable, 7C is the unique topology making it a complete
semitopological algebra (in fact, as shown in [5], this topology makes P(t)
and every at most countably generated algebra a topological algebra). This
question was answered in the negative in [6] by constructing on P(t) (and
also on algebras of polynomials and on free algebras in an arbitrary number
of variables) a complete locally convex topology which makes it a semitopo-
logical algebra and is different from 7LC (the latter makes every algebra a
complete semitopological algebra). However, this topology does not make
P(t) a topological algebra.

In this paper we construct on P(t) a continuum of different complete lo-
cally convex topologies making it a topological algebra. Thus we have non-
uniqueness of a complete locally convex topology for P(t). We extend these

topologies to algebras of polynomials and free algebras in arbitrarily many
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variables and show that the non-uniqueness phenomenon holds there too.
In particular, we obtain complete locally convex topologies for polynomial
and free algebras in uncountably many variables, which is also a new result.
Using our constructions we show that for every infinite set {2 the algebra
Coo(£2) of all finitely supported functions on {2 has a continuum of differ-
ent topologies making it a complete locally multiplicatively convex algebra.
Answering a question posed in [7], we show that each infinite-dimensional
algebra has at least two different locally convex topologies making it a semi-
topological algebra. We cannot, however, show that there are two such
complete topologies, so at the end of the paper we pose this and some other
open questions.

Let ¢ > 1 and denote by Q(c) the set of all increasing sequences ¢ =
(gi)2, of natural numbers satisfying

(1) Qn+1/Qn > 2nc

for sufficiently large n, say n > n(q). Clearly Q(¢’) C Q(c) for ¢ > ¢. For ¢
in Q(c) we write ¢ for the sequence (max{1, ¢, —1})°,. For such ¢ and for
large n we have @41 —1>2" ¢, —1=2"" (¢, — 1) +2" —1> 2" (g, — 1)
and so ¢ is also in Q(c). We can take for n(q) the number max{n(q) —1,1}.

Put Iy = {1} and I, = {21 +1,...,2"} for n > 1; this gives a
partition of the natural numbers onto disjoint segments. For ¢ in Q(c),
denote by R,(c) the family of all sequences r = (r;)52, satisfying r; > 1,
ro = 1, and r; = 1 except when i € I, for some natural m > n(q) or
1 < < 2%@~!—in this case r; can be arbitrarily large. Put

R(e)= [J Rqo).
q€Q(c)

Clearly R(c') C R(c) for ¢ > ¢ > 1. Our construction is based upon the
following lemma.

LEMMA. For every r in R(c), there are r',7 € R(c) such that
(2) Titj < Ty + T
foralli,j > 0.

Proof. Put ng = max{n(q),n(q) + 1}. We define 7} so that r{ = 1 and
(3) ra S TaT

for 0 < i < d and all d satisfying 0 < d < 2970~!; this can be done by
Lemma 3 of [4]. Without loss of generality we can assume r, > 1 for i < d.
Define now 7/, = 1 for d > 2%0~! + 1 and d ¢ I, for all m. Otherwise,
d e 1,, for some m > ng and in this case we put

r, =max{r; :i € I, }.
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Define now 7 in Rj(c) setting 7y = 1 for all d satisfying either d < 2902
ord ¢ I, for all m > ng — 1. Otherwise d € I, for some m > ny — 1 and
then we put

g =max{r;:i € Iz } =max{r;:ie€l, _1},
since clearly ¢,, = ¢,, — 1 for m > ny.

Suppose now that d > 290~ + 1. If d ¢ I, for all m, we have 74 = 1
and relation (2) is satisfied for any choice of ' and ¥ in R. If d € I, for
some m > ng, the relation (3) is satisfied if either i or j =d — i isin I,
which implies (2) in this case. If neither i nor d — i is in I, , then at least
one of them must be in I, 1 = I;,. In this case we have rq < rg_;7;,
which means that (2) also holds in this case. The conclusion follows.

For z in P(t), z =Y, a;(x)t', ¢ > 1, and r in R(c) we put

(4) =] = Z @i (@)[ri,

which is clearly a norm on P(t). Denote by 7. the locally convex topology
given by all norms of the form (4). Clearly the topology 7. is stronger than
Ter for ¢ > ¢ > 1 and the linear functionals z — a;(z) are continuous in all
these topologies.

PROPOSITION 1. For each ¢ > 1, A, = (P(t),T.) is a complete locally
convezx topological algebra. Moreover, 1. # T for ¢ # ¢ and consequently
the algebra P(t) has a continuum of different locally convex complete topolo-
gies making it a topological algebra.

Proof. First we show that the multiplication in A, is jointly continuous.
Let 2,y € P(t) and r € R(c). The formula (2) implies

= 30 S s,
= Z lai—j(x)|ri_jlaz(y)r} + Z |ai—j(z)[ri-jla;(y)|7;

ri <3 laimg(@)] - lag ()| (r_ v +FimyTy)
i

= |zl |yl + |2|7lyl7,
so that the multiplication in A, is jointly continuous.

We now show that A. is complete. Let (z4)aeca be a Cauchy net in
Ac. The continuity of the functionals = +— a;(z) implies that the limits
a; = lim, a;(x,) exist and are finite for all i.

First we show that only finitely many numbers a; can be different from
zero. If not, there is an increasing sequence (i) of natural numbers such
that a;, # 0 for all k. For each k there is an my such that iy € I,,,. Take
a subsequence g, = myg, so that ¢ = (g;) satisfies (1) and thus it is in
Q(c). Since iy, € I,,, we can define a sequence 7 in R,(c) setting r; = 1
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if i # iy, for all n and r;, = max{2n/a;, ,1}. Since |- |, is a continuous
norm in A, the limit M = lim, |z,|, exists and is finite. For each n we
have |a;, (za)| > a;, /2 for sufficienly large o, say a = a(n). Thus for
a > a(n) we have

‘aikn ’ 2n

rale 2 fas, (a)lra, 2 23 2 =,

so that M > n for all n. This is a nonsense proving that only finitely many
numbers a; can be different from 0.

We now put y = >, a;t* and z, = 2, — y. Thus (2,) is a Cauchy net in
A, and lim,, a;(z,) = 0 for all i. The completeness of A will be proved if we
show that lim, z, = 0 in A, because then lim, x, = y. If not, there is an r
in R(c) such that lim,, |24 |r, = Mo > 0. Define the support of a polynomial
x setting supp(z) = {i : a;(x) # 0} so that supp(0) = (). Observe that if x
and y in A. have disjoint supports, then for each r in R(c),

(5) [z +ylr = |zl + [yl
Choose o in a so that for o > ag we have
(6) 1Za = Zag |lre < Mo/2.

Define a projection P setting
Px = Z a;(2)t",
i€supp(zag)

which is a continuous linear operator on A.. Denoting by I the identity
operator on A., we have the following relations true for all x in A.:

(7)  supp(Pz) C supp(za,) and supp(Pz)Nsupp((I — P)zx) = 0.
Thus by (5) we have

120 = Zaolro = |Pza = 200 + (I = P)zalro = |Pza = 2aolro + (I = P)zalro
and so by (6) we obtain

(8) |(I — P)zalr, < Mo/2 for a > ag.

Since lim, a;(2z4) = 0 for all i and supp(za,) is finite, we have lim, P(z4)
= 0. Thus by (5), (7) and (8) we obtain

My = lim |z4|r, = lim |Pzo + (I — P)za|r,
(0% (0%
= lim|Pzy|r, + lim|(I — P)zal|r, = Mo/2,

a contradiction proving the completeness of A..

It remains to be shown that the topologies 7., ¢ > 1, are all different.
To this end it is sufficient to show that for given ¢’ > ¢ > 1 there is a
Te-continuous norm | - [p on P(t) which is discontinuous in the topology 7. .
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Put ¢; = 1 and g1 = [2" ¢, + 1], where [\] is the greatest integer less
than or equal to A. Clearly ¢ = (¢;) is in Q(c) and for all natural n we have

(9) Qn—‘rl S 2ncqn + 1 < 2nu+1qn < 2(n+1)cqn‘
This implies
(10) Gt < 28T g,

for all natural n and k. In fact, for k£ = 1 the formulas (9) and (10) coincide.
Assuming (10) for k = m, we obtain, by (9) and (10),

An+m+1 < 2(n+m+1)CQn+m < 2(n+m+1)c+m(n+m)cqn < 2(m+1)(n+m+1)cqn7

and so (10) follows by induction.

Define r(®) = (r;) setting r; = m if i € I, for some m and r; = 1
otherwise. We have r(*) € R,(c) and put |z|y = |2, for x in P(t). It is a
continuous norm in the topology 7.. We now show that |- g is discontinuous
in the topology 7o-. If not, there are a finite number of sequences (), ... r(®)
in R(c) with r) € R (') and ¢V = (q](-z))‘]?‘;o € Q(), and a positive
constant C' such that

(11) |z|o < Cmax{|z|.a),...,|z|o}
for all z in A. Since ¢/ > ¢ > 1, we have
(12) n¢ > s(n+s)°

for sufficiently large n. Suppose that n satisfies (12) and also, in addition,
n > C, and consider the segment (I, +1,...,2"" ) with [ = g,,. By (1) this

segment contains at most s numbers of the form qjm, 1<i<s, j=1,2,...
On the other hand, by (10) and (12) we obtain

Qi < 21D g < os(nta) g on® g on" ] for 0 < i < .

Thus the considered segment contains all s + 1 numbers g,, ¢n+1,-- -, Gnts,
so that at least one of them, say q,, is different from qj(i) for all 7 and j.
This implies that for k € I, , we have [tF|g =n/ > n > C, contrary to (11),
since for all ¢ with 1 <4 < s we have |t*|,:) = 1. This contradiction proves
Te # Ter- The conclusion follows.

The above proof is given in full detail. For the following Propositions 2
and 3, though formally more complicated, we omit some elements of the
proofs since they are performed according to the same pattern as the proof
of Proposition 1.

First, we consider the case of polynomials in arbitrarily many variables.
Denote by J a non-void index set of an arbitrary cardinality and let t =
(ta)acy be a family of (commuting) variables. Denote by @ the family of all
finitely supported functions ¢ on J with non-negative integral values. The
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support of such a function will be denoted by Supp(¢) (to distinguish it
from the support of a polynomial introduced in the proof of the previous
proposition). For two such functions ¢ and 1 write ¢ < 1) for the pointwise
inequality; in this case the function 1 — ¢ is also in . Put W = N7, the
set of all functions on J with natural values, whose elements will be called
weights. For a weight w € W write S, (¢) = >, c5 #(a)w(a); for each ¢ in
& this is a non-negative integer, and clearly ¢ < 1 implies Sy, (¢) < S, (?)
for each w in W. For every ¢ € ¢ put t® = IL, tﬁ(a), where we put 1 for 9,
so that the product is, in fact, well defined and finite. With this notation
we can write an arbitrary polynomial in P(t) in the form

2(t) = 3 ag(@)t?,
¢

where only finitely many scalar coefficients ay(x), ¢ € @, are different from
zero. The product of two polynomials  and y is given by the formula

2y =3 (D av-s(@)as(y) )t*.

A
Fix a ¢ > 1. For r € R(c) and w € W write

|]rw = Z |lag(z)|rs,, (4)-
¢

The topology given on P(t) by all these norms will also be denoted by 7.
Similarly to Proposition 1 we now prove

PROPOSITION 2. For every set t of variables the algebra P(t) of all
polynomials in these variables has a continuum of different complete locally
convezx topologies making it a topological algebra.

Proof. Let r,7" and 7 be elements in R(c) satisfying the lemma and let
w € W. As in the proof of Proposition 1, we obtain

|2Ylrw < 1ler o Yl + [2]7,0[Y[70w0,

so that the multiplication in A, i.e. in P(t) equipped with the topology 7,
is jointly continuous.

We now prove that A. is complete. Suppose that (z,) is a Cauchy
net in A.. As in Proposition 1, we show that only finitely many numbers
ap = lim, ag(x,) can be different from zero. If not, there is a sequence
(¢;) C @ with a; = ag, # 0. Consider now two cases: either the set
(U, Supp(¢;) is finite or not. In the first case the sequence (¢;) is unbounded
and taking w = wg, the weight identically equal to 1, we have

(13) liZIn Sw(¢z) = 0.
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In the second case, passing to a subsequence if necessary, we can assume
that for each natural 7 there is a; € J such that

(14) a; € Supp(¢:) \ | Supp(4;)

7<i

and define a weight w inductively: having already the values w(«a) for a €
Ui Supp(¢;) we put w(8) = 1 if B is in the set (14) and 8 # «; and
take w(a;) so large that Sy (¢;) > 4. Finally, we put w(a) = 1 for all
a & |J,; Supp(¢;). With this choice of w the formula (13) holds true also
in this case. We now proceed as in the proof of Proposition 1 to obtain
a contradiction proving that only finitely many numbers a4 are different
from zero. The proof of completeness of A. is now performed exactly as in
Proposition 1 (the formula (5) obviously holds true if we replace | - |, by
’ ’ ‘r,w)‘

We shall be done if we prove that all topologies 7. are different. To
this end it is sufficient to show that the present topology 7. equals on each
algebra P(t,), a € 7, the topology 7., the latter being the topology 7.
in the sense of Proposition 1. Since every norm |- |, giving on P(t,) the
topology 7/ is a restriction of the norm |-|, ., to this subalgebra, and so it is
continuous in the topology 7., we only have to show that every norm |- |, .,
r € R(c), we W, restricted to P(t,) is continuous in the topology 7.

So fix 7 € R(c), w € W and @ € 3. Put m = w(a). For any = € P(ts)
with = Y, a;t’,, we have |z|., = >, |a;|rm;. If m = 1 this is already a
7/-continuous norm. So consider only the case m > 1 and define a natural
s so that 2571 < m < 25 If mi € I,,, so that 2=l < mi < 2P, then
p—s—1 <« < p=stl Tt follows that either i € Iy_sy1oriel, . We
have r € R,(c) for some ¢ in Q(c). Iterating [ times the process g — ¢ and
denoting the result by gV, observe that for large i (say i > ig) we can have
Tms > 1 only if mi € 1, for some k, or, equivalently, if either ¢ € I g or

1€ 1. FOR Thus settlng 0i = T for i < igorfori > igandi € I~e for some k,
k

and g; = 1 otherwise, and setting ¢} = r,; for i € I_ g for some k, i > ig,
and o, = 1 otherwise, we see that |z|,, < |z], + |x]g/ for all x in P( o)
Since the norms | - |, and | - |, are 7/-continuous, both topologies 7/ and
7. coincide on P(t,) (this justifies our previous notation). The conclusion
follows.

Consider now the case of a free algebra (algebra of polynomials in non-
commuting variables). Let t = {t,}acs be an arbitrary family of non-
commuting variables and denote the corresponding free algebra by F(t).
Put 3(°) = U 03” where JY = {0} and 0 is not an element in J. We put
ti =ty .. .ta, for i = (a1,...,a;) in J, and t° = e, the unit element of
F(t). With this notation every element of F(t) can be written in the form
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xr = Z ai ()t

ieJ(ee)

where only finitely many scalar coefficients a;(z) are different from zero.

Writing ij = (a1, ..., ok, 01,...,0n) ifi= (a1,...,ax) and j = (B1,...,Fn),
and i0 = 0i = i for i,j € J°°, we define the multiplication in F(t) by the

formula
wy= Y (X eyt

key(eo) ij=k
We define the topology 7. on F(t) by means of all norms of the form

@l =D las(@)[ryy,
i

for r € R(c) and w € W, where |i|, = >, w(a;) or 0 according as i equals
(ag,...,ak) or 0.
Exactly in the same way as Proposition 2 we obtain

PROPOSITION 3. Let F(t) be a free algebra in arbitrarily many variables.
Then there is a continuum of different complete locally convex topologies
making it a topological algebra.

A locally convex algebra A is said to be locally multiplicatively-convex
(briefly m-convex) if its topology can be given by means of a family of sub-
multiplicative seminorms, i.e. seminorms satisfying |zy| < |z| - |y| for all
x,y € A (see [3]). Clearly any m-convex algebra is topological. A commuta-
tive algebra is said to be semisimple if the intersection of all of its maximal
regular ideals is the zero ideal. In [1] Carpenter has shown that a semisimple
complex algebra A has at most one topology making it a completely metriz-
able m-convex algebra. In contrast, we now show that for some semisimple
algebra there may exist a continuum of different topologies making it a
complete m-convex algebra, of course in a non-metrizable way. Let {2 be an
infinite set. Denote by Cpo(f2) the algebra of all (real of complex) finitely
supported functions on 2. It is clearly a semisimple algebra, since the set
M, of all elements of Cyo(§2) vanishing at a single point w € {2 is a maximal
ideal in this algebra, and the intersection of all these ideals is the zero ideal.
Using the construction of Propositions 1 and 2 we obtain the following

PROPOSITION 4. Let £2 be an infinite set. Then the algebra Coyo(§2) has
at least a continuum of different topologies making it a complete m-convex
algebra.

Proof. We use the notation of Proposition 2. For every infinite set
J the set @ has the same cardinality as J, so that any infinite set {2 can
be identified with some set of the form @. The elements of P(t) can be
treated as finitely supported functions ¢ — a4 = a(w) for ¢ =w € ¢ = 2.
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Thus Cpo(2) has a continuum of different topologies 7., ¢ > 1, making it a
complete locally convex t.v.s.

We show that each of these topologies makes Cpo(§2), provided with
pointwise algebra operations, an m-convex algebra. To this end put |a|, =
max{|a(w)| : w € £2}. This is clearly a 7.-continuous norm for every ¢ > 1
since |a|oo < |a|p for all ¥ € R(c), ¢ > 1, and w € W. Using the last
relation we obtain for all a,b € Cyo(2), r € R(c) and w € W,

jablrw = Y la(@)b(w)lrs, @) < lalss Y bw)lrs, )

wen
= lafos[blrw < |alrw[blrw,

and so each topology 7. makes Cpyo({2) a complete m-convex algebra. The
conclusion follows.

Remark. The fact that non-metrizable semisimple algebras can have
different m-convex topologies is already known. In [3] there is given a non-
metrizable complete m-convex topology on the algebra C|0, 1].

We now pass to semitopological algebras. Our next observation solves a
problem posed in [7].

PROPOSITION 5. Fvery infinite-dimensional algebra A has at least two
different locally convex topologies making it a semitopological algebra.

Proof. For one topology we can take the topology 7€ and for the
second the maximal weak topology 7%, given by means of all seminorms of
the form z — |f(x)|, where f is an arbitrary linear functional on A. Clearly
both topologies make the multiplication separately continuous and they are

different. The conclusion follows.

It is not hard to observe that for any infinite-dimensional vector space
the topology 7. is never complete. In fact, we do not know the answer to
the following question.

PRrROBLEM 1. Let A be a real or complex algebra. Can it be made into
a complete locally convex semitopological algebra in two different ways?

We cannot even answer the following weaker question.

PROBLEM 2. Let A be a real or complex algebra. Can it be made into
a complete semitopological algebra in two different ways?

As mentioned in the introduction, this question is open only for at most
countably generated algebras. Perhaps the problem should be first attacked
for algebras whose elements are all algebraic (cf. [6]). We do not know the
answer for Problem 1 for arbitrarily generated algebras. Of course, for more
general classes of algebras the construction of counterexamples is easier, so
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perhaps solving (in the affirmative) the following more restrictive questions
3-6 still will not be too hard.

PROBLEM 3. Let A be an infinite-dimensional topological algebra. Can
it be made into a topological algebra by means of a different topology?

PROBLEM 4. Let A be an infinite-dimensional complete topological al-
gebra. Can it be made into a complete topological algebra with a different
topology?

PROBLEM 5. Let A be an infinite-dimensional locally convex topological
algebra. Can it be made into such an algebra with a different topology?

PrROBLEM 6. This is Problem 5 but with “locally convex” replaced by
“complete locally convex”.

In case when the answers to Problems 1, 5 or 6 are negative we can ask
the following question.

PROBLEM 7. Suppose that an algebra A has a unique locally convex
topology making it a topological (resp. complete topological or complete
semitopological) algebra. Does it follow that it has a unique topology mak-
ing it a topological (resp. complete topological or complete semitopological)
algebra?

Finally, we ask two questions concerning cardinalities of topologies on
an algebra.

ProBLEM 8. Consider an algebra of all polynomials in a given number
of variables. How many different topologies make it a complete topological
algebra?

The answer should provide a function leading from the cardinality of the
set of variables to the cardinality of the set of topologies. A similar question
can be asked about the cardinality of locally convex topologies. One can
also consider the case of incomplete topologies and of topologies making the
algebra in question a semitopological algebra.

The following question extends Problem 7.

PROBLEM 9. Does there exist an algebra for which the cardinality of
the set of all topologies making it a complete topological algebra (resp. a
topological algebra, a complete semitopological algebra, a semitopological
algebra) is larger than the cardinality of the set of all such locally convex
topologies?



ALGEBRAS OF POLYNOMIALS 121

REFERENCES

R. L. Carpenter, Uniqueness of topology for commutative semisimple F-algebras,
Proc. Amer. Math. Soc. 29 (1971), 113-117.

A. Kokk and W. Zelazko7 On vector spaces and algebras with mazximal locally
pseudoconvez topologies, Studia Math. 112 (1995), 195-201.

E. Michael, Locally multiplicatively-convex topological algebras, Mem. Amer. Math.
Soc. 11 (1952).

W. Zelazko, A characterization of LC-non-removable ideals in commutative Banach
algebras, Pacific J. Math. 87 (1980), 241-248.

— , On topologization of countably generated algebras, Studia Math. 112 (1994),
83-88.

— , Concerning topologization of P(t), Acta Univ. Lodz. Folia Math. 8 (1996), 153~
159.

— , Concerning topologization of algebras—the results and open problems, in: Ad-
vances in Functional Analysis, New Age Internat. Publ., 1996 (in print).

Institute of Mathematics

Polish Academy of Sciences
Sniadeckich 8, P.O. Box 137
00-950 Warszawa, Poland

E-mail: miwoj@impan.impan.gov.pl

zelazko@impan.impan.gov.pl

Received 3 January 1996;
revised 6 May 1996



