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1. Introduction. Throughout the paper K denotes a fixed algebraically
closed field. By an algebra we mean an associative finite-dimensional K-
algebra with identity which we shall assume (without loss of generality)
to be basic and connected. For an algebra A, by an A-module we mean
a finitely generated right A-module. We shall denote by mod A the cate-
gory of A-modules, by ind A its full subcategory formed by the indecom-
posable modules, by I'4 the Auslander—Reiten quiver of A, and by 74 the
Auslander—Reiten translation DTr in I'4. We shall identify an indecompos-
able A-module with the vertex of I'4 corresponding to it.

It follows from a well-known result of Yu. Drozd [11] that the class of
algebras may be divided into two disjoint classes. One class consists of the
wild algebras, whose representation theory is as complicated as the study
of finite-dimensional vector spaces together with two non-commuting en-
domorphisms, for which the classification of indecomposable modules is a
known unsolved problem. The second class is formed by the tame algebras,
for which the indecomposable modules occur, in each dimension d, in a finite
number of discrete and a finite number of one-parameter families. Moreover,
it has been shown by W. W. Crawley-Boevey [10] that, if A is a tame al-
gebra, then, for any d > 1, all but finitely many isomorphism classes of
indecomposable A-modules of dimension d are invariant under the action of
74 = DTr, and hence by a result due to M. Hoshino [13] lie in stable tubes of
rank 1 (in I'4). Indecomposable modules over tame algebras which do not
lie in stable tubes of rank 1 are said to be discrete.

In this article we are interested in the numbers of isomorphism classes of
discrete indecomposable modules over tame algebras having the same (sim-
ple) composition factors. Recently, tame strongly simply connected algebras
are extensively investigated. In particular, in [30] (see also [28]) a criterion
for a strongly simply connected algebra to be of polynomial growth has been
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established. Recall that an algebra A is said to be of polynomial growth if
there is a positive integer m such that the indecomposable A-modules occur,
in each dimension d, in a finite number of discrete and at most d™ one-
parameter families. We shall prove here that a strongly simply connected
algebra A is of polynomial growth if and only if there is a common bound on
the number of isomorphism classes of discrete indecomposable A-modules
with any fixed composition factors. In the paper we consider also the follow-
ing related problem. It follows from the mentioned result by W. W. Crawley-
Boevey that any connected component of the Auslander—Reiten quiver I'4
of a tame algebra A has only finitely many indecomposable modules with
any fixed composition factors. This is also the case for the connected com-
ponents of the Auslander—Reiten quivers of wild hereditary algebras [19],
[31]. It would be interesting to know when, for a connected component C of
an Auslander—Reiten quiver I'4, there is a common bound on the numbers
of indecomposable modules in C having the same composition factors. We
prove that it is true if C is generalized standard in the sense of [25]. We also
show tame algebras (pg-critical algebras of [15]) whose Auslander-Reiten
quiver admits a connected component containing arbitrary large numbers
of indecomposable modules with the same composition factors.

2. Generalized standard components. For an algebra A, we de-
note by rad(mod A) the Jacobson radical of the category mod A and by
rad®(mod A) the intersection of all powers rad’(modA), i > 1, of
rad(mod A). Following [25], a connected component C of I'y is said to be
generalized standard if rad™ (X,Y) = 0 for any modules X and Y from C.
Moreover, a component I" of I'4 is called standard ([9], [21]) if the full sub-
category of ind A given by modules from I is equivalent to the mesh-category
K(I') of I'. Tt has been proved by S. Liu [14] that any standard component
is generalized standard but the converse is not true. For the structure of
generalized standard components without oriented cycles we refer to [24].
The structure of arbitrary generalized standard components is not known.
It has been proved by the first named author in [25] that if C is a generalized
standard component of I'4 then all but finitely many 74-orbits are periodic,
and hence C admits at most finitely many modules of any fixed dimension.
We note also that if all components of I'4 are generalized standard then A
is tame [29, (2.8)].

Given an algebra A we denote by K(y(A) the Grothendieck group of A.
It is well known that Ky(A) ~ Z"™, where n is the number of isomorphism
classes of simple A-modules. For an A-module M we denote by [M] the
image of M in Ky(A). Thus [M] = [N] if and only if the modules M and
N have the same composition factors including the multiplicities. We may
ask when two modules M and N have the same composition factors.
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The main aim of this section is to prove the following theorem.

THEOREM 1. Let A be an algebra and C be a generalized standard com-
ponent of I'a. Then there is a positive integer m such that, for each vector
x € Ko(A), the number of modules X in C with [X] = x is bounded by m.

For the proof of Theorem 1 we need the following concept. By a proper
subtube of an Auslander—Reiten quiver I'4 we mean a full translation sub-
quiver 7 (X,p,q), p,q > 1, of I'4 obtained from a translation quiver 7 (X)
of the form

Xo,0=X

/N

X1,0 Xo,1

NN

X111

LN NS
NN NN

N
\/\/

'L+1 J 'LJ+1

7NN

z+l Jj+1

/N

with the set of vertices X, 4, r,s > 0, the set of arrows X, 1, — X,
Xrs — X, 441, and the translation 7 defined on X, ,, r > 0, s > 1, by
7(Xrs) = Xrg1,5-1, by identifying the vertices Xy, ; and X; ji4 for all
1,7 > 0. Observe that then

{Xij:i20,0<j<qg}={X;;: 0<i<p, j=>0}
is a complete set of pairwise different vertices of 7 (X, p, q).

PROPOSITION 2. Let A be an algebra and T = T(X,p,q) a proper
subtube of I'4. Then, for each vector z € Ko(A), the number of modules Z
in T with [Z] = z is bounded by pq.
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Proof. We use the notation introduced above. We shall prove that
[Xp0] — [Xo,0] >0and for i =mp+7r,m>0,0<r<p, 0<j<gq,the
following equality holds:

(X1 = [Xo5] + m([Xp,0] — [Xo,0])-

Then, since any module in 7 is of the form X;;, i« > 0, 0 < j < ¢, for
any given z € Ky(A) the number of indecomposable modules Z in 7 with
[Z] = z is bounded by pq. Observe that for any mesh

s,t

D, y. X1

Xs+1,t+1
in 7, s,t > 0, we have an Auslander—Reiten sequence

0— Xop1,t — Xt @ Xoy1,6041 — Xgp41 — 0,

and hence [Xgi141] + [Xs¢] = [Xst1,¢] + [Xs41]. Let I > 1. From the
rectangle in 7 given by the modules Xj, 0, Xip,q, Xo,0 and Xo, we get
[Xip.0] + [Xoq] = [Xip,ql + [Xo,0]. Since Xo4 = Xp0 and Xip g = X(41)p,0
this gives [X(11)p.0] — [Xip,0] = [Xp,0] — [Xo0,0]. By induction we infer that

[Xomp.o] = m([Xp,0] = [Xo,0]) + [Xo,0]
for any m > 0. In particular, [X, o] — [Xo,] > 0. Suppose that [X, o] —
[Xo0,0] = 0. Then [X,,p 0] = [Xo,0] for any m > 1. Choose now irreducible
maps f; : Xiy10 — Xio0, ¢ >0, and put gp, = finp-10...0 fm_1)p for any
m > 1. Thus we get the family of maps

Im g2 g1
> Xonp,o = X(m—1)p,o — +* — Xopo — Xpo0 — Xo,0-

Since the morphisms f;, i > 0, form a sectional path in I'4, we conclude (see
[7, VIL.2.4]) that, for each m > 1, the composition gy, ... g1 is non-zero. This
contradicts the lemma of Harada and Sai [12] (see also [20]), because the
modules X,,;, 0, m > 0, have the same dimension d = dimg X . Therefore,
[ X} 0]—[Xo0,0] > 0. Finally, take arbitrary : > 0,0 < j < ¢, and let i = mp+r
for m >0, 0 <7 < p. From the rectangle in 7 given by X, o, X, 0, X; ; and
X, j we have [X; o]+[X, ;] = [Xi,;]+([Xr0]. Further, from the rectangle given
by Xr,Oa X0,07 Xr,mq and XO,mq we get [X’I‘,O] =+ [XO,mq] = [Xr,mq] + [XO,O]-
Hence, we obtain the equalities

[Xi ;] = [Xi0] + [ X 5] = [Xro] = [Xo 5] + [Xinptr0] — [Xr0]
= [Xm'] + [Xr,mq} - [Xr,o] = [Xr,j] + [XO,mq] - [XO,O]
= [Xrj] + [Ximp,0] = [Xo,0] = [Xr ;] + m([Xp,0] — [Xo,0])-
This finishes the proof.
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Proof of Theorem 1. Assume that M is an indecomposable mod-
ule in C which does not lie on an oriented cycle (in C). We claim that then
M is uniquely determined by [M]. We shall use arguments similar to that in
[18, (2.1)]. Let N be an indecomposable module in C such that [M] = [N].
Let

Pl — PO — M — 0
be a minimal projective presentation of M and

0—>M—>Io—>11

a minimal injective copresentation of M in mod A. Then for any A-module
X we have, by [6, (1.4)], the following equalities:

[M, X] - [X,7aM] = [Py, X] — [P, X],
[XvM] - [TZva] = [XaIO] - [lel]a

where we abbreviate dimx Hom 4 (X, Y') by [X, Y]. Since [M] = [N], we have
[P(),M] = [Po,N], [Pl,M] = [Pl,N], [M,Io] = [N,Io], and [M,Il] = [N,Il]
Letting X = M and X = N we get the equalities

[M,M] — [M,7aM] = [M,N] — [N, 74 M],
(M, M) — [ty M,M] =[N, M| — [r,M,N].

Since C is generalized standard and M does not lie on an oriented cycle in C
we get [M,7aM] = 0 and [r, M, M] = 0. Hence [M,N] — [N,7aM] =
[M,M] > 0 and [N,M] — [r,M,N] = [M,M] > 0, and consequently
[M, N] # 0 and [N, M] # 0. By our assumption on C we have rad™ (M, N) =
0 and rad®™ (N, M) = 0. Now, if M % N then rad(M, N) # 0, rad(N, M) #
0 and we infer that C contains an oriented cycle passing through M and N,
a contradiction. Therefore, M ~ N.

Now since C is generalized standard, we know from [25, (2.3)] that C
admits at most finitely many nonperiodic 74-orbits. Then there is a finite
family 77 = 7 (X1, p1,¢1),---, 7o = T(X,,pr,qr) of pairwise disjoint sub-
tubes of C such that all but finitely many modules lying on oriented cycles in
C belong to the sum 77 U...U7, (see [32, (3.6)] for a detailed proof). Then,
by Proposition 2, there is a positive integer m such that for each 2 € Ky(A),
the number of modules X in C with [X] = x is bounded by m.

3. Components with unbounded numbers of discrete modules.
In this section we shall exhibit a class of components which occur in the
Auslander—Reiten quivers of tame algebras and have arbitrary large numbers
of indecomposable modules with the same composition factors.
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The one-point extension of an algebra B by a B-module M is the algebra
K M]

B[M]:[o B

with the usual addition and multiplication of matrices. The quiver of B[M]
contains the quiver of B as a full convex subquiver and there is an addi-
tional (extension) vertex which is a source. The B[M]-modules are usually
identified with the triples (V, X, ¢), where V is a K-vector space, X is a
B-module and ¢ : V' — Homp(M, X) is a K-linear map. A B[M]-linear
map (V,X,¢) — (V', X', ¢') is thus a pair (f,g), where f : V — V' is
K-linear and g : X — X' is B-linear such that ¢'f = Homp(M, g)¢. One
defines dually the one-point coextension [M|B of B by M.

Let B be an algebra and I' a generalized standard component of I'p
and X a B-module from I'. Denote by Hx the full subcategory of ind B
formed by the indecomposable modules Z in I" such that Homp (X, Z) # 0,
and by Zx the ideal of Hx consisting of morphisms f : Y — Z such that
Hompg (X, f) = 0. Then the quotient category S(X) = Hx/Zx is said to be
the support of the functor Homp (X, —)|r. We usually identify the K-linear
category S(X) with its quiver.

PROPOSITION 3. Let B be an algebra, I' a generalized standard compo-
nent of I'g, and T a proper subtube of I'. Assume that X is an indecom-
posable module in I' satisfying the following conditions:

(i) S(X) is given by two parallel infinite sectional paths

Y - Yo —o— i+l i+2

[ o

formed by pairwise different modules.
(ii) 7 contains all but finitely many modules of S(X).

Let A = B[X] and C be the component of I'a containing X. Then, for
any positive integer r, there exists a vector x € Ky(A) such that C admits
r pairwise different modules My, ..., M, with [M;] = x and M; % TaM; for
alll <i<r.

Proof. We may choose irreducible maps f; : X; — X;11, ¢; : X; —
Yﬂ_l, hi—i—l : Y;'+1 — Y;'_i_g, ) Z 0, such that hi+lgi = gi—i—lfi for anyi Z 0.
Hence, Homp (X, X;), ¢ > 0, and Homp(X,Yj), j > 1, are one-dimensional
K-vector spaces generated by ug = 1x, u; = fi_1...fo, for i > 1, and
V1 = go, Vj = hj_1...h1go, j > 2, respectively. Moreover, Homp(X, p) =0
forany ¢ : Y; — X;, j > 1,47 >0, and Homp(X,1) =0 for any ¢ : X; — Y
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with 1 < j <. Then we get the following indecomposable A-modules:
Zij = (K, X; ©Y;,4:5), 1<j<4,
where
A; ;K — Homp(X, X; @Y;) = Homp(X, X;) @ Homp(X,Y;)

assigns to 1 € K the pair (u;,v;). Consider also the indecomposable A-
modules X| = (K, X;,n;), i > 0, where 7;(1) = u; for each ¢ > 0. Observe
that X is the (new) indecomposable projective A-module whose radical is
X. Applying now [21, (2.5)] and calculating the corresponding cokernels,
we infer that C admits a full translation subquiver D of the form

AN AN N

X=Xo— X\ —=Z11— Yo —>Zoo—> X}, —Z33— "

NN SN SN
NS AN

/

X/ Z/
NN

VAR

formed by the modules X;, X/, 7> 0,Y;, j > 1, and Z; ;, 1 < j <4, which
is closed under successors in 4.

We shall find the required modules Mj,..., M, (with the same com-
position factors) among the modules Z; ; in D. Denote by X' the infinite
sectional path formed by the modules X;, ¢ > 0, and by {2 the infinite sec-
tional path (in I") consisting of the modules Y}, j > 1. Let m > 1 be such
that all modules X;_1, Y}, 7 > m, belong to the subtube 7. Without loss
of generality, we may assume that 7 = 7(Y,p,q) for Y =Y, and some
p > 2, ¢ > 1. Denote by @ the infinite sectional path in 7 with target
Y,,. Then there exists a sequence m = i; < i < ... such that 2N O
consists of the modules Y;,,Y;,,..., and X' N @ consists of the modules
Xi,-1,X;,-1,... Finally, for any fixed » > 1, consider the indecomposable
A-modules My = Z;, ., _14,_,.,, 1 <t <r. Clearly, the modules Mj, ..., M,
are pairwise nonisomorphic. We shall show that they have the same compo-
sition factors. It is enough to prove that the B-modules X; .1 ®Y; , ,
1 <t <r, have the same composition factors. We may assume r > 2. Take
1 <t < r. Observe that we have in 7" a rectangle
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LN
NN
N

Hence, we get
[Xir+<t+1)—1 D er (t+1)+1] = [Xir+t+1_1] + [Y;'rft}

= [Xir+t—1] + [Y%r—t-ﬁ»l} = [Xir+t—1 S2) }/ir—t+1]‘

This shows that the modules X; ., 1®Y;

ir_i1, and hence the modules M;,
1 <t < r, have the same composition factors. This finishes the proof.

In the representation theory of tame simply connected algebras an im-
portant role is played by the polynomial growth critical algebras introduced
and investigated by R. Norenberg and A. Skowroniski in [15]. By a polyno-
mial growth critical algebra (briefly pg-critical algebra) we mean an algebra
A satisfying the following conditions:

(i) A is one of the matrix algebras

K K K K K YT
K K K K 0
- SN
B[X]—[O B], BY,1] = K K K 0
K 0 0
0 K 0
L B ]

where B is a representation-infinite tilted algebra of Euclidean type ﬁn, n >
4, with a complete slice in the preinjective component of I'g, X (respectively,
Y’) is an indecomposable regular B-module of regular length 2 (respectively,
regular length 1) lying in a tube of I'p with n — 2 rays, ¢t + 1 (¢t > 2) is the
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number of isoclasses of simple BJ[Y,t]-modules which are not B-modules.
(ii) Every proper convex subcategory of A is of polynomial growth.

The pg-critical algebras have been classified by quivers and relations in
[15]. There are 31 frames of such algebras. In particular, it is known that
if A is a pg-critical algebra then: (1) A is tame minimal of non-polynomial
growth, (2) gl.dim A = 2, (3) A is simply connected (in the sense of [1]), (4)
the opposite algebra A°P is also pg-critical.

We shall prove now the following properties of pg-critical algebras.

PROPOSITION 4. Let A be a polynomial growth critical algebra. Then
I's admits a component C such that, for any positive integer r, C contains
pairwise different modules My, ..., M, having the following properties:

(i) [M;] = [M;] for any 1 <i,j <.
(il) M; # 7aAM; for any 1 < i <r.
(iii) pdyM; =1 for any 1 < i <r.
(iv) dimg End 4 (M;) > dimgExtl (M;, M;) for any 1 <i <r.

Proof. It is well known that all components of the Auslander—Reiten
quiver of a tilted algebra of Euclidean type are standard [21, (4.9)]. Assume
first that A is of the form B[X]. Then S(X) is given by two parallel infinite
sectional paths

Yi - Y2 —-o— i+l i+2 T

[ [

Let C be the connected component of I'4 containing the module X. Ap-
plying Proposition 3 we infer that, for any positive integer r, there are
pairwise different modules Mj, ..., M, in C satisfying the conditions (i) and
(ii). Moreover, we may choose the modules M;, 1 < t < r, of the form
M, =27, ; = (K, X;, &Y}, 4,,;,) for the corresponding pairs (i, j;) with
2 < j; < i;. Hence, in order to show that the modules M;,..., M, sat-
isfy the conditions (iii) and (iv), it is enough to prove that pd,Z;; = 1
and dimg Enda(Z; ;) > dimgExty(Z; ;, Z; ;) for any 2 < j < 4. Fix a
pair 4,7 with 2 < j < 4. Then 74%2;; = Z;_1,;-1. Since pdgU < 1
for any B-module U which is not in the preinjective component of I,
we get Homp(D(B),X;) = 0 = Homp(D(B),Y;) for all i > 0, j > 1.
Then Homy (D(A),74Z; ;) = Homa(D(A), Z;—1,j—1) = 0, and consequently
pd4Z; ; < 1. Further, observe that the image of any map Z; ; — Z;_1 ;-1
is contained in the submodule X;_; © Y;_; of Z;_1 ;_1. Hence the canoni-
cal embedding X;_1 ®Y;_; — Z;_1 j—1 induces an isomorphism of K-vector
spaces Hom 4 (Z; j, X;—19Y;-1) — Homu(Z; j, Zi—1,-1). Choose now the
irreducible morphisms f : X;_; — X; and g : Y;_; — Yj. Since the arrows
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Xi—1 — X; and Y;_1 — Y} belong to rays of a standard ray tube of I'g, f
and g are monomorphisms. Thus we get a monomorphism

0
<‘£ g> X 18Y, 1 - X; Y.

Therefore, we have a chain of monomorphisms of K-vector spaces

Homa(Z; j, Xi—1 ®Yj—1) = Homu(Z; ;, X; @ Y5)
— Tad(Zi,j, ’L,]) — EndA(Zw)

Together with the Auslander—Reiten formula [7; (IV.4.6)]
Ext}y(Zi ;. Zi ;) ~ DHoma(Z; j, 7aZ; ;) ~ DHoma(Z; j, Zi—1,j-1)
this gives the inequalities
dimg Enda(Z; ;) — dimgExt}y(Z; 5, Zi ;)
> dimg Enda(Z; ;) — dimg Homa(Z; 5, Zi—1,-1)
> dimg Enda(Z; ;) — dimg Homa(Z; ;, X;—1 @ Y;_1)
> dimg Enda(Z; ;) — dimgrad(Z; j, Z; ;) > 0,

and we are done.

Consider now the case when A = BIY,t]. Observe that A is obtained
from the one-point extension B[Y] by glueing the extension vertex of B[Y]
with the vertex ag of the following (free) quiver

®a;_1
an® — @ — -+ —— @qas_o

[ Yo

Denote by A’ the algebra obtained from A by reversing the arrow a;_» — a;
on a;_2 < a;. Then A’ is a pg-critical algebra of the form B’[X'], where
B’ is the full subcategory of A’ (and A) given by all vertices except a; and
X'’ is the indecomposable projective A’-module given by the vertex a;_s.
Consider now the APR-tilting A-module T' = 7, S4(a;) & P associated to
at, where S4(a;) is the simple A-module given by a; and P is the direct
sum of indecomposable projective A-modules given by all objects of A ex-
cept a;. Then A’ = End4(T). Further, by [5], the functor F' = Hom4 (T, —)
induces an equivalence between the full subcategory G(T') of mod A formed
by all modules having no Sa(a:) as a direct summand and the full subcat-
egory Y(T') of mod A’ formed by all modules having no S (a:) as a direct
summand. Moreover, there is an isomorphism or : Ko(A) — Ko(A') of
groups (see [21, (4.1)]) such that op([Z]) = [F(Z)] for any module Z from
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G(T). Let C be the components of I'y containing Sa(a:) and C’ the com-
ponent of I'4 containing X', or equivalently, the indecomposable projective
A’-module given by a;. Take an arbitrary positive integer r. From the first
part of the proof there exist pairwise different modules M7, ..., M| in C’
satisfying the conditions (i)—(iv). Clearly, the modules Mj, ..., M/ belong
to Y(T'), and hence there exist pairwise different modules M, ..., M, in C
such that M/ = F(M;) for 1 < i < r. Since My,..., M, belong to G(T),
for 1 < i,j < r, we have op([M;]) = [M]] = [M}] = or([M;]), and so

j
[M;] = [M,]. Moreover, for each 1 < i <7, we obtain

dimg End4(M;) = dimg End 4 (M)
> dimgExth, (M], M]) = dim g Ext!, (M;, M;).

Further, since the indecomposable A-modules nonisomorphic to S4(a;) be-
long to G(T), the indecomposable A’-modules nonisomorphic to S/ (a;) be-
long to Y(T'), and F induces an equivalence G(T') ~ Y(T'), we conclude
that M; % 74 M; for 1 < i < r. Moreover, Hom4(D(A), TaM;) = 0, and
so pd M; <1 for any 1 < ¢ < r. Consequently, the modules My, ..., M,
satisfy the required conditions (i)—(iv). This completes the proof.

4. Polynomial growth strongly simply connected algebras. Let
A be an algebra. Then there exists an isomorphism A ~ K@Q/I, where KQ
is the path algebra of the ordinary (Gabriel) quiver Q@ = Q4 of A and I
is an admissible ideal in K@Q. Equivalently, A = KQ/I may be considered
as a K-category whose object class is the set Qg of vertices of ), and the
set of morphisms A(x,y) from x to y is the quotient of the K-vector space
KQ(z,y), formed by the K-linear combinations of the paths in @ from x to
y, by the subspace I(x,y) = KQ(z,y) N I. An algebra A with Q4 having
no oriented cycle is said to be triangular. A full subcategory C of A is said
to be convex if any path in Q4 with source and target in Q¢ lies entirely
in Qc. A triangular algebra A is called simply connected [1] if, for any
presentation A ~ K@/I of A as a bound quiver algebra, the fundamental
group m1(Q,I) of (Q,I) is trivial. Following [23], an algebra A is said to
be strongly simply connected if every convex subcategory C' of A is simply
connected. It is shown in [23, (4.1)] that a triangular algebra A is strongly
simply connected if and only if, for any convex subcategory C of A, the first
Hochschild cohomology group H!(C,C) vanishes.

The Tits form g4 of a triangular algebra A = KQ/I with the quiver
Q = (Qo, Q1) is the integral quadratic form ¢ : Z™ — Z, n = |Qo|, defined

by
ga(z) = Z r? — Z ;T + Z r(i,j)ziz;,

1€Qo (i—j)e@ 4,J€Qo
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where 7 (i, 7) is the cardinality of R N I(i, j) for a minimal set of generators
R C U; jeq, 1(4,) of the ideal I [8]. The Euler form x4 of A is the integral
quadratic form

xa(x) = Z x? — Z xixjdim g Exth (Si, S5)

1€Qo 1,J€Qo
+ Z xi:cjdimKExti(Si, Sj),
iajeQO

where S; are the simple A-modules associated with i € Qg. It is known that
for any A-module X we have (see [21])

[ee]

xa([X]) =D (1) dimgExt} (X, X).
i=0
If gl.dim A < 2 then g4 and x4 coincide [8].

Following [11], an algebra A is said to be tame if, for any dimension d,
there exists a finite number of K[X]|-A-bimodules M;, 1 <i < ng4, which are
finitely generated and free as left K[X]-modules and all but finitely many
isomorphism classes of indecomposable A-modules of dimension d are of the
form K[X]/(X — \) ®kx] M; for some A € K and some i. Let pa(d) be
the least number of K[X]-A-bimodules satisfying the above condition for d.
Then A is said to be of polynomial growth [22] if there is a positive integer
m such that pa(d) < d™ for all d > 1. From the validity of the second
Brauer-Thrall conjecture, we know that A is representation-finite if and
only if pa(d) = 0 for all d > 1. Examples of polynomial growth algebras are
provided by all tilted algebras of Euclidean type, tubular algebras and tame
coil enlargements of such algebras (see [21], [4]). The polynomial growth
critical algebras are tame but not of polynomial growth. It is known that
if A is triangular and tame then the Tits form ¢4 is weakly nonnegative
(see [16]). Recently it was shown in [30] that a strongly simply connected
algebra A is of polynomial growth if and only if ¢4 is weakly nonnegative
and A does not contain a pg-critical convex subcategory. This gives a handy
criterion for a strongly simply connected algebra to be of polynomial growth.
We note that among the 31 frames of pg-critical algebra described in [15]
we have only 16 frames which are strongly simply connected. Finally, we
also mention that, by [17], if A is a strongly simply connected algebra of
polynomial growth, X an indecomposable A-module and [X] = z, then

Ext% (X, X) =0 for i > 2 and
qa(r) > xa(z) = dimg Enda(X) — dimgExt} (X, X) > 0.

Here, we shall prove the following characterizations of polynomial growth
strongly simply connected algebras.
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THEOREM 5. Let A be a strongly simply connected algebra and n be the
rank of Ko(A). The following conditions are equivalent:

(i) A is of polynomial growth.

(ii) A is tame and there exists m € N such that for each x € N",
the number of isomorphism classes of indecomposable A-modules X with
[X] =2 and X % 74X is bounded by m.

(iii) qa is weakly nonnegative and there exists m € N such that, for
each x € N", there are at most m isomorphism classes of indecomposable
A-modules X with [X] =z and qa(z) # 0.

(iv) A is tame and there exists m € N such that for each x € N, there
are at most m isomorphism classes of indecomposable A-modules X with
[X] =2 and xa(x) # 0.

In the representation theory of polynomial growth strongly simply con-
nected algebras developed in [30] a fundamental role is played by tame coil
enlargements of tame concealed algebras (coil algebras). In our proof of
Theorem 5 we need information on the numbers of isomorphism classes of
discrete indecomposable modules lying in the Auslander—Reiten components
(multicoils) of such algebras. We recall first briefly the notion of admissible
operations [2, 3]. Let A be an algebra and I" be a standard component of I'4.
For an indecomposable module X in I, called the pivot, three admissible op-
erations (ad 1), (ad 2), (ad 3) (and their duals) are defined, depending on the
shape of the support S(X) of Homp (X, —)|r. These admissible operations
yield in each case a modified algebra A’ of A, and a modified component I
of I':

(ad 1) If S(X) is of the form

X:X0—>X1—>X2—>"'

then X is called an (ad 1)-pivot, we set A’=(AxD)[X®Y1], where D is the
full £xt lower triangular matrix algebra, and Y7 is the unique indecomposable
projective-injective D-module. In this case, I’ is obtained from I" and I'p
by inserting a rectangle consisting of the modules Z; ; = (K, X;®Y}, (})) for
i>0,1<j<t and X/ = (K, X;,1) for i > 0, where Y;, 1 < j <, denote
the indecomposable injective D-modules. The translation 7" = 74, in I is
defined as follows: 7'Z; j = Z;_1 ;1 ifi >1,j>2, 77,1 = X;_1 if i > 1,
TIZ()J' = }/}_1 lfj Z 2, ZO,l = P is projective, T/X(/) = Y;g, T/XZ{ = i1t if
i > 1, 7'(1, X;) = X! provided X; is not an injective A-module, otherwise
X/ is injective in I"". For the remaining points of I" and I'p, the translation
7/ coincides with 74 and 7p, respectively. If t=0, we set A’=A[X], and the
rectangle reduces to the ray formed by the modules of the form X/, i>0.
(ad 2) If S(X) is of the form

Yi— V1 X=Xg—- X1 > Xo— -
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with ¢ > 1 (so that X is injective), then X is called an (ad 2)-pivot, we
set A’ = A[X]. In this case, I is obtained by inserting in I" a rectangle
consisting of the modules Z; ; = (K,XZ- <) YJ,(})), i >1,1 <5 <t
and X] = (K, X;,1), ¢ > 0. The translation 7/ = 74 in I'" is defined as
follows: P = X|) is projective-injective, 7'Z; ; = Z;_1 ;1 if i > 2, j > 2,
T/ZZ‘71 = Xi,1 if 4 2 1, T/ZL]‘ = 3/3‘,1 lfj Z 2, T/XZ{ = i—1,t if 4 2 2,
X! =Y, 7(7,X;) = X[ if i > 1, provided X; is not an injective A-
module, otherwise X/ is injective in I'"". For the remaining points of I, the
translation 7’ coincides with the translation 74.
(ad 3) If S(X) is of the form

i = Y = Y

[ I

with ¢t > 2 (so that X;_; is injective), then X is called an (ad 3)-pivot, we
set A’ = A[X]. In this case I" is obtained by inserting in I" a rectangle
consisting of the modules Z; ; = (K, X; @Y}, (1)) for 1 < j <1¢<tand
i>t1<j<t and X] = (K, X;,1) for i > 0. The translation 7" = 74/
in I"" is defined as follows: P = X is projective, 7'Z; j = Z;_1 j_1 if i > 2,
]Z 2, T/Zi’l :Xz'—l if 4 > 1, T/Xz( = Zi—l,t if 4 > i, T,XZ( :Y; if 1 Sigt,
TY; = X ,if2<j <t 7(1,Xi) = X; if i > ¢, provided X; is not an
injective A-module, otherwise X7 is injective in I'"”. For the remaining points
of I'!, the translation 7" coincides with 74. We note that X/_; is injective.

Finally, together with each of the admissible operations (ad 1), (ad 2) and
(ad 3), we consider its dual, denoted by (ad 1*), (ad 2*) and (ad 3*), respec-
tively. These six operations are called the admissible operations. Clearly,
the admissible operations can be defined as operations on translation quiv-
ers rather on Auslander—Reiten components. The definitions are done in the
obvious manner (see [2] or [27] for details). A translation quiver I" is called
a coil if there exists a sequence of translation quivers Iy, [1,...,1, = I
such that Iy is a stable tube and, for each ¢, 0 < i < m, [;41 is obtained
from I; by an admissible operation. For an axiomatic description of the
coils we refer to [3].

Let C be an algebra, and 7 = (7;);c; a family of pairwise orthogonal
(generalized) standard stable tubes of I'c. Following [4], an algebra B is
called a coil enlargement of C using modules from T if there exists a finite
sequence of algebras C' = Cy, C4, ..., C,, = B such that, for each 0 < j < m,
Cj4+1 is obtained from C; by an admissible operation with pivot either on
a stable tube of 7 or on a coil of I'c; obtained from a stable tube of 7" by
means of the sequence of admissible operations done so far. The sequence
C = Cy,C4,...,C,, = B is then called an admissible sequence. In this
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process the family 7;, i € I, of stable tubes is transformed into a family C;,
i € I, of pairwise orthogonal standard coils of I's. A tame coil enlargement
B of a tame concealed algebra C using modules from its unique Py (K')-family
T = (7)) xep, (k) of stable tubes is said to be a coil algebra.

We shall use the following lemma:

LEMMA 6. Let B be an algebra and I' a standard coil of I'g. Then for

any sectional path X in I and x € Ko(B), X admits at most one module X
with [X] = x.

Proof. We divide our proof into three steps. Without loss of generality
we may assume that B is the support algebra of I

(1) Assume first that I" is a standard stable tube. In this case, if M and
N are two nonisomorphic indecomposable modules in I', then [M] = [N] if
and only if ql(M) = ql(N) = er for some ¢ > 1, where r is the rank of I
and gl(Z) denotes the quasi-length of a module Z in I" [26, (4.3)]. Clearly
then our claim follows.

(2) Assume that I is a standard ray tube, containing at least one projec-
tive module. Then there exists a convex subcategory C of B and a standard
stable tube 7 of I'c such that B is obtained from C (respectively, I" is ob-
tained from 7) by a sequence of admissible operations of type (ad 1) (see [3,
(5.9)]). Let C = Cy,C4,...,C,, = B be an admissible sequence of algebras
such that each Cf, 1 < k < n, is obtained from C}%_; by an admissible op-
eration of type (ad 1). We than get also a sequence 7 = Iy, [1,..., I =T
of ray tubes such that, for each 1 < k < m, I}, is a standard ray tube of I'c,
obtained from the standard ray tube I,_; of I'¢, , by the corresponding
admissible operation of type (ad 1). We shall prove our claim by induction
on k. Let 1 < k < m and assume that M and N are two indecomposable
Cr-modules with [M] = [N] and lying on a sectional path X' in I,. If M
and N are Cy_i-modules, then they lie on a sectional path {2 of I';_1, and
by our inductive assumption we get M ~ N. Hence, we may assume that
both M and N are not Cj_i-modules. For the new indecomposable mod-
ules in Iy, = I}, we use the notation introduced above. Thus M = Z; ; or
M =X],and N = Z,, or N = X/ for some i,r > 0,1 < j,s <t Inour
case, the equality [M] = [N] implies [X;] = [X,]. Moreover, X; and X, lie
on a sectional path © of I';,_;. Hence, by our inductive assumption, we have
¢ = r. It remains now to consider the case when M = Z; ; and N = Z, ,.
But then [M] = [N] implies [Y;] = [Y;]. Since Y; and Y; are indecomposable
directing C%_1-modules we obtain j = s. Therefore M ~ N, and we are
done.

(3) Let I" be an arbitrary standard coil of I'g, and M, N indecomposable
B-modules with [M] = [N] and lying on a sectional path X' in I". If one of
the modules M and N is directing, then M ~ N. Hence, we may assume
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that M and N lie on oriented cycles in I'. In this case, Y’ can be extended
to an infinite sectional path. By symmetry, we may assume that M and
N lie on an infinite sectional path of the form U; — Uy — Uz — ---. It
follows from [3, (5.9)] and [4, (3.5)] that there is a convex subcategory B*
of B and a standard coray tube I'* in I'g+ such that B is obtained from B*
(respectively, I" is obtained from I'*) by a sequence of admissible operations
of type (ad 1), (ad 2) and (ad 3). Let B* = By, B1,...,Bn = B, m > 0,
be an admissible sequence of algebras such that each B, 1 < k < m, is
obtained from Bj_; by an admissible operation of type (ad 1), (ad 2), or
(ad 3). We then get also a sequence I'* = Iy, I,..., [, = I of coils such
that, for each 1 < k < m, [}, is a standard coil of I'p, obtained from the
standard coil I;_; of I's, , by the corresponding admissible operation of
type (ad 1), (ad 2), or (ad 3). We shall prove our claim by induction on
0 <k <m. The case k = 0 is dual to (1) and (2). Assume now that k > 1
and M, N are indecomposable Bi-modules with [M] = [N] and lying on
an infinite sectional path Uy — Us — Uz — --- of I. Again, if M and
N are Bj_j-modules, then they lie on a sectional path of I'x_;, and hence
M ~ N by our inductive assumption. Assume now that M and N are not
Bj,_1-modules. For the new indecomposable modules in I}, = I}, we use
the notation introduced above. Since M and N lie on an infinite sectional
path in I}, consisting of arrows pointing to infinity, we have two possibilities
for M and N: M = X/ and N = X, or M = Z;; and N = Z, ;. In
both cases, [M] = [N] implies [X;] = [X,], and hence, by our inductive
assumption, we get ¢ = r. Therefore, M ~ N, and this finishes our proof.

Recall that a short cycle M I N %5 M of nonzero nonisomorphisms
in ind A is called infinite [27] if f or g belongs to rad® (mod A). We have the
following consequence of the above lemma and results proved in [25] and [4].

PROPOSITION 7. Let B be an algebra, n the rank of Ko(B), = a vector of
Ko(B), and I' a standard coil of I'g. Then the number of indecomposable
modules X in I' with [X]| = x is bounded by n. Moreover, if I' consists
of modules which do not lie on infinite short cycles then the number of
indecomposable modules X in I' with [X]| = x is bounded by n — 1.

Proof. We may assume that B is the support algebra of I'. Let C be
a convex subcategory of B and 7 a standard stable tube of I'c such that
B (respectively, I') is obtained from C' (respectively, 7) by a sequence of
admissible operations. It follows from [4, (3.5)] that the admissible sequence
leading from C to B can be replaced by another one consisting of a block of
operations of type (ad 1*) followed by a block of operations of types (ad 1),
(ad 2), (ad 3). The block of operations of type (ad 1*) creates a tubular
coextension B* of C' and a standard coray tube I'* in I'p« such that B is
obtained from B* and I' is obtained from I'™* by the block of operations
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of types (ad 1), (ad 2) and (ad 3). Denote by m the rank of Ky(C), by r
the rank of 7, and by p and ¢ the numbers of rays and corays in I". Then
q coincides with the number of corays in I'*, and is the sum of r and the
number of corays inserted by application of the operations of type (ad 1%).
Clearly, r is the number of rays in I'*. Further, p is the sum of r and the
number of rays inserted by application of the operations of types (ad 1),
(ad 2) and (ad 3). It is also known that the indecomposable modules in
I'* which do not lie on an oriented cycle in I'* are uniquely determined by
their composition factors. In particular, the modules Y; which occur in the
description of the operations (ad 1), (ad 2) and (ad 3) have this property.
Finally, observe that if two rays in I" have nonempty intersection, then one
of the rays consists of a finite number of directing B*-modules from I'™*
followed by infinitely many modules which belong to the second ray. From
Lemma 6 we know that each ray of I' contains at most one module X with
[X] = x. We know also that p — r is the number of objects of B which
are not objects of B*. Then we conclude that m + (p — r) < n. Since T
is generalized standard, it follows from [25, (5.11)] that » < m, and then
p < n. Moreover, if I" consists of indecomposable modules which do not lie
on infinite short cycles in ind B, then 7 consists of indecomposable modules
which do not lie on infinite short cycles in ind C'. In this case, by [25, (5.14)],
we get r < m — 1, and hence p < n — 1. Therefore, the statements of the
proposition follow.

We shall need also the following concepts. A component C of an Aus-
lander—Reiten quiver is said to be a multicoil [3] if it contains a full transla-
tion subquiver I" such that: (i) I" is a disjoint union of coils; (ii) no vertex of
C\ I lies on an oriented cycle in C. The component quiver X'y of an algebra
A [27] is the quiver whose vertices are the (connected) components of I'4,
and two components C and D are connected in X4 by an arrow C — D if
rad™(X,Y) # 0 for some modules X from C and Y from D.

Proof of Theorem 5. We shall prove first that (i) implies (ii), (iii)
and (iv). Assume that A is of polynomial growth. It is shown in [30, (4.1)]
that then X4 is directed and every component of I'4 is a standard multi-
coil. In particular, every cycle M = My — M; — --- — Mg — Mg 1 = M,
s > 0, of nonzero nonisomorphisms in ind A is finite, that is, the mor-
phisms forming it do not belong to rad®(mod A), and consequently, the
modules My, ..., M, belong to a coil of a multicoil of I'4. We also know
that if an indecomposable A-module M does not lie on such a cycle (M
is directing) then M is uniquely determined by [M], by [21, (2.4)] or [18,
(2.2)]. Moreover, if 7 is a stable tube in I'4 then the support of 7 is a
tame concealed or tubular convex subcategory of A [30, (4.6)]. Hence, for
any indecomposable A-module X lying in a stable tube of rank 1, we have
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ga([X]) = xa([X]) = 0. Let « be a vector in K((A) such that there exists
a nondirecting indecomposable A-module X with [X] = z and X % 74 X.
Then X belongs to a proper coil I" of a standard multicoil C of I'4. Recall
that a coil I' is called proper if any vertex of I' lies on an oriented cycle
of I' (see [3, (3.3)]). Furthermore, by [30, (4.8)], I" is the full translation
subquiver of I'4 consisting of all nondirecting modules of a standard coil
I'" of the Auslander-Reiten quiver I's of a convex coil subcategory B of
A. Assume first that Hom 4 (P, X') # 0 for some indecomposable projective
module in V. Then it follows from the inductive proof of [30, (4.1)] that any
indecomposable A-module Y with [Y] = x also lies in I', and hence in I".
Applying now Proposition 7 we conclude that the number of isomorphism
classes of indecomposable A-modules Z with [Z] = [X]| = = is bounded by
n — 1. We get the same statement in the case when Hom4 (X, I) # 0 for
an indecomposable injective module I in I''. Hence, it remains to consider
the case when the support of X is contained in a convex subcategory, say
C, which is tame concealed or tubular. Then I" belongs to a Py (K)-family
T = (7))er, (k) of standard stable tubes of I'c. Moreover, if Z is an in-
decomposable A-module with [Z] = [X] = x then Z is a C-module and lies
in one of the tubes 7\ (see [21] or [26]). Denote by m the rank of K¢(C),
and by 7y the rank of the tube 7, A € P1(K). Then the following equality

holds:
Z (ra—1)=m-—2
AeP; (K)

(see [21]). Further, if Y € 7y and Z € 7, are two nonisomorphic modules
in 7 with [Y] = [Z] then the quasi-length of Y is divisible by 7\ and the
quasi-length of Z is divisible by r,,. We note that then ga([Y]) = qc([Y]) =
xa([Y]) = 0 and ga(1Z]) = ac((2]) = xa([Z]) = 0 (see [26, (3.6)]), since
gl.dim C < 2. Now a simple inspection of tubular types of tame concealed
and tubular algebras shows that, if A1,..., A\; are all indices A € Py (K) with
rx # 1, then ry, +...+ 7y, < m+2 < n+ 2. Therefore, the number of
isomorphism classes of indecomposable A-modules Z with [Z] = [X] = z is
bounded by n + 2. Thus we proved that (i) implies the conditions (ii), (iii)
and (iv).

Assume now that g4 is weakly nonnegative but A is not of polynomial
growth. Then, by [30, (4.2)], A admits a convex subcategory A which is
pg-critical. Since gl.dim A = 2, we have g4 = x4. Let r be an arbitrary
positive integer. Then, by Proposition 4, there exist pairwise nonisomorphic
indecomposable A-modules My, ..., M, such that

(a) [My] = ...=[M,].
(b) pd My = ... =pd, M, = 1.
(c) dimg End(M;) > dimgExt) (M;, M;) for any 1 <4 <.
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(d) M; # 7AM; for any 1 < i <.

We may clearly consider My, ..., M, as indecomposable A-modules. Ob-
serve that, if M; ~ 74M;, then we have an Auslander—Reiten sequence
0 — M, - E — M; — 0in mod A. Then [E] = 2[M;], which implies that
FE is a A-module, and so it is an Auslander—Reiten sequence in mod A, a
contradiction. Therefore, M; 2 7oM; for any 1 < i < r. Finally, since
pd,M; =1 we have

qa([M;]) = x4([M;]) = dimg End 4 (M;) — dimgExth (M;, M;) > 0,
and hence

qa([Mi]) = qa([Mi]) > 0 and  xa([Mi]) = xa([Mi]) > 0.
This proves that each of the conditions (ii), (iii) and (iv) implies (i).

It is well known that if A is a representation-finite (strongly) simply
connected algebra then any indecomposable A-module X is directing, hence
uniquely determined by [X], and qa([X]) = xa([X]) = 1. As a direct
consequence of our proof of Theorem 5 we get the following

COROLLARY 8. Let A be a representation-infinite strongly simply con-
nected algebra of polynomial growth, n be the rank of Ko(A), and = be a
vector of Ko(A). Then

(i) The number of isomorphism classes of indecomposable A-modules X
with [X] =z and X % 74X is bounded by n + 2.

(ii) The number of isomorphism classes of indecomposable A-modules X
with [X] =2 and qa(z) # 0 is bounded by n — 1.

(iii) The number of isomorphism classes of indecomposable A-modules X
with [X] = and xa(z) # 0 is bounded by n — 1.

We note that for a tubular algebra C of type (2,2, 2, 2) the rank of K¢(C)
is 6 and we have 8 = 6 + 2 pairwise nonisomorphic indecomposable modules
with the same composition factors, and of 74-period 2. Hence, the bound
n+2in (i) of the above corollary is optimal. Possibly n—1 is not the optimal
bound in the statements (ii) and (iii). We end the paper with examples of
polynomial growth strongly simply connected algebras for which there exist
large numbers of pairwise nonisomorphic indecomposable modules X with
X # 14X, qa([X]) # 0, xa([X]) # 0 and having the same composition
factors.

EXAMPLE 9. Let » > 2. Denote by A the algebra K@Q/I given by the
quiver Q) of the form
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Nl

o Lw \ .

. o :

../Yr
and the ideal I in K@ generated by wa, pa, B€, 61, Ba — v, ...727v1. Then
A is a strongly simply connected (coil) algebra of polynomial growth and
gldim A = 2. In fact, pa(d) < 1 for any d > 1, and the one-parameter
families of indecomposable A-modules are those given by the unique convex
hereditary subcategory H of A of type Dy. For each 1 <t < r, consider the

indecomposable A-module M, given by

K v1=1

\{‘

K K !

0 K

=Nl Al e
K3 | 7t=0
p=Io lyl B=[1-10] j('vt+1:1

w=[100] %

1

K

K‘/W:1
Then the modules M, ..., M, are pairwise nonisomorphic with the same
composition factors given by the vector
1
1
1 1
T = 3
1 1
1
1

and xa(z) = qa(z) = (r+14) — (18 + ) +5 = 1. Note also that the rank
of Ko(A) is equal to r + 6.
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