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THE FATOU THEOREM FOR NA GROUPS—A NEGATIVE RESULT

BY

JAROSLAW SOLOWIEJ (WROCLAW)

In 1969 E. M. Stein and N. J. Weiss showed that in the case of sym-
metric spaces the unrestricted almost everywhere convergence of a bounded
harmonic function to the boundary fails. The main point of their argument
is that due to the action of the maximal compact group K, the unrestricted
convergence allows for so many rotations of rectangles that they cannot form
a differentiation basis. Somewhat similar phenomena appear in the situa-
tion where there is no group of rotations. Rectangles with incomparable
sides length parallel to many directions occur while studying approaches to
a boundary X = NA/NyA of the solvable part of the Iwasawa decomposi-
tion. These boundaries are not boundaries for the whole semisimple group
G = NAK but only for the solvable part NA. They have been intensively
studied by E. Damek and A. Hulanicki [DH1] and [DH2|. The aim of this pa-
per is to show why a very natural generalization of “admissible convergence”
to the boundary of bounded harmonic functions investigated in [DH2] fails
in the case of general boundaries for NA groups.

In the second part of the paper we show sharp pointwise estimates for the
Poisson kernel on a boundary as above for harmonic functions with respect
to a very regular subelliptic operator. This is a very particular result but it
might serve as a general hint what type of estimates should be expected in
the general case.

Both parts of the paper originate in questions asked by E. Damek and
A. Hulanicki. The author is grateful to both of them for their help. He is also
greatly indebted to Jarostaw Wréblewski for his generous help concerning
the construction of the counterexample.

1. Counterexample

1.1. Preliminaries. Let G be a Lie group. We say that a locally compact
space X is a G-space if there is a continuous map

GxX>(s,z)—srxeX
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such that (ss’)x = s(s’z). For bounded measures p and v on G and X
respectively, the convolution pu * v is a measure on X defined by

J 1@ dus vi@) = [ f(s2)du(s) dv(z), [ € Col(X).
Let L be a left-invariant second order, degenerate elliptic differential oper-
ator without constant term on G,

L=X{+X3+...+ X} + Xo.

The operator L is the infinitesimal generator of a convolution semigroup of
probability measures { i }+>0.

DErFINITION 1.1.1. We say that X is an L-boundary of G if X is a
G-space and there is a probability measure v on X such that

(1) fgrxv=v foreacht >0

and dg, * v tends weak® to a point mass on X as t — oo, for almost all
trajectories Sy of the diffusion process on G generated by L.

We consider a group S whose Lie algebra is of the form
s=ndo a,

where n is a nilpotent ideal in s and a is abelian. We assume that there
exists a basis Xi,..., X, of n such that for every H € a,

adp (X;) = N (H)X;
where \; €a*, j=1,...,n. Let A={\,...,\,} and
n = {X €n:ady(X)=\H)X for all H € a}.
DEFINITION 1.1.2. A subspace n’ of n is called homogeneous if
adg(n’) cn’ forall H € a.

Let S = exps, N =expn and A = expa. We assume that the smallest
Lie subalgebra which contains Xg, X1,..., X, is equal to s, which by the
Hoérmander theorem implies that L is subelliptic.

DEerFINITION 1.1.3. A Borel function F' is L-harmonic if
(F,Lt¢) =0 for ¢ € C°(S),
where LT = X7 + ... + X? — Xo.
We have the following simple characterization of L-harmonic functions.

THEOREM 1.1.1. A bounded Borel function F is L-harmonic if and only
if Fx iy =F for everyt > 0.

For the proof see e.g. [D].
Let Xy =Yy + Zy, where Yy € n and Zy € a. We define
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AOZ{A€A2<)\,Z()>ZO}, Ale\Ao,

no(L) = @ n.

AEA,
In [DH3| all the boundaries for the pair (S, L) have been described. They
are S-spaces (with the natural action of S) X = S/NyA, where Ny = expng
and ng is a homogeneous subalgebra of n containing ng(L). Moreover, the
Poisson kernel v has smooth bounded density
dv(z) = PX(z)dx.
Therefore by (1) and Theorem 1.1.1 for f € LP(X),1 < p < 0o, the function

(2) F(s)= [ f(sz)dv(z)

and

is L-harmonic on S. We call it the Poisson integral of f. Now we define
convergence to the boundary X, which is modeled on the definition of ad-
missible convergence in the case of symmetric spaces, but somewhat more
general, as is natural in the context of NA groups. Let K be a compact
subset of S and yAK = {yaz: a € A,z € K} for a fixed y € N.

DEFINITION 1.1.4. We say that s, tends admissibly to the boundary X
if s, € yAK and

lim (A, loga(s,)) = —o00 for every A € Ay,

where a(s) = a for s = za with € N and a € A.
Let p be the natural projection from S onto X,
p:S>s—see€ S/NgA =X,

where e = Ny A. There is a natural question connected with the above defi-
nition. Does the Poisson integral F(s,) tend to its boundary value f(p(y))
when s, stays in yAK? The answer is affirmative and easy if f is e.g. a con-
tinuous function with compact support on X. Also the following theorem
holds:

THEOREM 1.1.2 ([DH3)]). Let f € LP(X) for some p > 1. For every yo
in Ny there is a subset X, in X such that the Lebesgue measure of X \ Xy,
is 0, and if y=11y0 and p(y) € X, then

<A710ga>imm,A€A1)J fyryoazz) P~ (z) dz = f(p(y))

uniformly in z € K, for every compact subset K of S.

Of course one would like to eliminate the dependence of the exceptional
set Xy, on yo. It would be sufficient to have the same X, for yo in every
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compact set K C Ny. This in turn would follow if we could enlarge our
approach region to

U wvaK =T,
p(y)==z,y€Ko
for two fixed compact sets K C S and Ko C Ny. This type of convergence
with s € I, and lim(\,loga(s)) = —oo is called strong admissible in [SW].
Though strong admissible convergence of the Poisson integral of a function
fin C.(X) to f does hold, it can fail on a set of positive measure for
f € L*°(X). We show this in the next section when N is a Heisenberg

group.

1.2. A boundary of the Heisenberg group. Let N = R? be the Lie group
with multiplication given by

(x7 y’ Z)(:E,7 y’? Z’) = (aj + xl? y + y/‘) 'Z + 'Z/ + xy/)'
Then n = R? with the bracket
[(.’L‘, Y, Z)a (wla y/7 Z/)] = (Oa 07 IEy, - .f/y)

is the Lie algebra of N. Let S = N A be a semidirect product of N and A,
where A acts on N by the automorphisms

Sa((z,y,2)) = (az,ay,a®z), a>0.
The function
(2,9, 2)| = |z| + |y| + |2/
is a homogeneous norm on N with the property
0a (2,9, 2)| = al(z,y, 2)].

We denote by s the Lie algebra of S. Then s is a semidirect product of n
and the Lie algebra a of A with the bracket

I:('I’ y? Z? a)’ (xl, y/7 Z/’ a//):l = (a/x/ - alx? ay/ - a//y7 2az/ - 2(1'/2 + xy/ - '/I:/y7 0)'

Let F4, Es, E3 € s be the standard basis of the Heisenberg Lie algebra,
ie. [E1, B3] = E3 and Ey = —3,, where 0, is differentiation on R, and let

L=E?+FE;+FE3+ Ep.
Then No(L) = {0}. Now ng = {(x,0,0) : z € R} is a homogeneous subal-
gebra of n, and let
N[) = expny.

Let X = S/NgA = N/Ny. In our case we may write X = {(x2,x3) :
zo,x3 € R}. If f € L>°(X) then by (2) the function

(3) F(s)= [ f(s2)PX(x)da
X
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is L-harmonic on S. From the Harnack inequality it is easy to see that
PX(z) # 0 for z € X, thus there exist constants C' > 0 and r > 0 such that

(4) P*(z) > Cxp(r(2)

for all x € X, where B(r) = {(z2,23) € X : |x2| + |23]'/? < r}. Without
loss of generality we may assume that » = 1. From (4) and (3) we have for
feLx®?), f =0,

Fya)= [ flyar)PX(2)de > C [ f(yaz)xp(e) dr.
R? R2

Changing variables, we obtain

F(ya) > c,mla)‘ f F(y2) X s (@) d,

where

yx = (T2 + Y2, T3 + Y3 + y122)
is the action of an element y = (y1,y2,y3) € N on x = (z2,23) € X.

Let R(a/2) be a rectangle with sides of length a/2 and a®/4 centered
at 0, such that R(a/2) C B(a). Then |B(a)| = (32/3)|R(a/2)|. Thus we
may replace B(a) by R(a/2), and take f(z) = xr(z) for a measurable set
T. Then

(5) F(ya)

1
>Cis—— X1 (%2 + Y2, T3 + Y3 + Y122) X R(a/2) (T2, 3) dxo dT3.
[R(a/2)] R! e

We see that (x2+y2, 3+ ys+y122) in (5) means that we translate T' by the
vector [—y2, —ys3] and next rotate. From now on we assume that we rotate
only in the range from /4 to m + 7/4, which means |y;| < 1. By these
operations we get T(?”;% and thus
Ty ) N F(a/2)]
P = O hara)

Now instead of translating and rotating T we fix T and translate and rotate
R(a/2). This does not change anything. Hence, to prove that the Fatou
theorem is not true in our case it is enough to take for 7' the set constructed
in the proof of Theorem 1.3.2.

Y3)

1.3. Differentiation basis
1.3.1. Introduction

DEFINITION 1.3.1.  We say that B = (J,cp2 B(x) is a differentiation
basis if for each € R?, B(z) is a collection of bounded measurable sets with
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positive measure containing x and such that there is at least one sequence

{Ry} C B(z) with §(Rx) — 0, where 4(+) is diameter.
Let B = |J,cge B(z) be a differentiation basis.

DEFINITION 1.3.2. We say that B is a density basis if for each measurable
set A and for almost every = € R? we have

(6) im AN Ry[/[Ry| = xa(2),
where { Ry} is any sequence of B(x)’s contracting to x.

Now we define a differentiation basis in the following manner. Let

7) 5= | B,
z€R?

where B(z) = {all open rectangles containing x with sides of length a and
a?, where 0 < a < 1 and the angle between the side of length a and the
x-axis ranges from 7/4 to w/4 + 7}.

We will prove that B is not a density basis. It is enough to find measur-
able sets T and M C T, |M| > 0, such that for each z € M there exists a
sequence {Ry} C B(x) contracting to = such that

|TﬂRk’/|Rk| >C >0,

where C' is a constant independent of k. To do this we use the construction
of a Perron tree based on I. J. Schoenberg’s paper [Sch], to which we refer
for more details.

1.3.2. Construction of a Perron tree. We define by induction a family
of sets {7}, }»>2, each of which will be called a Perron tree.

If we have a triangle S of height 1 having its base on a line y = k for
some k, then we let .S sprout by the following procedure: Extend the lateral
sides of S upward beyond its vertex until they reach the line y = k + 2,
next join the points from the line y = k4 2 to the vertices of S lying on the
line y = k.

Let Ty be an isosceles triangle ABC' of height 2 having its base AB on
the line y = 0 and right-angled at C, and let S3 =T, N {y > 1}. We let S]
sprout and obtain a closed polygon which is called T3. If we have T,, then
the intersection T,, N {y > n — 1} is composed of 2"~2 triangles, denoted by
SLo§2 82" from right to left. If we let sprout S% i=1,...,2" 2 we
obtain T}, 41.

1.3.3. Some properties of the Perron tree. Let T! denote the triangle
similar to S¢, obtained from S¢ by extending its lateral sides down to the

no
line y = 0, and let T denote the triangle similar to T7

" obtained from T}
by extending its lateral sides down two times.
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For our construction we need the following theorem and lemma.

THEOREM 1.3.1 ([Sch]). Let PQV be a triangle similar to ABC, of the
same height n as T,,, and having its base PQ on the line y = 0. If we divide
its base PQ into 2" ? equal parts and dissect PQV accordingly into the
triangles T{*,73', ..., T3, _», then an appropriate horizontal translation will
make T coincide with 7', i = 1,...,2""2. Moreover, at no stage of the
construction of T, is there an overlap between the 2"~2 triangles of new
growth of T,, so that T, is bounded by a simple closed polygon, and

|T| = 2n.

The proof of this theorem is in [Sch]. The following lemma and the idea
of its proof come from [G].

LEMMA 1.3.1. Let P, = U2, (TP — Ti). Then

n
|P,| > n
Proof. Extend the lateral sides of the triangle ABC' (see construction
of the Perron tree) down until they reach the line y = —n; the two points
R and S so obtained together with A and B compose a trapezium ABRS.
Since |ABRS| = n? + 2n —4 > n? for n > 2, it is enough to show that
ABRS C P,.
Let x € ABRS, and for i = 1,...,2" 2 let s; be the vertex of S which
lies on the line y = n, and 3; be the angle between the line passing through
the points s;, z and the z-axis. Then

(8) T[4 < Pon-2 < fPon-2_1 < ... < [a <1 <7m+m/4
Let v, o/ be the angles between the lateral sides of S’ and the z-axis. Then
using Theorem 1.3.1 we have
9) T/i=a;1 <adl=ay<dy=a3<...

< Qoo g = Qon-2 < Qo =7 + /4.
Now it is very easy to see from (8) and (9) that there exists 1 < j < 2772
such that a; < 3; < o, but this exactly means that = € ﬁ ~T7. =

We will use the following notation: 7, means that we shrink the Perron
tree T, in the ratio n to 1, thus T, has height 1 and width 2(n — 2)/n < 2,
T means that we shrink 777 in the ratio 2" to 1. We do the same with P,.
By Theorem 1.3.1, || = 2/n; moreover, T.** has height 1/2" and base of
length 8/22".

THEOREM 1.3.2. The differentiation basis B defined by (7) is not a den-
sity basis.

Proof. Let A = [-1,1] x [-1,1] and let {,},>1 be a decreasing se-
quence of positive numbers such that Y ;o e; < 1/2. Choose n; such that
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T | < e1. Next divide A into 2™ x 2™ equal squares. Into each such small
square we put a copy of T;" U P;;*. Let T; be union of all the T;;*’s in A

and Py the union of all the P;*’s in A. We do the same with e2,¢3,... and
obtain sequences {Tj}r>1 and {Py}r>1 such that

(10) ITk| < ek

and

(11) |Pr| > 1

for k > 1. Let

oo o o
T=JTw. P=()JPx
k=1

n=1k=n

Then in view of (10),

T = UJ T =Y ml <172,
k=1 k=1

and by (11),
|P| > likminf]Pk] > 1.

Let M = P\ T. Then

|M|=|P\T|>1-1/2=1/2.
Every x € M lies in infinitely many Pj’s. Let x € Py for some k. Then
there exists 1 <4 < 2" ~2 such that z € Tix* — Tff;* We take a rectangle
By, € B(z) with sides of length 4/2™ and 16/2*"* such that B, D T+
Then T'N By, D Tfl’;* and

T N By| > |T0* =4/2°",  |Bi| = 64/2°".
This implies

(12) |T' N By|/|Bk| > 1/16.

Since x lies in infinitely many Py ’s, there exists a sequence {Bj }r>1 C B(z)
such that (12) is valid for all By. On the other hand, xr(z) = 0. Of course
By, is contracting to x. This means that condition (6) fails on the set M of
positive measure and consequently B is not a density basis. m

2. Estimation

2.1. In this part we restrict our attention to the group S = NA with A
being one-dimensional. Then the action d, of A on n becomes

(5an = eAj(lOga)Xj = adej
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for some numbers 1 < d; < ... < d,. The number @) = 2?21 d; is called
the homogeneous dimension of n. The formula

expod, o exp !

defines dilations on N, i.e. N becomes a homogeneous group [FS]. The
dilations on N will also be denoted by d,. Denote by || - || the Euclidean
norm in n, and define the corresponding left-invariant distance

7(x) =inf [ [|5(t)] dt,
0

where the infimum is taken over all C* curves  in N such that v(0) = e
and (1) = z. Then B,(z) = {y € N : 7(z~'y) < r} is the ball of radius r
centered at . We use B(r) instead of B, (e). For a function f € C},(N) we
write || f|| = sup{[f(z)| : 2 € N}.

Let f € C°(B(1)) be a nonnegative function such that [, f(z)dz =1,
and 7 f(z) = [7(zy~")f(y) dy. Then for any left-invariant vector field X
we have (see [H1])

(13) X2« ) (@) < [ X f()|[Ady X || dy
for all x € N.

2.2. A maximum principle. On the group S we will investigate operators
of the form

k
L= ZaMfXJ2 +a20? — Kad,,
j=1

where k > —1is a constant, X; € nfor j = 1,...,k, and 9, is differentiation
along R.

We will need the following maximum principle for functions defined on
Se ={xb:x € N, b>a}. Let D(a,b,r) ={xc:z € B,.(e), a < c< b} and
let C'=Y"F_, | X2(7 % f)]|. Then by (13), C < oc.

THEOREM 2.2.1 ([DH2]). Let 0 < e < 1, 0 < ag < a1 and let o,R be
constants satisfying

O<o<2dy, kK+1—0>0,

¢ dy _2d
R > max{a(ﬁ_i_l_g)max(a% 170/1 k)’2 .
Suppose that F' is a twice continuously differentiable function on D = D(ao,
a1(2/e)'?, Re=24/9) LF >0 in D, F is continuous in D and |F| < 1. If
F(zag) <0 for x € B(Re~2%/%) then F(a1) < €.
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COROLLARY 2.2.1. For everye > 0 and b > 0 there exists R = R(e,b) > 0
such that for all a < b,

F(b) < F
()_Ig}gaé) (xa) + ¢

for all F € C?(S,)NC(S,) with LF >0 and |F| < 1.

COROLLARY 2.2.2 (Maximum principle). If F € C?(S,) N C(S,),
LF >0 and F is bounded in S,, then for every b > a and y € N,

F(yb) < sup F(za).
zEN

2.3. Properties of harmonic measures. The Dirichlet problem in S, has
a solution, i.e. the following theorem is true.

THEOREM 2.3.1 ([DH2]). For every bounded continuous function f on N
there exists a bounded harmonic function F' on S, which is continuous on

S. and such that F(xa) = f(z) forx € N.
By the above theorem and the maximum principle we have

Remark 2.3.1. There exists exactly one function F' which satisfies the
conditions of Theorem 2.3.1.

For each s € S, and f € C,(N) let
ms(f) = F(s),

where F' is the function of Theorem 2.3.1. Them my is a well defined linear
functional with norm 1. Moreover, if f > 0 then ms(f) > 0, i.e. ms,
is a positive functional. If we restrict the domain of m, to C.(N) then
[ms|lc.vy = 1. Indeed, in view of Corollary 2.2.1 for every € > 0 there
exists R. > 0 such that

F(s) < te.
(8)_$er§18&(l§€)f(ﬂf) €

Take f. € C.(N) such that f.(z) = —1 for x € B(R.) and f.(x) = 0 for
x € B°(R. +1). Then |F(s)| > 1—e.

By the Riesz theorem there exists a probability measure p) on N such
that

ms(f) = [ fy) i (dy).
N

Thus

F(xb) = f f(y) u(dy) for z € N, b> a.
N

Since L is left-invariant,

(14) F(ab) = [ f(xy) ug(dy).
N
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We write p0 instead of p&®, and let H, be the set all functions harmonic in
S, and continuous in S.
For every 0 < a < b < ¢,
fie, = fi *
this is an easy consequence of Remark 2.3.1 and (14).

LEMMA 2.3.1. Let b > 0 and R = R(e,b) be as in Corollary 2.2.1. Then
for every a < b,

Ha(B°(2R)) < e.
Proof. Let f € C\,(N) be a function such that 0 < f <1, f(z) =0 for
x € B(R) and f(z) =1 for x € B°(2R). If F' € H, and F(za) = f(x) then

F(b) = [ f(y)ub(dy) < ub(B(2R))
N

and thus p2(B¢(2R)) <¢. =

Notice that if we take arbitrary b >a >0 and 1 > ¢ > 0, and o, R as in
Theorem 2.2.1, then in view of Lemma 2.3.1 and Corollary 2.2.1,

Wb (BS(2Re=2M/7) <,
hence
HA(BE(r) < (2R)°/200y =0/ 2,
Since the right hand side of the above inequality does not depend on a, the
family of measures {1 }o<a<p is tight.
Now we will show that {i%};~, is an approximate identity as b — a,

where dji(z) = du(x™'). Let ® be a Hunt function on N, i.e. &, X;® and
X;X;® are bounded, @(x) > 0 for z # e and @(e) = 0 (cf. e.g. [H]).

THEOREM 2.3.2. Fix M > 0 and f € Co(N). For every e > 0 there
exists 6 > 0 such that if 0 <a<b< M and b—a <4, then

1+ fi = flle, <&
Proof. Let v, 79, R and « be constants satisfying
O0<y<l, O0<vw<l, K4+1—7v—9%>0, v+ <1,

k
R>SIX20], o> (v30) "  max(M7,1).
j=1

Then the function G(zb) = —a(b — a)?” — R™1®(x) is subharmonic in N x
(a, M). Indeed,

(b207 — KbOy)G (xb) = ayb(b — a)? %(k(b — a) + (1 — 7))
> ayb?(b —a)’
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and

k k

‘ S VX (RTB(x))| < R max(b2,07%) S || x29)|
=1 j=1
< max(b%41 | p2r).
Thus
LG(zb) > ayyob? (b — a)? ™2 — max(b?%, p2dr),

If b < 1 then (b—a)""2 > 1 and v*%~2 < 1 while if b > 1 then ayy >

b24 (b — a)?~7 for b < M. This proves that LG > 0in N x (a, M).
Let

=R f Yial(dy), F(za) = R'®(z).

Then L(G+ F)>0in N x (a, M) and (G+ F)(za) =0 for z € N. In view

of the maximum principle

(15) f@ Y al(dy) < Ra(b—a)? for0<a<b< M.

Since ®(x) > 0 for x # e, (15) implies that for every e > 0 and every
neighborhood U of the identity there is § > 0 such that

pe(U)>1—¢ forb—a<d, 0<a<b< M.
The rest of the proof is trivial. m
THEOREM 2.3.3. There is a probability measure u® on N such that
,uz = ub as a — 0.

Proof. Since the family {ul}o<a<p is tight, it is enough to show that
if pb = pf and pf = pf, where {a,} and {b,} are arbitrary sequences
tending to 0, then p4 = u4. Without lost of generality we may assume that
an > b, forn=1,2,... We have

fit, = ity * g,
which in view of Theorem 2.3.2 shows that ﬂgn =it -

2.4. Pointwise estimates for the Poisson kernel. In this section we

assume that d; = ... = di = 1. Let pi(x)dx be the semigroup of measures
generated by L = X? + ...+ X? — ;. Then p; is a bounded function and
(16) pi(x) = t79%p, (8,-1/2(x))

(cf. e.g. [FS]). Moreover, in [H] it is proved that there is ¢ > 0 such that
(17) f py(x) exp(sT(x)) dr < exp(te(s + s?))
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for all s > 0. In fact, (17) gives a better integral estimate, which is included
in the following lemma.

LEMMA 2.4.1. Let ¢ > 0 be a constant such that

J ) explo7(0)) do < exp(cfs + 7).

Then for 0 < e < 1/(4c),

(18) f p1(x) exp(er?(z)) dz < co.

Proof. By assumption,

f p1(z) exp(sT(x) — cs® — (¢4 1)s) dz < exp(—s).

Integrating both sides with respect to s, we obtain

(19) f&[ p, exp(s(r(z) —c—1) — es?) dads < 1.
Since
e 4 (r(z) —c— s = — <sc1/2 - 2;/2(7@3) c—1)>2
(@) —e 17

the left hand side of (19) is equivalent to

e Jexp (4 (rle) — e 1)
« Of exp ( - <501/2 - beCﬂ Ce- 1))2> ds da.

Now we calculate the inner integral to get

) [ m@ewEr@?)

{z:7>c+1}
1 , c+1 (c+1)? ,
— [ — R <c.
X exp [(40 E)T(.’E) 5 T(z) + o dx <c

Since the expression in square brackets, as a function of 7(x), has a minimum
when 0 < ¢ < 1/(4c), we put this value to (20) and we obtain (18). m
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LEMMA 2.4.2. Let ¢ be the constant in Lemma 2.4.1. Then for 0 < e <

1/(4c),
p,(z) < exp ( - ZT(DC)Q)-

Proof. In view of the semigroup property,
€ €
p1(z) exp (47’(3:)2) = exp (47’(3:)2)1)1/2 * p1/2(T)
€ _
= f exXp <4T($)2>P1/2($y 1)p1/2(y) dy.

Notice that 7( 7(zy=1)% + 27(y)?. Thus

2<2
pi(z eXp< )
/(27 (zy

< [exp(e
< {f exp(av‘(xy_l)2)p1/2(96y_1)2dy}l/Z{f eXP(ET(y)Q)Pl/z(y)Z dy}

< lpralle=n) [ expler(y)®)pi/a(y) dy. =

2 )p1y2(@y ) exple/(27(y)?))p1 /2 (y) dy

1/2

The following theorem comes from [Br] (where it is proved for more
general operators defined on R™ x R, ).

THEOREM 2.4.1 ([Br]). Let w(z,t) be a bounded function on NA such
that

k
(ZX?—@)w(m,t) =0 forzeN, t>0,

on the boundary w(z,0) = ¢(x), and

oo

1
w@t) = T e 1 1/2) Ofe

_001/(25)_1/210(3:’ t2/(40')) do

where k > —1. Then the function u(x,t) satisfies the equation
k

<ZX12+83_,;&5)U($715)=0 forz e N, t >0,
j=1

and u(z,0) = ¢(x).
Let Pi(z)dx = p'(z). Theorem 2.4.1 implies

1 %
P, — —o _1/(2k)—1/2 5 :
t(x) F(l/(?/ﬁ}) n 1/2) Oj‘ € o D /(40)(11) do
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Using (16) and our estimation for p; included in Lemma 2.4.2 we have

This yields

Pt(:n) < f efaal/(Ql-c)fl/Qt*Q(40)62/267457(3:)20/752 do.
0
tn-l—l
Pt(ﬂ')) < Cl

> (t2+4€7_(x)2)(Q+n+1)/2

for sufficiently small €.

[Br]

[DH1]

[DH2]
[DH3]

[FS]
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