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Several generalized moment problems in two dimensions are particu-
lar cases of the general problem of giving conditions that ensure that two
isometries, with domains and ranges contained in the same Hilbert space,
have commutative unitary extensions to a space that contains the given
one. Some results concerning this problem are presented and applied to the
extension of functions of positive type.

I. The problem and some related results

Notation and definitions. We say that V is an isometry that acts in a
Hilbert space E if V € L(D, R) is a unitary operator such that its domain
D and its range R are closed subspaces of E.

In this paper the following notation is kept: FE is a Hilbert space and, for
J = 1,2,V; denotes an isometry that acts in £, with domain D; and range
R;, and defect subspaces IN; and M, the orthogonal complements in E of
D; and R;, respectively.

We shall say that (Uy, Uz, F') is a commutative unitary extension of the
pair of isometries (V4, V) that act in E if:

(i) Uy,Us € L(F') are unitary operators in a Hilbert space F' such that
FE is a closed subspace of F’;

(11) U1U2 = U2U1;

(iii) Uj‘Dj =V;,j=1,2.

The extension is minimal if, moreover,

(iv) F = \V{UPURE : m,n € Z}.
(As usual, F' = \/{...} means that F is the smallest closed subspace such
that F/ D {...}.)

Let U be the family of all the (U, Us, F') such that (i) to (iv) hold,
modulo the following equivalence relation: (Uy,Us, F) ~ (U{,US, F') in U if



4 R. AROCENA AND F. MONTANA

there exists a unitary operator 7 € L(F, F’) such that its restriction to E is
the identity and 7U; = Ujr for j =1, 2.

Abstract moment problems. It happens that in several generalized mo-
ment problems in Z? a Hilbert space E and a pair of isometries (Vi, V3) that
act in it appear naturally, in such a way that the problem has solutions iff A/
is nonvoid and, moreover, there is a bijection between the set of all solutions
and U. This solution is the bidimensional extension of a fundamental and
well known approach to moment problems, as can be seen in [Sa] and [C]. In
fact, the last paper suggested the title of this one, where the extrapolation
problem is the one of giving conditions for ¢ to be nonvoid.

The partial results that we have obtained ensure the existence of dis-
tinguished elements of U, apparently related with the existence of maximal
entropy solutions of moment problems. Let PG = Py denote the orthogonal
projection of the Hilbert space GG onto its closed subspace H, and set

Uj = {(U1,Uz, F) €U : Uj € L(F) is a unitary dilation of V;Pp, € L(E)},

j=1,2.
(Recall that U € L(F) is a unitary dilation of a contraction T € L(E) if U
is a unitary operator in F' D E such that PLU"|g = T™ for every n > 0.)

In the next section we shall prove the following extension of a result given
in [Arl]):

THEOREM A. The following properties are equivalent:

(a) PRz(V1PD1)n(V2PD2) - <%PD2)(VIPD1)nPD2a n = 17 27 s

(b) Uy # 0.

On the extension of functions of positive type. For 0 < a,b < oo set
ol = {(m,n) € Z% : |m| < a, |n| < b} and fo’b) = {(m,n) € pl®? .
m,n > 0}. We consider functions of positive type

ko — £(@)
where G is a Hilbert space. That is, if A is the space of functions with finite
support from Z? to G and A(®") is the set of functions in A with support
in ngl’b), then

ST {{k(s — O)h(s), h(t))g : s,t € o5V} >0, Vhe AD,

In order to avoid technical details, we also assume that k£(0,0) = I.

We denote by K the set of all positive type extensions K : Z? — L(Q)
of k and consider the problem of giving conditions on k that ensure that
is nonvoid, which is a version of a well known problem of Krein [K]. Our
approach to this problem is based on associating with k& a Hilbert space E
and two isometries, V7 and V5, that act in F.
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The vector space AP and the positive semidefinite sesquilinear form
given by

(h 1) = 3 {{k(s = h(s), W (D)c : st € 088D}, Vh i € A,

generate a Hilbert space E = E(@V) = E,(Ca’b) such that A(®?) is naturally
associated with a dense subspace of it. Also, since G can obviously be iden-
tified with A(O’O), we may assume that G C E. Let S; and Sy be the natural
shifts in A, i.e., (S1h)(m,n) = h(m—1,n) and (Szh)(m,n) = h(m,n—1); re-
stricting .57 to A(“ L0) and S, to Al@b—1) , we get two isometries V; = Vl(a b)

and V, = Vz(a ) that act in E. The construction of E, Vi and V5 from k
is nothing but the one of Naimark’s famous dilation theorem, and can be
repeated for any K € K. In this way it is seen that there exists a bijection
from the set U, defined by means of V; and V5 as above, and K which as-
sociates with each (Uy,Us, F) € U the function K : Z? — L(G) given by
K(m,n) = PEU™UY|. Thus, as a consequence of Theorem A we get the
following:

THEOREM B. Let k : o(*® — L(G) be a function of positive type such
that k(0,0) = I and that given any v € G, n an integer in [0,b) and € > 0
there exists h' € A=Y= with the property that h = S¢S5v + b/ satisfies
S {{k(s —t)h(s),h(t))g : s,t € Q(a )} < e. Then K is nonvoid.

The proof of Theorem B, its relations with known results and some
complements will be given in Section III.

Remark on lifting theorems. Some applications of results concerning the
extrapolation problem we are considering to bidimensional versions of the
Nagy—Foiag commutant lifting theorem are given in [Arl] and [Ar2]. The
last is closely related to Ando’s theorem on the existence of a commutative
unitary dilation of a commutative pair of contractions [An]. In Section IV
we point out some connections between our subject and Ando’s theorem.

II. On the existence of commutative unitary extensions of
isometries

Proof of Theorem A. (i) Let (Uy,Us, F) € Uy. Since PEUT g =
(ViPp,)", n=1,2,..., we see that

Pr, (Vi Pp,)"(VaPp,) = Pk, PEU"VoPp, = P} Ul'Us Pp, = P UsU' Pp,
= Pk, Uz(Pp, ® Prop,)Ul Pp, = PE,Us P, UT Pp,
= VoPf,(PE U g)Pp, = (VaPp,)(ViPp,)" Pp, ,

so (b) implies (a).
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(ii) Conversely, assume that (a) holds. Let Wy € L(F}) be the essentially
unique minimal unitary dilation of V4 Pp, € L(E). For (Uy, Uz, F) to belong
to Uy it is necessary that UoW{"d = UsU{"d = U"Uad = W{™Vad, Vd € Ds,
m € Z. So, we set Dy = \/{W™D, : m € Z} and in Dy C F; we define an
operator 172 by setting %W{”d =WVad,Vd € Dy, m € Z. If dy,...,di €
D5 and my,...,my € Z, (a) shows that

| > twived; 1< < k:}H2
= {(Pa, Wy " Vady, Vadye) 1 1< G, 5 <k, my > my)
+ Y {(Vady, Pr,Wy™" " Vady) 1 1 < 4§ <k, my < my}
= Y {(Pr,(ViPp,)™ ™™ (VaPp,)d;, Vadyr) : 1 < j,j' <k, m; > myi}
+ Y {(Vad;, Pr,(ViPp,)™' =™ (VoPp,)dyr) : 1 < j,j' < k, m; <my}
= > {(ViPp,)™ ™™ dy,dy) 11 < 4, < by my > myi}

+ ) {d;(iPp,)™ Mady) 1 1< G j <k, my < my}

2
= | Y wima << m|

Thus X72 is a well defined isometry in 152. Clearly, W11~?2 = 152 and YN/QWl f=
WiVaf,Vf € Ds.

(iii) Replacing E, V; and V, by Fy, Wi and Vs we may assume that the
isometries V7 and V5, acting in F are such that V; is a unitary operator such
that V1 Dy = Dy and ViVof = VLoV f, Vf € Dy. Let N be the orthogonal
complement of Dy in F; thus, Vi commutes with Py and Pp,. Set F' =
D;®N@®...&N@...and let V/,VJ € L(F") be defined by V{/(d,ny,...) =
(Vid,Viny,...) and Vi (d,n1,ne,...) = (Pp,Vad, PxVad, ny,na, . . .); clearly,
V{ is a unitary operator, V4 is an isometry and V{Vy = V/Vj. Then it is
known (see [N-F]) that there exist two commuting unitary operators that
extend V7, VJ to a space containing F’. The proof of Theorem A is complete.

|
(1) COROLLARY. [fDQURQ C Dy, W(DQUR2> c Dy,.. .,Vln(DQURQ) C
D1,... then the following properties are equivalent:
a) PszanQPDQ = VQPD2V1nPD2, n = 1, 2, ey
(b) Uy # 0;
(c) U #£0.

Proof. It is enough to see that (c) implies (a). In fact, if (U, Us, F)) CU,
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then
Pr,V"VoPp, = Pr,U'Us Pp, = Pr,UsU]'Pp, = Pr,UsV{" Pp,
= (Pr,VaPp, + Pr,Us PN, )V|"Pp, = Pg,VaPp,V"Pp, . m
(2) COROLLARY. If Do U Ry C Dy and Vi Dy C Do then the following
properties are equivalent:
(a) ViVad = VoVid, Yd € Da;
(b) Uy # 0;
(c)U #£0.
Proof. (c) implies (a), which in turn implies V;"Vad = Vo V{"d, for every
n > 1 and d € Ds, as is seen by induction. In fact, from the last equality
it follows that V{"Vad € Ry C Dy and (since V1 Dy C Dy C D shows that
Vit Wad = Vi (VVad) = (ViVo)Vi'd = Vo V" 1d . w
(3) PROPOSITION. Let D be a closed subspace of E such that D C Dy N
Dy, ViD C Do, VoD C Dy and ViVa|p = VoVi|p. Then U # () whenever

one of the following equalities holds:
D=D,, D=D;, ViD=D,y VoD=D;.
Proof. If D = Dy, the assertion is a straightforward consequence of (2).
If ViD = Ds, set D} = ViDy, V/ = V;! and D’ = Vi D; then, by the
previous case, with V{, V5 and D’ instead of V1, Vo and D, the result follows.
|

ITI. Applications to a problem of Krein

Proof of Theorem B. The property of k that is assumed in the
statement of Theorem B is the same as saying that E(®*~1 equals the
domain D%a’bfl) = plo=1b=1) of Vl(a’bfl). Now, the last holds iff Vl(a’bfl)
is unitary, as follows from the consideration of the unitary operator J =
J@b) ¢ £(B@) given by J(SJ*Syv) = S ™S5 v, because JD; = R;,
7 = 1,2. Consequently, Theorem B follows from

(1) PROPOSITION. If there exists an integer s € [0,b) such that Vl(a’s) is
unitary, then:

(i) K is nonvoid;

(ii) there exists only one function k' : 0> — L(G) of positive type
that extends k| s .

Proof. (i) We know that it is enough to prove that ¢ is nonvoid. The
hypothesis implies that V3 = Vl(a’b) is a unitary operator in E = E(®b)
and that the same happens with its restriction Vl(a’b_l), so Elab—1) —
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D§a’b71) = El-Lb=D. thus, D := E@~1b=1) equals Dy = Déa’b). Then
Proposition (I1.3) may be applied, because Vi Vad = V2Vid holds for every
de V{V/"Vjv:0<m<a, 0<n<b, veG}= gt

(ii) Let K € K and let &’ be its restriction to ¢(>*). We have to show
that &’ is well determined by k, i.e., by Vi and V,. Now, E(°5) = E(0:9) (k')

contains F = E(**) as a closed subspace. Since Vl(a’s) is unitary, D§a’s) =

E(e=1s) — F(@9) and it follows that Dga’s) = Eletks) for k= 0,1,... Then,
for v,w € G and m > 0, we have (K'(m,n)v,w)q = (K'(—m, —n)*v,w)g =
(V"Vv,w)g if 0 < n < s and (K'(m,n)v,w)eg = (K'(—m,—n)*v,w)g =
V"o, Vo "w)g if 0 >n> —s. =

Remark on related results. If, in the statement of Proposition (1), s = 0,
then (ii) is equivalent to Vl(a’s) being unitary. Thus, Theorem B extends
the following result [Arl]: if there exists only one extension of positive type
k' :7Z — L(G) of the one-dimensional restriction k|,w.0 of k& then IC # 0.
The last result is the discrete version of a theorem of Livsic on the continuous
Krein problem (see [B]) and it extends a theorem of Devinatz [D], according
to which if both one-dimensional restrictions of k (k.00 and k] ,0.1)) have
only one extension of positive type then K # ().

A more general condition. Assume the hypothesis of Proposition (1). Its
proof shows that U; # (). Then Theorem A implies that

(2)  ((ViPo)"V{"Vy o, Vi ) g = (ViPp, ) VI"V3'o, V3 w)

Vr>0,0<m<a, 0<n,n <b, vywed.
Now, the restriction K|,.» of any K € K given by K(m,n) = PEUMUR
with (Uy,Us, F') € Uy is completely determined by k. In fact, if 0 < n < b,
then K(m,n) = PEPEUTUS|c = PE(PL WMV, with W, € L(F))
the minimal unitary dilation of Vi Pp, € L(F). That is, K|, is the
same as the function K : () — £(G) defined by

Ki(m,n) = K1(—m, —n)* = PE(ViPp,)"V3'|c

3) if (m,n) € Qg_oo’b) ,
Kl(m7n) = K1<_m7 —TL)* = Pg(V1PD1)*7mV2n’G

if (—m,—n) € gﬁf"”’).

The extension K of a function of positive type k : o(® — L£(G) is well
defined even if K = . If K; itself is of positive type, then, considering K3
instead of k, we define the isometries Vl((x”b) and VQ(OO’b) that act in £
and Vl(oo’b) is unitary; thus, by Corollary (I1.2), there exist two commutative
unitary operators Uy, Uy € L(F) such that F D E(Y U} |geesy = Vl(oo’b)
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and Uz| o) = Vz(oo’b). Thus K(m,n) = PEUMUR|g is such that K € K
2
and K|g(<>o,b) = Kl.
If there exists (Uy,Us, F') € U; then

4) (Ki(r+m—m',n—n")v,w)g = (V1 Pp,) V{"Vy'v, V1m/V2"/w>E
Vr>0, 0<m,m' <a, 0<n,n <b, v,wedG.
In fact, under such conditions we have
(PEUTT™ ™ U3 ™™ v,w)6 = (UTUT"Us'v, U U3 w)
= (PEUT ) VI V3'o, V™ V3" w)
= ((ViPp,) V" V3o, V" V3 w) g

Conversely, if (4) holds, the definition (3) of K; shows that also (2) holds.
Summing up:

(5) LEMMA. K is of positive type < (4) holds < Uy # 0 = IK € K
that extends K.

So we get the following extension of Theorem B.

(6) THEOREM C. Let k : o(»%) — L£(G) be a function of positive type
such that k(0) = 1.

(a) If one of the restrictions k| .0y and k| 0.y has only one extension
of positive type to Z, then the hypothesis of Theorem B holds.

(b) Let E, Vi and Vs be the Hilbert space and the isometries associated
with k. If the hypothesis of Theorem B holds, the extension K, : o(®?) —
L(G) of k defined by (3) is of positive type.

(¢) Ky is of positive type iff (4) holds.

(d) If K1 is of positive type, then K # () and there exists K € K such
that K extends K.

IV. On the relations with a theorem of Ando

A similar approach to another extension problem. Let us now consider
another problem concerning the existence of extensions of positive type of a
given function. Set Z2 = {(m,n) € Z* : m,n > 0} and let h: Z2 — L(G)
be a given function such that h(0,0) = I. We want to give conditions that
ensure that the set H of positive type extensions H : Z? — L(G) of h is
nonvoid.

If 9H € H, Naimark’s dilation theorem says that there exists a unitary
representation W : Z? — L(F) such that F D> G, H(m,n) = PEW (m,n)|g
and F = \/{W(m,n)G : (m,n) € Z*}. Defining hy,hs : Z — L(g) by
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setting, for every m > 0,
hi(m) = hi(=m)" = h(m,0),
ho(m) = ha(—m)* = h(0,m),
it follows that

1) | S tthtm, mor(m) va(m 2 m,m > 0}
< S {{ha(m = n)or(m), va(m) < o > 0)
X Z{(hg(n — m)va(m),v2(n))g : m,n > 0}

for all vi,vy : {m € Z : m > 0} — G with finite support,

is a necessary condition on h, which we assume from now on. Then, for
J = 1,2, hj is of positive type; let U; € L(F}) be its minimal unitary dilation.
Set also G1 = V{U{"G : m > 0}, Vi = Ui|g,, G2 = V{UP'G : m < 0},
Vo = U2*]52. If there exists W : Z? — L(F) as above it may be assumed
that F' D Fy, Fy and that, if E is the span in F' of G; and 62, then

(2) <h(m¢n)u7w>G = (Vlmu7 ‘72nw>Ea Vm,n > 07 u,w € G.

Now, E can be defined directly from h. In fact, (2) shows that there exists a
well determined continuous positive sesquilinear form B in the vector space
G1 x G such that, for all m,n,m’,n’ >0, u,w, v, v’ € G,

B[(Vvlmu? ‘72nw)? (Vvlm,u/? ‘72n'w/)] = <V1mua Vlmlu/>G1 + <h(m’ n/)u7 w/>G

+ (', b, n)w')a + (Viw, V3 w') g,
Thus, the vector space Gy X Go and the form B generate a Hilbert space F
such that we may assume that G1,Gy C E, G1 VGs = E, and also G C E.
So we have associated with h a Hilbert space £ and two isometries, V7 and
Vo, that act in £, such that (2) holds. Then it is easy to check the following

(3) PROPOSITION. Let h : Z2 — L(G) be such that h(0) = 1 and that (1)

holds. If E, V1 and ‘72 are the Hilbert space and the isometries acting in it as-
sociated with h, there exists a bijection between the set 'H of positive type ex-
tensions H : 72 — L(G) of h and the set U of minimal commutative unitary

extensions of V1 and Va. That bijection associates with each (Uy, (72, Fyeu
the function H : Z? — L(G) given by H(m,n) = PEUM™U, "|g. In particu-
lar, H is nonvoid iff U is nonvoid.

An example. Let (T1,T>) be a commuting pair of contractions in the
Hilbert space G. A fundamental theorem due to Ando (see [An] or [N-F])
states that there exists a commuting pair (Uy, Us) of unitary operators in a
Hilbert space F' O G such that T"Ty = PEUMUZ g, Ym,n > 0. Following
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[C-S], we say that such a (Uy,Us) is an Ando dilation of (T1,T%); let A
be the set of all minimal Ando dilations, modulo unitary equivalences, of
(T1,T5). Define h : Z2 — L(G) by h(m,n) = T{"T%; then (1) holds and,
as before, a Hilbert space E and two isometries acting in F, V7 and 172, are
associated with the commuting pair of contractions (77,7%). In this case,
the definition of the scalar product in E shows that

((91,92): (91, 92)) = (91, 91} + (PG 91, 92) g, + (PG 91, 92)5,
+ <92,g§>52a (g1, 92), (91, 95) € G1 x Ga,
G el
S0 sz\gl = Pg' and PE |5 = P32

Proposition (3) yields

1z,

(4) COROLLARY. Let (T1,T%) be a commuting pair of contractions in
a Hilbert space G, and Vi and ‘72 the isometries acting in E associated
with (T1,T2). There is a bijection between A, the set of all minimal Ando
dilations modulo unitary equivalences of (11,T3), and U, the set of minimal
commutative unitary extensions of Vi and Va such that (Uy,Us) C L(F)
belongs to A iff (U1,Us, F) belongs to U.

In order to be complete, let us sketch in this context the proof of Ando’s
theorem by means of the commutant lifting theorem (see [C—S]). The last
says that Joo € L£(G1) such that gV = Vip2 and Pglgg = Tngl. Let
po € L(J) be the minimal unitary dilation of g3; then s is a unitary dilation
of T, so we may assume that J D G and whl &, = Vs. We may also assume
that J D E: in fact, J D G and, for m,n > 0 and u,w € G,

(Vi V3'w) g = (Vi py "w) g = (s Vi u,w)y = (05 Vi™u, w)e,

= <T2nPCC¥;1 Vlmuﬂ w>E = <T2nT1mu7 w>E = <V1mu7 ‘72nw>E )

by (2). Then, by Theorem A and Corollary (4), there exists an Ando dilation
(Uy,Uy) C L(F) such that F' D J and Us|; = pe because Py, ¢, V1 Pg, =
ViPg,p5Pg, forn=1,2,...

An application of Ando’s theorem to Krein’s problem. With the notation
of Section III, the following is an obvious consequence of Theorem A.

(5) PROPOSITION. Let k : 0" — L(G) be a function of positive type
and E, V1 and Vs the Hilbert space and the isometries associated with k. If
(VlPDl)(VQPDQ) = (VQPDQ)(Vl_PDl), then IC 18 nonvoid.

Moreover, applying Ando’s theorem to the commutative pair
(ViPp,,VaPp,) we get elements (U, Us, F') of U such that the correspond-
ing extensions of k& have maximum entropy in the sense of [Se]; this remark
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will be developed elsewhere. Proposition (5) applies, for example, when

k(s) = 0 whenever s # 0.

[An]
[Arl]

[Ar2]
[B]

(€]
[C-S]
(D]
(K]
[N-F]
[Sal

[Se]
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