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1. Introduction. For Sasakian manifolds, Matsumoto and Chuman [6]
defined the contact Bochner curvature tensor (see also Yano [9]). Hasegawa
and Nakane [4] and Tkawa and Kon [5] have studied Sasakian manifolds with
vanishing contact Bochner curvature tensor. Such manifolds were studied
in the theory of submanifolds by Yano ([9] and [10]).

In this paper we define an extended contact Bochner curvature tensor
in K-contact Riemannian manifolds and call it the E-contact Bochner cur-
vature tensor. Then we show that a K-contact Riemannian manifold with
vanishing F-contact Bochner curvature tensor is a Sasakian manifold.

2. Preliminaries. Let M be a (2n + 1)-dimensional contact metric
manifold with the structure tensor (¢, &, n,g). Then

p¢=0, nE)=1, ¢*=-I+net, nX)=g¢,X),
9(¢X,0Y) = g(X,Y) =n(X)n(Y), g(¢X,Y)=dn(X,Y)

for any vector fields X and Y on M. If £ is a Killing vector field on a contact
metric manifold M, M is said to be a K-contact Riemannian manifold. In
a K-contact Riemannian manifold, we have

(2.1) Vx&=9¢X, (Vx9)Y =R(X, )Y, R(X,§E=-nX)+X

(see e.g. [3] and [11]),

(2.2) 9(Q¢, &) = 2n

(see e.g. [1] and [2]) and

(2.3) (Vox @)oY + (Vx @)Y = =29(X, Y)E +n(Y)(X + n(X)§)

(see [7] ), where V is the covariant differentiation with respect to g, R is the
Riemannian curvature tensor of M and @ is the Ricci operator of M. If a
contact metric manifold M is normal (i.e., N +dn®¢ = 0, where N denotes
the Nijenhuis tensor formed with ¢), M is called a Sasakian manifold. It
is well known that in a Sasakian manifold with structure tensors (¢,&, 7, g)



294 H. ENDO

we have
Matsumoto and Chuman [6] defined the contact Bochner curvature ten-
sor B of a Sasakian manifold M (m = 2n) by
1
(2.4) B(X,Y):R(X,Y)—I—m(QY/\X—QX/\Y—I—quY/\¢X

— QOX N QY +29(Q9X,Y)o
+29(¢X,Y)Q¢ +n(Y)QX AE+n(X)§ A QY)

k+m(¢Y/\¢X+29(¢X Y)¢)
k—4 k
—my X+ﬂ( nY)EANX +n(X)Y AE),

where k& = (S + m)/(m + 2) (S is the scalar curvature of M) and
(XANY)Z =9g(Y,2)X — g(X,Z)Y. The tensor B is invariant with respect
to a D-homothetic deformation

rg=ag+ala—1nen, xp=¢, =o', =y,
where « is a positive constant.

From now on for a D-homothetic deformation we say that M (¢,&,n,g)
is D-homothetic to M (x¢, x&,*n,*g). It is well known that if a contact
metric manifold M (¢,&,n,g) is D-homothetic to M (x¢, *&, *n,*g), then
M (x¢, %€, *n,*g) is a contact metric manifold. Moreover, if M(¢,&,n,q)
is a K-contact Riemannian manifold (resp. Sasakian manifold), then
M (x¢, %€, *n, *g) is also a K-contact Riemannian manifold (resp. Sasakian
manifold) (see [8]).

Now we define the extended contact Bochner curvature tensor on a
K-contact Riemannian manifold M by

BY(X,Y)Z
for any vector fields X,Y and Z, B being formally defined as in (2.4). We
call B¢ the E-contact Bochner curvature tensor. In particular, if M is a
Sasakian manifold, we have B(£,Y)Z = B(Y, Z){ = 0. Thus B¢ coincides
with B on a Sasakian manifold M. Moreover, by using (2.1)—(2.3), one

can show that a D-homothetic deformation on a K-contact Riemannian
manifold M satisfies the following equations (see also Tanno [8]):

«R(X,Y)Z = R(X,Y)Z
+ (a = 1)(29(¢X,Y)9Z + g(¢Z,Y )X — g(¢Z, X)9Y')
+ (a=1D)((Y)R(X,§)Z +n(Z)R(X, )Y —n(X)R(Y,£)Z
—n(Z)R(Y,)X) — (= 1)*((Z)n(X)Y —n(Y)n(Z)X),
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xRic(X,Y) = Ric(X,Y) = 2(a—1)g(X,Y) +22n + 1)(a — L)n(X)n(Y)
+2n(a — 1)*n(X)n(Y),

(X, Y) = L(@x,v) - X Dyrx )

4 20 DO vy - O Ly v)aqe X))
xS = és - 2”(0;—1)’

*B(X,Y)Z = B(X,Y)Z + (a = 1)(=n(Y)(—g(X, 2)§ + n(Z)X)
—(Z)(—9(X,Y)E +n(Y)X) + n(X)(—g(Y, 2)§ + n(2)Y)
+0(Z)(—=g(Y, X)§ +n(X)Y) +n(Y)R(X,£)Z
+1(Z)R(X, )Y —n(X)R(Y,£)Z —n(Z)R(Y,£)X),

where Ric is the Ricci curvature tensor of M. Thus, after some lengthy

computation (using also (2.1)) we can see that *xB® = B® on a K-contact
Riemannian manifold.

3. Results. We define
2n—+1

(3.1) % =" g(R(E;, Ej)$E;, ¢E;)

1,j=1
where {F;} is an orthonormal frame.

LEMMA ([7]). For any (2n+1)-dimensional K -contact Riemannian man-
ifold M, we have

1
§* =8 +4n* = A|IVo|* —4n} > 0,
Moreover, M is Sasakian if and only if |V¢||?> = 4n or equivalently S# —
S+ 4n? = 0.
THEOREM. Let M be a K-contact Riemannian manifold with vanishing

E-contact Bochner curvature tensor. Then M is a Sasakian manifold.

Proof. Since B¢ vanishes, we have
(3:2)  g(R(X,Y)ZW)

= - 19X, 2)9(QY, W) — (@Y, Z)g(X, W)

—9(Y, Z)g(QX, W) + g(QX, Z)g(Y, W)
+9(¢X, 2)g(QeY, W) — g(QaY, Z)g(¢ X, W)
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—9(0Y, Z)g(QoX, W) + g(QéX, Z)g(¢Y, W)
+29(QeX,Y)g(¢Z, W) + 29(6 X, Y)g(QdpZ, W)
+n(Y)(9(& 2)9(QX, W) — 9(QX, Z)g(§, W))

+n(X)(9(QY, 2)g(§, W) — g(§, 2)g(QY, W)))
k+m

+ 00X, 2)g(9Y, W) — g(¢Y, Z)g(6X, W)
+29(0X,Y)g(¢Z,W))
4 m(g(){, Z)g(Y, W) —g(Y, Z)g(X,W))

k

- ——((Y)(9(X, Z2)g(§ W)

m+4
—9(&,2)g(X, W) +n(X)(g(§, Z)g(Y, W)
—g(Y,2)g(§,W))) +n(X)g(B(&,Y)Z, W)
+n(Y)g(B(X,)Z,W) +n(Z2)g(B(X,Y)§,W).

Using (3.1) and (3.2) we find

+
+

2n-+1

2,j=1
_ 4(n+1) 2n + k 27’L(k—4)
= o (8 9(Q6.9) = (dn® + 2m) - —= =

Hence, using m = 2n, k = (S+2n)/(2n+2) and (2.2), we get S# = S —4n2.
By the Lemma our result follows.

I would like to express my hearty thanks to the referee.
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