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A NOTE ON COUNTABLE CONNECTED
LOCALLY CONNECTED URYSOHN ALMOST REGULAR SPACES

BY

V. TZANNES (PATRAS)

In [5] G. X. Ritter poses the question whether there exists a countable,
connected, locally connected, Urysohn, almost regular space. This question
has been answered in the affirmative in [1], [2] and [4].

In this note we give another example of such a space, using a differ-
ent method: Starting from an arbitrary countable, connected, locally con-
nected, Urysohn space ([3], [5]), we construct a new countable, connected,
locally connected, Urysohn space S extendable to a countable, connected,
locally connected, Urysohn and almost regular space S*. This extension
is constructed by adjoining a specific (extending) family of countable open
non-accumulating filterbases on S.

A topological space X is called Urysohn if any two distinct points of
X have disjoint closed neighbourhoods, and almost reqular if there exists a
dense subset of X at every point of which the space X is regular.

A) The space S. Let T be a countable, connected, locally connected
Urysohn space and let p be a fixed point of T.

To every point t € T we attach a copy R; of the space R = T\ {p},
identifying the point ¢ with p.

In the set

Ty =TulJ R
teT

we define the following topology: The points in R, t € T', keep their own
bases of open neighbourhoods. For a point t € T', let B(t) denote a basis of
open neighbourhoods of t in T'. If we set B~ (p) = {H = U\{p}: U € B(p)}
and By (p) is the copy of B~ (p) in Ry, then a basis of open neighbourhoods
of t € T in I'(T) is

BY(t) = {Uu U BsUH,:UeB(), HteB{(p)}-
scU\{t}

It can be easily proved that I'(T) is countable, connected, locally connected
and Urysohn.
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In the same manner we construct the spaces I'(R;) = Ry U ,cp, Rs,
and in the set I*(T) = T UJ,cq I (R:) we define a topology in exactly the
same manner as in [1(T).

By induction, we construct the spaces I3(T), ..., I"(T),..., and we con-
sider the set S = (Jo—,; I"(T). Observe that in the set J consisting of the
initial space T and of all copies of R = T \ {p} attached to the spaces T,
INT),...,I"(T),..., therelation “L < M if M is attached to L” is a partial
order such that the set of all predecessors of any element of J is well-ordered
by <. Hence (J, <) is a tree whose first level is the initial space T

In S we define the following topology: U C S is basic open in S if
UNI™(T)is open in I™(T) for every n = 1,2,..., and there exists a natural
number m such that for every s € U N (I™TH(T) \ I™(T)) the tree whose
first level is the copy Rs attached to s, is included in U. It can be easily
proved that S is countable, connected, locally connected and Urysohn.

B) The space S*. Let G be the set of all countable open non-accumulating
filterbases of S “generated” by chains (i.e. well-ordered subsets) meeting
every level of J. Thus, if p € G,p = {pr},k = 1,2,..., then each p
is an open set of S identified with the tree whose first level is the copy
pr. N I"TE=1(T) attached to a point t,_, € I"T*=2(T). (For n = k = 1 we
set I°(T) = T.) Hence, clg pr, = pr U{tx_1}, pr+1 C cls prr1 C pi for every
k=1,2,...,and (e, px = 0.

Let G* be the subset of G such that if p = {pi}, k = 1,2,..., then the
points tp_1, k =1,2,..., to which the sets p; are attached correspond to a
constant sequence in 7.

Consider the set S* = S UG*. It can be easily proved that if U is an
open subset of S and U* = U U {p € G* : U includes a member of p}, then
B ={U* : U open in S} is a basis for a topology in S*. By the definition
of G* it follows that S* is Hausdorff (for, if p,q € G* and p # ¢ then there
exist pr € p, g, € q such that py N g, = 0, and if p € G* and = € S then
there exist px € p and an open neighbourhood U of x such that p, NU = ().

Obviously, for every open set U* of S*, we have

(a) clg« U =clgUU (U \U).

PROPOSITION. The space S* is countable, connected, locally connected,
Urysohn and almost reqular.

Proof. §*is countable because G* is countable; connected, because S is
connected and dense in S*; locally connected, because if U is open connected
in S, then U* is open connected in S* (since U is dense in U*); Urysohn,
because S is Urysohn and from (a), if = € clg« U* \ U* then z € clgU \ U,
regular at every p € S*\ S, because if U* is an open set containing p,
then there exists a natural number &k such that px+1 C clg pr+1 € U, which
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implies p € p;,, C cls-pp,; C U™ (since, from (a), cls« ppy1 = cls pry1 U
(Pf41 \ Pr+1)). Finally, S* is almost regular, because for every open subset
U* of S*, U*N(S*\ S) # 0, that is, S* \ S is dense in S*.

(1]
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