REMARKS ON THE EXISTENCE OF THE RIBMANN-STIBLTIES
INTEGRAL
BY
APELCZYNSKI aud 8. ROLEWIUZ (WARSAW)

In this note are given some conditions of the existence of Riemann-
Stieltjes intégrals of the form

b
(1) [ o(ta)at).

In particular, we prove that if for a fixed function @ the integral
(1) emsts for every function f continuous m the interval (e, b}, then

¢ = const This implies that the integral f f(@)df(w) does not exist for

every continuous function f. This is the amswer to a question proposed
by C. Ryll-Nardzewski. Obviously, if the integral exists, it is oqual to
HP®)—F(a
Let @ bL a function defined on the whole real axis, and f a function
defined on the interval <a, b). It immediately follows from the definition
of the Riemann-Stieltjes integral that if the integral (1) exists, then for
each ¢ > 0 there iz a & > 0 such that

@ lzw ()

for every division of the interval (a
< %, == b such that

(Faa| L () = (@:.0)1, < o
; 0> by the points a ==, < @« ..,
max|wy—ie; 4] << 9

RS
and for any sequences {n;}, {7} such that n;, e 1, ).
Especially
(3) 1 ) (@ (F (5)) — @ (F (s..0))| [ ) -
We do not know if the implications (3) - (2) - (1) hold in general.

Subject to certain additional agsumptions, the positive answer iy given
by the following theorems.
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TomorEM 1. If @ is a monotonic function on the set f(<a, b)) and f
is o continuous function, then (3) — (2).

Proof. We may assume that @ is 2 non decveasing funection. Let
us denote by & and & such numbers that

f(&) = max fla), f(&) =

W e ERLD]

min  f(z).
2 <Ry

For any term of the sum (2) we have
|6 (f (m) — @ {f ()| LF ) < [B(F(80) — D (HEN)LF (&) —F (8]

It follows from this inequality that the sum (2) may be estimaged
Dy a sum of the form (3) relative to the division a = &, min (&, &),
max (&, 461)7 @y, in (&, &), ooy Wy = b, G €. d. ' )

TrEoREM 2. If f is continuous on {a,b> and @ is continuous on
#({a, b)) then (2) — (1). ‘

Proof. By virtue of the mean value theorem we have

(e _ .
(4) [ wydn = &) (m)-f@)] = o
1)

where ez, u,y. Obviously yelf(@m), fl@:)). Since the function f is con-
tinnous on (@, &,y C {a, by, there exists 7e{@, ¥ such that f(7) = #-

Using (4) we obtain f(b),

W () —F (@)1,

(2 j(b)
N0 (f ) U ) —F (@2 — ) f) & () du
- | L no f(zg)
= ( Wt))[f ’l;,, fmz._ )]'_2 f @(u)du
=t =1 JEi—1)
= 3 0{f(ns) [ (@) —Han)]1— D) @f(a9) U (@) —F (@)

1=l

-

=

2

[®(f (7)) — @ (F (7)) [Fle) —F (@i-1)]

i
It is evident that if condition (2) holds, the integral (1) exj§ts

a

10
and is equal to f D(u)du.
Ha) :
CoroLLARY. The imfegral

b
[1@df(@)
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exists if and only if for each ¢ > O there exists a & > 0 such that for every
division o = 2y < B < ... < @y == b with

max @ —&;_,| < o

1ctsn

we huwve

() _E (Flaes) =7 () e
Ful

This follows from the previous considerations and from the remark
that if condition (5) is fulfilled then the function f is continuous.

We shall also prove

TaEOREM 3. Let @ be a function defined on the whole real amis. If
the integral (1) exists for every function [ continwous in the interval {a, b,
then @ = const.

Proof. We shall prove that foreach ye(—oco, c0) we have &'(y) = 0,
Suppose that for a certain y, it is not so, 4. 6., that there exists a sequence
Y = Yoy Yn F Yy for v =1,2,... sneh that

I Yn—Yo |

¢ > 0.
Without loss of generality we may assume also that

(7) 2 I:’/n_yoEz = 00, Yu > Yy and (/)(:(/n) = dj('.'/(l): o= 1! 27 e

Now we define the function f. We put

b—a bu
f(“)zf(“+‘§ﬁf‘)=?/01 n=20,1,2,.., f(a]“ ()m,,.“) = Yno

and we extend f linearly on the intervaly

b—a b—a

e R a4 TR 5 N 0, 1, L

A\

The funetion fis continuous and theretore by virtue of the agsumption
the integral exists. Now, by virtue of (3) there exigts a ¢ - 0 such that
for each divigion of the interval ¢a, b> by the points « = £
< & = b with [£—§, ] < ¢ we have

C e .
IR SR

(®) 2 1P =Bl (D &)~ (8r.0)] = 1.

icm
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Let & be a positive integer for which (b—a)/2F < 6, and let I > &
be a positive integer such that

i
© ¢ >l

gt

= 14 ‘_\% [(b (]‘ (a+ 11—2:“ m)) —@(f (QH— bgra ("’l*“l)))]x

o5 o 5]

Let us consider the division & =y < 2 < ... <, =b, where
P o= 2042 —k+1, @ =at(b—a)2®0 for i=1,2,...,20+2—k,
w; = [a+(b—a) /2" (§—21+k—1) for 4 = 20-+3—F%, ey 20425~k In
view of (6), (7) and the definition of the function f we have, by virtue

of (9),
ol 28 Fge1
) N (@) - o)) e —f e
=t 22—k
= M [@(f @) ~@f @) |0 (00—l )1+
22k oy gk = 1
+ N (@i (m) ~ Ol )| @) @) =20 Y lgn—yl —
i=0l48~k n=k
ok
- E [(25 (f (a+ %%q m )) —@ (f (a+ E; (m——-l))”x
ol

which contradicts (8). :
Hence agsumption (6) leads to a contradiction and therefore @' (y,) = 0,
q. e d.

Regu par lo Rédaction le 18. 6. 1956
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