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Abstract: A hierarchical sliding mode control approach is pro-
posed for a class of SIMO under-actuated systems. This class of
under-actuated systems is made up of several subsystems. Based
on this physical structure, the hierarchical structure of the sliding
surfaces is designed as follows. At first, the sliding surface of every
subsystem is defined. Then the sliding surface of one subsystem is
defined as the first layer sliding surface. The first layer sliding sur-
face is used to construct the second layer sliding surface with the
sliding surface of another subsystem. This process continues till the
sliding surfaces of the entire subsystems are included. According to
the hierarchical structure, the total control law is deduced by the
Lyapunov theorem. In theory, the asymptotic stability of the entire
system of sliding surfaces is proven and the parameter boundaries of
the subsystem sliding surfaces are given. Simulation results show the
feasibility of this control method through two typical SIMO under-
actuated systems.

Keywords: control approaches, control applications, sliding
mode control, under-actuated systems.

1. Introduction

Under-actuated systems are characterized by the fact that they have fewer ac-
tuators than the degrees of freedom to be controlled. They arise in extensive
applications such as robots, manipulators and industrial equipments. Their
dynamics often contains feedforward nonlinearities, non-minimum phase zero
dynamics, nonholonomic constraints, and couplings, which make their control
designs difficult (Spong, 1998). Recently, there has been an increasing attention
to the respective control problems in theory and in practice.
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In this study, we focus on a class of SIMO under-actuated systems. This class
is rather large, including series, parallel or rotary inverted pendulum(s) systems,
Pendubot, TORA, and so on. Such systems are often used for investigation
of various control methods and for education in various concepts. Numerous
control methods have been presented for them, such as energy-based control
(Fantoni et al., 2000, and Xin et al., 2004), passivity-based control (Alleyne,
1998), hybrid control (Zhang and Tarn, 2002, 2003), intelligent control (Yi et
al., 2002, and Lai et al., 1999), and partial feedback linearization techniques
(Spong, 1995). Other results concerning them can be found in Rubi et al.
(2002), Ortega et al. (2002), Fang et al. (2003), and Jung et al. (2004). Most
papers proposed a control law for a specified system. There is lack of general
results. In fact, a normal state space expression can depict this class. Thus, it
is possible to design a control law for this class rather than one control law for
one specified system.

Sliding mode control (SMC) is a powerful and robust nonlinear control
method (Bartoszewicz, 2000, and Gao et al., 1993). It provides a good can-
didate for the control design of this class. But designing a conventional single
layer sliding surface is not appropriate, because parameters of the sliding sur-
face cannot be calculated directly according to Hurwitz condition as in linear
systems (Wang et al., 2004). As far as physical structure is concerned, the class
considered can be divided into several subsystems. Based on this structure,
some control methods have been presented. Mon and Lin (Mon et al., 2002,
and Lin et al., 2005) proposed a hierarchical fuzzy sliding mode control scheme.
In the scheme, the controller parameters were modified by fuzzy logic. But they
did not consider the stability of the subsystem sliding surfaces. Lo (Lo et al.,
1998) designed a decoupled fuzzy sliding mode control law. By an intermedi-
ate variable, the whole system was decoupled into two levels. But this method
could not be applied to n-level control (n > 2). As in the method presented
by Mon and Lin, Lo also did not give a strict proof about the stability of the
subsystem sliding surfaces. Yi (Yi et al., 2005) developed a cascade sliding
mode control strategy. This controller was globally stable in the sense that all
signals involved were bounded. But some controller parameters often needed to
be switched to guarantee system stability. This might make it difficult to select
controller parameters. Wang (Wang et al., 2004) designed a hierarchical sliding
mode control law. The entire sliding surfaces were asymptotically stable. But
the control law could not be general for the under-actuated systems with more
subsystems than two. By considering the stability of subsystems, the param-
eters of the subsystem sliding surfaces in the above four papers were selected
as positive constants. But none of them gave the upper boundaries of these
parameters.

In this paper, a hierarchical sliding mode controller is developed for this class
of SIMO under-actuated systems. In this approach, such an under-actuated sys-
tem is divided into several subsystems according to its physical structure. The
sliding surface of every subsystem is defined. Then, the sliding surface of one
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subsystem is chosen as the first layer sliding surface. It is used to constructs
the second layer sliding surface with the sliding surface of another subsystem.
This process continues till all the subsystem sliding surfaces are included. Using
Lyapunov stability theorem, the total control law is derived. Theoretically, the
asymptotic stability of the entire system of sliding surfaces is proven. Further,
we prove that the parameters of the subsystem sliding surfaces should be con-
vergent to an open interval. To the best of the authors’ knowledge, the upper
boundaries of the parameters of the subsystem sliding surfaces are given for the
first time. The simulation results show the feasibility of this control strategy
through upswing control of a Pendubot system and stabilization control of a
series double inverted pendulum system.

2. Design of the hierarchical sliding mode control

Consider the state space expression of the class of SIMO under-actuated systems
with n subsystems in the following normal form:

11",'1 = T2

x.g = fl + blu

T3 = T4

.f4 = f2 + bQ’UJ (1)

Ton—1 = Tan
Ton = fn + bnu

Here, X = [z1,22,...,72,]7 is the state variable vector; f; and b; (i = 1,2,...,n)
are the nonlinear functions of the state vector; and u is the single control input.

Equation (1) can express the class of systems with different n, f; and b;. If
n = 2, (1) can represent Pendubot, single inverted pendulum system and so on;
if n = 3, it can express a series or parallel double inverted pendulum system;
if n = 4, it can be considered as triple inverted pendulum system; and so on.
Based on physical structure, the class of under-actuated systems can be divided
into several subsystems. For example, a triple inverted pendulum system can
be divided into four subsystems: upper pendulum, middle pendulum, lower
pendulum, and cart. Such a system in (1) is made up of n subsystems. The ith
subsystem includes the state variables x9;_1 and xs;. Its state space expression
is represented by

Tgi—1 = Ta;
{ T = fi +biu @
Define its sliding surface as

8; = CiT2;—1 + T2;. (3)
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Here, c; is a positive constant.
Differentiate s; with respect to time ¢ in (3), then, there exists

8; = CiToi_1 + T2 = c;wo; + fi + byu. (4)
Let $;, = 0 in (4), the equivalent control of the ith subsystem is obtained as
Ueqi = —(cizai + fi)/bi. (5)

According to (3) and (5), a variety of hierarchical sliding mode control laws
can be designed according to diverse combinations of the subsystem sliding
surfaces (Yi et al., 2005, and Wang et al., 2004). Other control methods can
also be combined with the hierarchical sliding mode method (Lin and Mon,
2005; Lo et al., 1998). In this paper, the hierarchical structure of the sliding
surfaces is designed according to the following description. The sliding surface
of one subsystem is chosen as the first layer sliding surface S;. Then S is
used to construct the second layer sliding surface Se with the sliding surface of
another subsystem. This process continues till all the subsystem sliding surfaces
are included. Without loss of generality, s; is defined as S;. The hierarchical
structure of the sliding surfaces is shown in Fig. 1.

t Sn—l “ Sp

[ ] [ ] X2p-1 X2n

i

X1 X2 X3 X4

Figure 1. Hierarchical structure of the sliding surfaces

In Fig. 1, the ith layer sliding surface includes the entire information of the
other ¢ — 1 layers sliding surfaces and the ith-subsystem sliding surface. As a
result, the ith layer sliding surface is defined as follows:

Si = Xi—1Si—1 + s4. (6)

Here, \;_1 (i =1,2,...,n) is constant and A\g = Sy = 0.
Correspondingly, the ith layer sliding mode control law should include the
information of the other ¢ — 1 lower layers sliding mode control laws and the
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control law of the ¢th subsystem. Hence, the ith layer sliding mode control law
is defined as

U = Uj—1 + Uegi + Uswi- (7)

Here, ugp = 0 and usy; (i = 1,2,...,n) is the switching control of the ith layer
sliding surface.

The above control law (7) can be derived from the Lyapunov stability theo-
rem. The Lyapunov function of the ith layer sliding surface is selected as

Vi(t) = 87 /2. (8)
Differentiating V; with respect to time ¢ in (8), we obtain from (6):
Vi = SiS; = Si(Ni—1Si—1 + ). 9)
Further, (10) can be deduced from (6):
Si ZZ (Haj)sr. (10)
r=1 j=r

Here, a; = A\; (j =1,2,...,1—1) is constant; and a; = 1.
Hence, (11) is derived from (9) and (10):

i

W—Sisi—si[zl(liaj)ér}- (11)

r=

From (4), (5), (7), and (11), (12) is obtained:

2

b= 83 (1) o 180}

= Sz{; Kjl:i[Taj) by - (l_zl:iueqz +§Uswl)}}
—5 {0 [ (o)) s X[ (T o} 02

By considering the stability of the ¢th layer sliding surface, let
Si = —lel — 7; Sgn Si, (13)

where k; and n; are positive constants.
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From (12) and (13), the switching control law of the ith layer can be obtained
as

H aj) bT} Uegl
% J=r B k;'S; + i sgnSi

. - . ; (14)
= > (11 a)er > (11 as)r

r=1 “j=r r=1 “j=r

Let i = nin (7) and (14), then, there exists the hierarchical sliding mode control
law as follows:

n—1 n
Un = E Uswl + Uswn + § Ueql
=1 =1

r=1 \j=r kn Sy + 1nsgn Sy

(15)

n n n
S (Ma)er X (M)
r=1 “j=r r=1 “j=r
In (15), only the switching control of the last layer sliding mode controller
works. The switching controls of the other n-1 lower layers are merged. In
the reaching mode stage, when any state of a subsystem deviates from its own
subsystem sliding surface, the switching control of the last layer will drive it
back. Consequently, in the sliding mode stage, the system states keep sliding
on the last layer sliding surface. Moreover, the states of every subsystem keep
sliding on the subsystem sliding surface itself.

3. Stability analysis

Three theorems will be proven in this section. Theorem 1 is about the asymp-
totic stability of every layer sliding surface. Theorem 2 gives the stability anal-
ysis of the subsystem sliding surfaces. Further, we prove that the parameter of
the i¢th-subsystem sliding surface should be convergent to an open interval in
Theorem 3.

THEOREM 1 Consider the class of under-actuated systems (1). If the control
law adopted is (15) and the ith layer sliding surface is defined as (6), then S; is
asymptotically stable.

Proof. Differentiate V;(t) with respect to time ¢ in (8), then, from (13), we
obtain
Vi = SiS;
= Sl(—lez — 7; Sgn Sl)
= —kiS? — ;] Si. (16)
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Integrating both sides of (16) yields

t t
/W:/ (—ksSZ — 1s|Si|)dr- (17)
0 0
Further,

t
Vi0) = Vilt) + | (iS4 ]Sy
0

t
2/ (kiS? +n;|Si|)dr.
0
Hence

t
Jim (k:iSZ + n:]Si|)dr < V;(0) < oo. (18)
— 00 O

According to Barbalat’s lemma, there exists
(19) means that tlim S; = 0. Namely, the ith layer sliding surface S; is asymp-
totically stable. ]

THEOREM 2 Consider the class of under-actuated systems (1). If the control
law adopted is (15) and the ith-subsystem sliding surface s; is defined as (3),
then s; is asymptotically stable.

Proof. From Theorem 1, we have
tlim S; = 0. (20)

Let us prove that all the ith-subsystem sliding surfaces are asymptotically stable
by contradiction. It is assumed that s; is not asymptotically stable, namely

tlim s; # 0. (21)

Calculating the limit of both sides of (10) yields

Ji .= i 3 (T )
r=1 j=r
=3 [ (1)
r=1 Jj=r

- S [(ITs) ] #o @
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(22) contradicts (20) that we have obtained from Theorem 1, so that the
assumption (21) is false and the case opposite to (21) must be true. Therefore,
the sliding surfaces of the entire set of subsystems are asymptotically stable. m

THEOREM 3 For the class of under-actuated systems (1), adopting the control
law (15), defining the ith-subsystem sliding surface (3) and assuming that all
the state variables are equivalent infinitesimals of each other at a certain neigh-
borhood of the origin, we have that the boundary of the parameter c; should be
0<¢ < |)1(iin0(fi/a:2i)|, where X is the state vector.

Proof. When the states of the ¢th subsystem keep sliding on the subsystem
sliding surface itself, the following equation can be obtained:

8; = ¢;T2i—1 + X2 = 0 (a)
5 = ¢iZoi—1 + T2 =0 (b)
. 23
Foi—1 = T (c) (23)
To; = fi + billegi - (d)

1) Lower boundary of ¢;

From (23a) and (23c), there exists
S; = CiToi—1 + To;—1 = 0. (24)

The eigenvalue of (24) should be negative for guaranteeing the stability of the
ith-subsystem sliding surface. Thus, the lower boundary of ¢; is ¢; > 0.
2) Upper boundary of ¢;

From (23b) and (23d), there exists
8; = CiTi—1 + T2s = ;%2 + fi + biUlegs = 0. (25)
Further, we have
¢i = |(fi + bitteqi) /w2i| < (Ifil + |bitteqi|) /w2l (26)

When the states of the ith subsystem keep sliding on its own sliding surface
and converge to a certain neighborhood of the origin, this subsystem can be
treated as an autonomous system. Hence, we have the following inequality:

ci < |fifzail. (27)

According to the limit concept of a multivariable function, c;o = | )I(imo( fi/x2:)l

can be calculated through the assumption that all the state variables are equiv-
alent infinitesimals of each other at a certain neighborhood of the origin.

From part 1 and part 2, the boundary of the parameter ¢; should be 0 <
¢; < Cio- n
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Theorem 3 is a necessary condition about the parameter ¢;. If a self-adaptive
control law is adopted, the value of ¢; may not be in the open interval (0, ¢;o)
when the system states are far from the origin. But the parameter c¢; will
converge to this open interval as the system states converge to the origin. Al-
though this theorem does not permit to calculate a precise value, it points out
a direction for selecting the parameter c¢;. Further, this theorem does not mean
any number between 0 and c¢;y could be selected as the value of the parameter
¢;. The reason is that the different subsystem sliding surface parameters are
coupled with each other in the controller. If one parameter is selected, other
parameters, which still satisfy Theorem 3, have to be selected after trial and
error by simulations. How to determine all the controller parameters directly
may constitute another important research direction.

4. Simulation results

Pendubot and series double inverted pendulum system are two typical under-
actuated systems, which are often used to verify the feasibility of new control
methods. Both of their dynamics have the similar expressions as (1) with differ-
ent f;, b;, and n. In this section, the presented control method will be applied to
upswing control of a Pendubot system and stabilization control of a series dou-
ble inverted pendulum system. The demonstrations will show that this control
method is feasible.

4.1. Pendubot

The Pendubot system shown in Fig. 2 is made up of two subsystems: link 1
with an actuator (subscript 1) and link 2 without an actuator (subscript 2).
The control objective of its upswing control is to swing up the Pendubot from
the stable pending equilibrium point to its uppermost unstable equilibrium point
and to stabilize at the uppermost unstable equilibrium point (Zhang and Tarn,
2002 and 2003; Wang et al., 2004).

The symbols in Fig. 2 are defined as follows: 6; is the angle of the link 1
with respect to the horizontal line; 85 is the angle of the link 2 with respect to
the link 1; m;, [; and [.; are the mass, length and distance to the centre of mass
of link 4, where ¢ = 1,2; 71 is the control torque. Let n = 2 in (1), then, the
state space expression of the Pendubot system can be written as

11",'1 = T2

9 = f1 +biu (28)
T3 = T4

.f4 = f2 + bQU.

Here, 21 = 6; — w/2) is the angle of the link 1 with respect to the vertical line;
x3 = B2 is the angle of the link 2 with respect to the link 1; x5 is the angular
velocity of the link 1; x4 is the angular velocity of the link 2; u—7; is the single
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é T, x

Figure 2. Structure of the Pendubot system

control input; the expressions for fi, f2, by and bs are shown in Wang et al.
(2004).

For comparisons, the parameters of the Pendubot are selected as ¢; =0.0308kg
-m?2, ¢2=0.0106kg - m2, ¢3=0.0095kg - m?, ¢,=0.2086kg - m, ¢5=0.0630kg - m,
and the gravitational acceleration g=9.81m - s~2 which have appeared in Zhang
and Tarn (2002 and 2003), Wang et al. (2004). According to Theorem 3, the
boundaries of ¢; and ¢y are calculated as 66.97 and 68.68, whose expressions are
given as

c10 = 9|(q3q5 — 2q4)/ (0192 — 63)|
20 = gllgs(q1 + q3) — qa(a2 + @3)]/ (0192 — 43|

At last, the parameters of the hierarchical sliding mode controller are chosen as
c1=8.00, c2=2.80, a1=2.50, k2=1.20, and 772=0.10, after trial and error. The ini-
tial state vector X is [—,0,0,0]” and the desired state vector X is [0,0,0,0]%.

Fig. 3 shows the angular curves. As Fig. 3 shows, this control strategy can
realize the control objective in about 4 seconds. Fig. 4 displays the control
torque. We can see from it that the largest control torque is about 4Nm.

Fig. 5 shows the entire sliding surfaces. As we have proven, not only every
layer sliding surface is asymptotically stable, but also the sliding surfaces of the
two subsystems possess the asymptotic stability.

By considering the property of equilibrium points, the control law in Wang
et al. (2004) needed to be adjusted for different under-actuated systems. In
practice, this may lead to a confusion. Further, Wang’s method could only
be applied for the under-actuated systems with two subsystems. Hence, the
method here presented is more general. Compared with Wang’s results, the
angular curves and the control torque are smoother. During the future physical
experiments, this advantage could decrease mechanical abrasions. The maxi-
mum of the control torque in Wang’s results exceeded 4Nm, which was a little
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more than the performance shown in Fig. 4. But the presented control method
was not as robust as Wang’s for upswing control of Pendubot system. Wang’s
controller resisted a periodical disturbance of y = 2sin10¢ and a step distur-
bance of 1 radian, which were out of reach for the present controller. In our
simulations, we found it could resist a periodical disturbance of y = 0.4 sin 67t
and a step disturbance of 0.2 radian.

4.2. Series double inverted pendulum system

The series double inverted pendulum system is made up of double inverted
pendulums on a moving cart as is shown in Fig. 6. This system contains three
subsystems: the upper pendulum, the lower pendulum, and the cart. The
control objective of its stabilization control is to balance both of the pendulums
upright and to put the cart to the rail origin by moving the cart (Lin and Mon,
2005).

Q1O

Figure 6. Structure of the series double inverted pendulum system

The symbols in Fig. 6 are defined as follows: #; is the lower pendulum angle
with respect to the vertical line; 65 is the upper pendulum angle with respect
to the vertical line; x is the cart position with respect to the origin; u is the
control force. Let n = 3 in (1), the state space expression of the series double
inverted pendulum system is described below:

x'l = T2

T = f1+biu

i‘3=$4

. 29
&y = fo +bou (29)
i‘5=$6

T¢ = f3 + bsu.

Here, x1 = 61; z3 = 02; x5 = x; z2 is the angular velocity of the lower pendulum;
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x4 is the angular velocity of the upper pendulum; xg is the velocity of the cart;
u is the single control input; f; and b; (i = 1,2, 3) are given in Lo et al. (1998).

For simulative comparisons, the structural parameters of the series double
inverted pendulum system are chosen as the cart mass M =1kg, the lower pen-
dulum mass mi1=1kg, the upper pendulum mass ms=1kg, the lower pendulum
length [;=0.1m, the upper pendulum length [,=0.1m, the gravitational acceler-
ation g=9.81m - s~2, which have appeared in Lin and Mon (2005). According
to Theorem 3, the boundaries of ¢1, co and c3 are calculated as 294.39, 98.31
and 11.44, whose expressions are given as

A2(B/3 — maly/4)
0 =9 iy /d— AJ3Y(B? — AC) — ma(B — All)2/4‘
B A2(C — Bly)/2
0 =9, (ma/4 — AJ3)(B2 — AC) — ma(B — Aly)2/4] ‘
AB(B/3 —maly/4) + A(Cmg — Bmaly)/2
0 = 9y /4 — AJ3)(B% — AC) — ma(B — All)2/4‘

Here, A=M +mi + ma, B = m111/2 + mgll and C' = m111l1/3 + mQZQZQ. The
controller parameters are chosen as ¢;=184.26, c2=15.96, c3=0.72, a;= -0.06,
a2=0.45, k3=1.50, and 73=0.02, after trial and error. The initial state vector Xg
and the desired state vector X, are [r/6,0,7/18,0,0,0]7 and [0,0,0,0,0,0]%,
which are the same as Lin and Mon (2005), Lo et al. (1998).

Fig. 7 shows the angular curves and the positional curve. The maximum
distance of the cart with respect to the origin is about 0.6 m. Fig. 8 displays
the control force applied to the cart.

Fig. 9 shows the curves of the subsystem sliding surfaces. We can see from it
that the subsystem sliding surfaces are asymptotically stable as has been proven
in Theorem 2. Fig. 10 displays the curves of the three layer sliding surfaces. It
shows that every layer sliding surface can converge to zero as has been proven
in Theorem 1.

Lo’s control method could only realize two-level control. Consequently, that
controller could only balance the double pendulums, but it failed to put the
cart to the origin at the same time. Compared with Lo’s results, our control
objective is more difficult. In Lin’s method, the controller parameters were
modified by fuzzy logic. But the fuzzy rules were difficult to define. Moreover,
the use of fuzzy logic made it difficult to analyze system stability. Compared
with Lin’s performance, the curves are smoother and the cart moves along a
shorter distance in Fig. 7, although a bigger control force in Fig. 8 is needed in
the beginning of the simulation, exceeding 200N. For most physical systems, it
is very difficult to offer such a force or it is too expensive to offer it. On the
other hand, such a force may make the input saturated, which may influence
the reliable operation and acceptable performance of the control system. This
weak point will restrict the control method in practice. Thus, solving of this
issue is the problem to be addressed in future investigations.
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Figure 10. Three layer sliding surfaces

Fig. 11 shows the stabilization domain of the initial angles of the two pendu-
lums, for which the proposed hierarchical sliding mode controller can stabilize
the pendulum system. Here, the horizontal axis and the vertical axis stand
separately for the initial angles of the lower pendulum and the upper pendulum
in degree. The initial angle of the lower pendulum is selected every 5° from
-40° to 40 °. For such a selected angle of the lower pendulum, the maximum
angle of the upper pendulum that can be stabilized is plotted by the black filled
triangle (A) in Fig. 11. The initial values of the other state variables za, x4,
x5, xg are all fixed to zeros. During the simulations, the complete stabilization
time is within 6.0s and the cart position is in the interval [-1m, 1m].
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5. Conclusions

The hierarchical sliding mode control scheme has been developed for a class
of SIMO under-actuated systems. According to the physical structure of the
class, the hierarchical sliding surfaces are designed. Using Lyapunov theorem,
the total control law is derived. The asymptotic stability of the entire system of
sliding surfaces is proven theoretically. To the best of the authors’ knowledge,
the upper boundaries on the parameter of the subsystem sliding surfaces are
given for the first time. In the simulation examples, performance of this control
method is demonstrated through upswing control of a Pendubot system and
stabilization control of a series double inverted pendulum system. The two
systems belong to the class considered, with different numbers of subsystems.
The simulation results show the controller validity and generalization. This
method can also be used to other under-actuated systems in the class besides
the two demonstrated systems, like an overhead crane system, an Acrobot and
so on. But there still exist some weak points in the presented control method,
such as how to select the controller parameters, how to deal with the problem
of the input saturation, and so on. The extensions and the physical experiment
(Liu et al., 2005) are still the future issues.
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